THE RESTRICTED QUANTUM DOUBLE OF THE YANGIAN

CURTIS WENDLANDT

ABSTRACT. Let g be a complex semisimple Lie algebra with associated Yangian
Yrg. In the mid-1990s, Khoroshkin and Tolstoy formulated a conjecture which
asserts that the algebra DYxg obtained by doubling the generators of Yxg,
called the Yangian double, provides a realization of the quantum double of the
Yangian. We provide a uniform proof of this conjecture over C[h] which is
compatible with the theory of quantized enveloping algebras. As a byproduct,
we identify the universal R-matrix of the Yangian with the canonical element
defined by the pairing between the Yangian and its restricted dual.
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1. INTRODUCTION

This article is a continuation of [41], which studied the Yangian double DYxg
associated to an arbitrary symmetrizable Kac-Moody algebra g through the lens
of a Z-graded algebra homomorphism

®, : DYg — LY;0, C Yag[e='].

Here th\gz is a naturally defined Z-graded C[h]-algebra, described explicitly in
Lemma 4.5, and Yg is the Yangian of g, defined over C[h]. This homomorphism,
called the formal shift operator, naturally extends the so-called shift homomorphism
T, on the Yangian, and has a number of remarkable properties. For instance, it
induces a family of isomorphisms between completions of DYyg and Yjg, realizes
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2 C. WENDLANDT

Yrg as a degeneration of DYjg, and is injective provided g is of finite type or of
simply laced affine type. In addition, it was applied in [18] to characterize the
category of finite-dimensional representations of DYyg, for 1 € C* and g of finite
type, as the tensor-closed Serre subcategory of that of the Yangian consisting of
those representations which have no poles at zero.

In this article, we narrow our focus to the case where g is a finite-dimensional
simple Lie algebra, and apply these results in conjunction with those of the recent
paper [17] to prove one of the main conjectures from the work [32] of Khoroshkin
and Tolstoy. Namely, we establish that DYyg, which is defined by doubling the
generators of Y,g (see Definition 4.1), is isomorphic to the restricted quantum
double of the Yangian Y3 g, where the prefix “restricted” indicates that all duality
operations are taken so as to respect the underlying gradings. As a consequence
of this result and its proof, we find that ®, identifies the universal R-matrix of
DY4g, which arises from the quantum double construction, with Drinfeld’s universal
R-matrix R(z) € (Yrg ® Yxg)[z7']. Our argument makes essential use of the
constructive proof of the existence of R(z) given in [17], which is independent from
Drinfeld’s cohomological construction of R(z) from the foundational paper [6].

1.1. Main results. Let us now sketch our main results in detail. The two results
alluded to above form Parts (1) and (2) of the following theorem.

Theorem 1. There is a unique Z-graded Hopf algebra structure on DYrg over C[Ah]
such that the formal shift operator

&, : DYyg < LYng. C Yaa[z*!]

intertwines the Hopf structures on DYrg and Yrg. Moreover:

(1) DYrg is isomorphic, as a Z-graded Hopf algebra, to the restricted quantum
double of the Yangian Ypg.
(2) Under the above identifications, the universal R-matriz R of DYpg satisfies

(P @ D) (R) = R(w — 2) € Yng®?[w][z71].

This is a combination of the three main results of this article: Theorems 7.5,
8.4 and 9.6. Part (1) is the statement of our second main result — Theorem 8.4
— and is precisely the variant of the conjecture from [32, §2] which we establish
in the present paper. Our approach to proving it is, in a certain sense, dual to the
strategy outlined in [32] which was brought to fruition for g = sl;. In more detail,
our argument hinges on the fact, proven in Proposition 7.1, that the universal
R-matrix R(z) of the Yangian gives rise to a C[k]-algebra homomorphism

@7 Yng" — Yaglz ']
which is compatible with the Hopf algebra structure on Yzg and the co-opposite
Hopf structure on the dual Yxg”* of the Yangian Ysg taken in the category of Z-
graded quantized enveloping algebras. That is, Ypg" is the restricted (or graded)
dual of the Drinfeld-Gavarini [7,19] subalgebra Yrpg C Y3g, defined in Section 5,

and provides a homogeneous quantization of the restricted dual ¢~!g[t~!] to the
N-graded Lie bialgebra g[t], as we prove in detail in Section 6; see Theorem 6.7.

Using the construction of R(z) given in [17] and properties of ®, established in
[41], we deduce that the image of Yxg" under ®7 is contained in the image of ®,.
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We may thus compose ®, with ;! to obtain a C[h]-algebra homomorphism
i:=®; 1 o® :Yyg — DYag,

where Yug” := (Yxg")*". In our first main result — Theorem 7.5 — we show
that there is a unique Z-graded Hopf algebra structure on DYyg for which both 7
and the natural inclusion 2 : Yyg — DYxg are injective homomorphisms of graded
Hopf algebras. This is exactly the Hopf structure alluded to in the statement of
Theorem I, and is such that DYyg provides a homogeneous quantization of the
restricted Drinfeld double g[t*!] of g[t]. Using Theorem 7.5, it is then not difficult
to establish Part (1) above (i.e., Theorem 8.4) using the double cross product
realization of the restricted quantum double (see Section 8.2).

Our third and final main result, Theorem 9.6, is a strengthening of Part (2)
above. Indeed, it outputs the Gauss decomposition for R while identifying each
factor appearing in this decomposition with the factors R*(z) and R°(2) of R(z),
which were studied in detail in [16,17].

1.2. Motivation. Part (2) of Theorem I implies that R(z) can be recovered from
the canonical element defined by the pairing between Yig and its restricted dual
Yng" C DYxg by applying the injection ®_, to its second tensor factor:

1®d_.)(R) =R(2) € Yag®[z7'].

Here we refer the reader to Theorem 9.6 for further details, which takes into account
the topological subtleties surrounding this statement. Obtaining this interpretation
of R(z) is in fact our original motivation for addressing the conjecture of [32, §2],
and brings the theory surrounding the universal R-matrix of the Yangian to a more
equal footing with that of the (extended, untwisted) quantum affine algebra U,(g)
and the quantum loop algebra Uy(Lg). The differences are, however, still quite
pronounced. Indeed, U,(g) is itself nearly the quantum double of its (quantum Kac—
Moody) Borel subalgebra U, (b"), and its universal R-matrix & lies in a completion
of Uy(b™) ® Uy(b™). One then recovers the universal R-matrix R4 of Uy(Lg) as a
truncation of R, and its z-dependent analogue is

Rrq(2) = (1© Do 1) (%Reg) € Uy(Le) 2],

where D, is given by the Z-grading on U, (Lg); see [10, §9.4] or [14, §4], for instance.
Crucially, R can be constructed by computing dual bases with respect to the pairing
between U, (b*) and U, (b~ ), and was done explicitly by Damiani in [5]. In contrast,
the Yangian Y;g is not of Kac-Moody type and does not arise as a Hopf algebra
from the quantum double construction applied to any analogue of Uq([ﬁ)l. In
addition, R(z) and Rrq4(2) exhibit significantly different analytic behaviour when
evaluated on finite-dimensional representations [17]. Nonetheless, the results of this
article further cement that there are very strong parallels to be drawn between the
two pictures. Indeed, one obtains the Yjg-analogue of the above story by replacing
U, (b%) by Yig, U,(Lg) by the Yangian double DYyg, and D, by the formal shift
operator P,.

It should be noted that it appears that this realization of R(z) has been an-
ticipated for some time in the mathematical physics community; see for instance

e refer the reader to [42, §4] for a related construction of Yjg with respect to its deformed
Drinfeld coproduct, which does not endow Yjg with the structure of a Hopf algebra.
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[40, §5], which considers its super-analogue. The direction taken therein is, how-
ever, based on both the conjecture from [32, §2] at the heart of the present article,
and on the infinite product formulas for the factors R* of R given [32, §5], which
remain conjectural. Some more discussion on this point is given in Section 9.4.

1.3. Remarks. Let us now give a few brief remarks. Firstly, it is essential that the
Yangian double DY3g is defined as a topological algebra over C[A] for the above
results to hold true. To expand on this, DYxg can be realized as the h-adic com-
pletion of a Z-graded Clh]-algebra DY, g’ defined by generators and relations; see
Remark 4.2. One can further specialize i to any nonzero complex number ¢ to ob-
tain a C-algebra DY.g = DYyg?/(h—()DYrg’, whose category of finite-dimensional
representations was characterized in terms of that of the corresponding Yangian
Y:(g) in [18]. Though this category has a tensor structure which corresponds to the
Hopf structure on DY}g, it is important to note that DY,g is not a Hopf algebra
over C, and in particular it does not coincide with the (restricted) quantum double
of Y:(g) defined in any reasonable sense.

That being said, DY,g admits a natural Z-filtration corresponding to the Z-
grading on DY3g, and the expectation is that the formal completion of DY;g with
respect to this filtration coincides with the (restricted) quantum double of Y (g)
taken in the appropriate category of Z-filtered, complete topological Hopf algebras.
This is in fact the version of Part (2) of Theorem I conjectured in [32], and is
consistent with the situation that transpires in type A for the R-matrix realization
of the Yangian, which has been developed in great detail in the recent paper [38].
For our purposes, it is more natural to work over C[A] within the framework of
quantized enveloping algebras first developed by Drinfeld [7], where we may study
DY5g from the point of view of quantization of Lie bialgebras. At the same time,
many of our results are “global” (in the sense of [20]) and admit an interpretation
over both C[A] and C, including the realization of R(z) provided by Theorem 9.6;
see Appendix A.

1.4. Outline. The paper is written so as to provide a complete picture, accessible
to non-experts, where possible. For this reason, we take great care to lay the
foundation needed to state and prove the results outlined in Section 1.1. The first
three sections — Sections 2, 3 and 4 — are intended to serve a preliminary role:
Section 2 surveys the theory of Z-graded topological C[h]-modules, algebras and
Hopf algebras, including homogeneous quantizations of graded Lie bialgebras. This
theory plays a prominent role throughout the article. In Section 3, we review the
definition and main properties of the Yangian Yjg, defined both over C[h] and
C[h]. Notably, this includes a review of the construction of the universal R-matrix
R(z) carried out in [17]. Section 4 is focused on the Yangian double DYxg and, in
particular, on reviewing the main results of [41]; see Theorems 4.6 and 4.8.

In Sections 5 and 6, we study the Drinfeld-Gavarini subalgebra Ypg of the Yan-
gian, its C[A]-form, and its restricted dual Y,g" in detail. This includes a detailed
proof that th* provides a homogeneous quantization of ¢t~!g[t~!], equipped with
the Yangian Lie bialgebra structure; see Definition 6.1 and Theorem 6.7.

The last three sections of the article contain its three main results: Theorems
7.5, 8.4 and 9.6. We refer the reader to Section 1.1 above, where these are outlined
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in detail. Finally, in Appendix A we explain how to translate the construction of
the universal R-matrix given in [17] for i € C* to the setting of the present paper,
in which % is a formal variable; see Proposition A.1, which appears in Section 3.6
as Theorem 3.8.

1.5. Acknowledgments. Iwould like to thank Alex Weekes, Andrea Appel, Sachin
Gautam, and Valerio Toledano Laredo for the many insightful discussions and help-
ful comments they have been the source of over the last few years. These have played
a significant role in shaping this article.

2. HOMOGENEOUS QUANTIZATIONS

2.1. Topological modules. Recall that a C[h]-module M is separated if the inter-
section of the family of submodules 2™M is trivial, and it is complete if the natural
C[h]-linear map

M — L&n(M /E"M)

is surjective, where the inverse limit is taken over the set N of non-negative integers.
In particular, M is both separated and complete if and only if the above map is an
isomorphism. If M is separated, complete and torsion free as a C[h]-module, then it
is said to be topologically free. This is equivalent to the existence of a C[Ai]-module
isomorphism M = V[#] for a complex vector space V. Such an isomorphism is
specified by a choice of complement V C M to iM:

M=VohaM.

More generally, if M is any C[h]-module, then the space V. = M/AM is called the
semiclassical limit of M. Similarly, the semiclassical limit of a C[A]-linear map
T: M — N is the C-linear map T : M/AM — N/AN uniquely determined by the
commutativity of the diagram

M i N
L]
M/AM —— = N/AN

As the following elementary result illustrates, the semiclassical limit of a C[h]-
module homomorphism encodes important information about the original map.

Lemma 2.1. Let M, N, T and T be as above.

(1) Suppose that M is separated, N is torsion free and T is injective. Then T is
injective.

(2) Suppose that M is complete, N is separated and T is surjective. Then T is
surjective.

The topological tensor product M & N of two C[A]-modules M and N is the h-adic
completion of the algebraic tensor product M ®cppy N:

M&N = l&l(M Qcn] N)/R™ (M Rc[n] N).
n

If M and N are topologically free with M 22 V[i] and N = W[#], then M&®N is
topologically free and isomorphic to (V ®c W)[#A].
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In this article, we shall say that M is a topological module over C[A] if M is a
C[#A]-module which is both separated and complete. For any such module, we have

C[A] @M =M = M C[Hh].
Similarly, by a topological algebra A over C[h] we shall always mean that A is a

C[h]-algebra which is both separated and complete as a module over C[A]. In
particular, the multiplication m can be viewed as a C[#A]-linear map

m:ARA = A.

A topological Hopf algebra H over C[h] is a topological C[h]-algebra equipped with
a counit € : H — C[[A], a coproduct A : H - H®H and an antipode S : H — H
which collectively satisfy the axioms of a Hopf algebra with all tensor products
given by the topological tensor product ®. By modifying these definitions in the
expected way, one obtains the notion of a topological coalgebra and bialgebra over
C[A].

If M and N are topological C[%]-modules and N & W] is topologically free, then
the space of C[h]-module homomorphisms Homgps; (M, N) is separated, complete
and torsion free. If in addition M is topologically free with M 2 V[A], then one has

Homgprp (M, N) = Home (V, W) [A].

In particular, the C[A]-linear dual M* := Homgpsj (M, C[R]) of a topologically free
C[A]-module M = V[i] satisfies M* = V*[A].

2.2. Graded topological modules. Let us now turn towards the Z-graded ana-
logues of the above definitions. Henceforth, we view C[h] = @,y Ch" as an
N-graded ring. For brevity, we shall denote its N-graded quotient C[#]/i"C[A] by
K,, for each n € N.

Definition 2.2. We say that a topological C[k]-module M is Z-graded if, for each
n € N, M/h"M = @, .,(M/h"M); is a Z-graded K,-module and the natural ho-
momorphism

M/B" M — M/A™M
is Z-graded. If (M/A™M)y, is trivial for £ < 0, we say that M is N-graded.

A CJA]-module homomorphism M — N between Z-graded topological C[h]-
modules M and N is said to be Z-graded if the induced morphisms
M/R"M — N/R"N
are all Z-graded. More generally, it is Z-graded of degree a € Z if each of these
induced morphisms is homogeneous of degree a.

The category of Z-graded topological modules is closed under the tensor product
®. Indeed, this follows from the elementary observation that, given two C[A]-
modules M and N, one has

(M&N)/E*(M&®N) = (M ®cgr N)/E"(M @cpry N) 2 M/B"M @k, N/BE"N,

which can be equipped with the standard tensor product grading, provided M/A"™M
and N/A"N are both Z-graded.
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Definition 2.3. A topological algebra A is said to be Z-graded if it is graded as a
topological C[fi]-module and the multiplication map
m:ADA = A
is a Z-graded homomorphism. Similarly, a topological Hopf algebra H is Z-graded
if it is Z-graded as a topological algebra and the structure maps
A:H—-H®H, e¢:H-=>C[n], S:H-H

are all Z-graded C[h]-module homomorphisms. Equivalently, a topological algebra
or Hopf algebra H is Z-graded if the conditions of Definition 2.2 hold and each
H/R"H is a Z-graded algebra or Hopf algebra over K,,, respectively.

Of course, one also has the notion of a Z-graded topological coalgebra and bialge-
bra, which are defined by making the obvious modifications to the above definition.

The prototypical example of a Z-graded topological module over C[A] is M =
V[R] where V = @, ., Vi is a Z-graded complex vector space. In this case one has
M/A™M 2 V[ /E"V[F]

which is naturally graded, as V[A] is graded with V[h], = €D,,~¢ A" Vi—n, and i"V[}]
is a graded submodule. The assertion that M is Z-graded may be recaptured as
follows. For each k € 7Z, set

My, :=Lim V[A]/A"V (Al 2= ] B"Vi-n € V7]
n neN

Then each My, is a closed subspace of M satisfying My /i"My_,, = (M/h"M), and M
contains the Z-graded C[h}-module @), ., My, as a dense C[h]-submodule. Moreover,
the h-adic topology on this submodule coincides with the subspace topology, so M
is the f-adic completion of @, ., Mg. If in addition V is N-graded, then @, ., My
coincides with the polynomial space V[k] C V[A].

The below lemma provides an equivalent characterization of the definition of a
Z-graded topological module and algebra which generalizes this picture.

Lemma 2.4. A topological C[h]-module M is Z-graded if and only if it admits a
dense, Z-graded C[h]-submodule

Mz = P Mi M
kEZ
with each My a closed subspace of M and h"M N Mz = h"Mgz for all n € N.

If in addition M has the structure of a topological algebra, then it is Z-graded if and
only if the above conditions hold and My, is a Z-graded C[h]-subalgebra of M.

If M is a Z-graded topological module then the k-th component My of My from
Lemma 2.4 is uniquely determined and recovered as the inverse limit

(2.1) My, = lim(M/A"M) . C lim M/B"M = M.

n

Moreover, one has (M/R"M); = My /A"My_,, for all n € N and k € Z.
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We further observe that, for each k € Z, the system of linear projections m, j :
M/R"M — (M/h"™M);, gives rise to a projection
Ty 1= @ﬂmk M= My
n
which restricts to the projection of My onto its k-th homogeneous component. In
particular, a C[A]-linear map T: M — N between Z-graded topological modules is
graded if and only if ﬁg oT="ToO 77,'2,/' for each k € Z.

We conclude this preliminary subsection with two corollaries of the above dis-
cussion. The first shows that any topologically free Z-graded C[#]-module is of the
form described above Lemma 2.4.

Corollary 2.5. Suppose M is a Z-graded topologically free module over C[h], and
let V denote the Z-graded complex vector space M/hM = @, ., My /hMy_1. Then

M = V[A]

as a Z-graded topological C[h]-module. In particular, one has

Mz = P My = @ VIr]x C VIR,  where V[A], = [] 2"Vi-n

kEZ kEZ neN

Proof. This is a refinement of the elementary result, alluded to at the beginning
of the section, that M = V[i] as a C[h]-module; see [26, Prop. XVI.2.4], for in-
stance. In more detail, an isomorphism of Z-graded topological modules M = V[A]
is specified by choosing, for each k € Z, a complement Vi C My to AiMy_1 in My:

My = Vi © hMy ;.
Setting V := @5, Vi C Mz, we then have
V = My /EMz = M/EM
My /B"Mp_p Z Ve @ Ve 1 @ - B A" Wi ng1 2 VA /B"V[R]k_n

MM = @D My /1M = @D VIR /B ) = VLBV ]
keZ keZ
where the third line is an identification of Z-graded modules. Here we note that
the second line follows from the definition of V; and that M is a torsion free C[h]-
module. Taking inverse limits, one finds that M = V[A] as Z-graded topological
C[h]-modules. O

Let us now shift our attention to the case where M = Drcn My is an N-graded
C[h]-module. Any such module is automatically separated, and so embeds into its
h-adic completion ' _

M= %(M JRM),
which is an N-graded topological C[h]-module. Moreover, if M is a torsion free C[A]-
module, then M is topologically free as a C[A]-module. .Since Mg_,, is trivial for
n > k, the submodule My of M (see (2.1)) coincides with My, and so, in the notation
of Lemma 2.4, one has M = My. These observations, coupled with Corollary 2.5
and that V[A]; = V[A]x when V is N-graded, yield the following.
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Corollary 2.6. Let M be an N-graded, torsion free Clh]-module. Then M is a
topologically free N-graded C[h]-module. Moreover, we have

My, = Jm(My /R"My—n) = My for all k€ N.

Consequently, M coincides with My and there is an isomorphism of N-graded C[h]-
modules . o
M= V[h] = @ V([h]s, where V:=M/hM.
keN

Note that if M is a N-graded C[h]-algebra or Hopf algebra, then M is automati-
cally an N-graded topological algebra or Hopf algebra, respectively.

2.3. The restricted dual. For a given Z-graded complex vector space V = @, V,,
we let V¥ = @, (V*), C V* denote the restricted, or graded, dual of V, where

(V) ={f eV : f(Vin) CCpyn} = (V_p)"
and C is given the trivial grading with Cy = C and C,,, = {0} for m # 0. One can
similarly define the restricted dual M* C M* in the category of Z-graded topological
C[A]-modules. In this subsection we will recall some properties of this duality op-

eration in the N-graded setting which will be applied to construct the dual Yangian
in Section 6.

Suppose that M is an N-graded, topological C[A]-module with N-graded C[A]-
submodule My = @keN M;. as in Lemma 2.4. For each n € N, let J; denote the
h-adic completion of the ideal @,-,, My of My. The gradation topology on M is
the topology associated to the descending filtration

M=JypD>JhiD---DJpD---
Equipped with this terminology, we may make the following definition.

Definition 2.7. The restricted dual M* is defined to be the C[h]-submodule of M*
consisting of those f which are continuous with respect to the gradation topology:

M*:={f € M*: f(Jy) Ch"C[A] VneN and k> 0}.

The restricted dual of any N-graded topological C[A]-module M is easily seen to
be separated, complete and torsion free. Let us now see that it admits a Z-graded
structure.

For each a € Z, let Hom¢ (M, C[A]) C M* denote the (closed) subspace con-
sisting of Z-graded C[A]-module homomorphisms f : M — C[#] of degree a. Equiv-
alently:

Homg (M, C[R]) = {f € M": f(My) C Clh]x4a Yk € N}
Then the sum °, ., Hom¢ (M, C[R]) is direct and the space

(M*)z := @Hom(‘éﬂhﬂ(l\ﬂ,@[[ﬁ]]) Cc M*
a€l

is a Z-graded C[h]-submodule of M*.

a€Z
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Remark 2.8. Under the natural identification of M* with Homcs) (My, C[R]) one
has Homg (M, C[R]) = Homg (M, C[A]) and (M*)z coincides with the graded
dual (My)* C Homgps)(My, C[R]) of My taken in the category of Z-graded C[A]-
modules.

It is not difficult to prove that, for each n € N, one has
A*M* N (M*)z =" (M*)z  and  (M*)z/A"(M*)z & M*/A"M*.
Consequently, M* coincides with the fi-adic completion of (M*)z and, by Lemma
2.4, is a Z-graded topological C[A]-module. We note that, although Definition 2.7

is strictly for an N-graded C[A]-module M, one can define the restricted dual in the
Z-graded setting precisely as the fi-adic completion of the space (M*)z.

If M is itself topologically free with M = V[A] for a graded vector space V =
Dren Vn, then the natural homomorphism M*/AM* — V* is an isomorphism of
graded vector spaces. As M* is topologically free, Corollary 2.5 yields the following.

Corollary 2.9. Suppose that M is a topologically free N-graded C[h]-module with
M = V[#a] for a graded vector space V = @ oy Vi. Then M* is isomorphic to V*[h]
as a Z-graded topological C[h]-module.

We shall say that a topologically free N-graded C[h]-module is of finite type if
the graded components Vi of V = M/AM from the above corollary are all finite-
dimensional complex vector spaces.

Now suppose that H is an N-graded topological Hopf algebra with coproduct
A, counit €, antipode S, product m and unit ¢. Since these are all N-graded C[h]-
module homomorphisms and C[A]* = C[#], taking transposes yields Z-graded maps

A" (H@H)* = H*, &' :C[a] — H*, S§':H" - H*
m'HY = (H&H)*, ' H* = C[A]
which formally satisfy the axioms of a Hopf algebra. In particular, H* is a topo-
logical C[[A]-algebra with unit €' and product given by restricting At. Tt is not in
general a topological coalgebra (or Hopf algebra) as m! does not necessarily have

image in H* ® H*. However, this is the case when H is of finite type, as we now
explain.

In general, for any two N-graded topological C[A]-modules M and N, there is a
canonical injective homomorphism of Z-graded topological C[k]-modules
vy :M*@&N* — (M@N)*.
If M and N are topologically free with M = V[A] and N = W[A], then the semi-
classical limit of vy is the natural inclusion V* @c W* — (V ®¢ W)* which is an

isomorphism provided the graded components of V or W are all finite-dimensional.
This observation, together with Lemma 2.1, implies the following proposition.

Proposition 2.10. Let M and N be topologically free, N-graded C[h]-modules and
suppose that either M or N is of finite type. Then 7y is an isomorphism of Z-graded
topological C[Rh]-modules

v:M*@N* = (M@ N)*
Consequently, if H is a topologically free N-graded Hopf algebra of finite type, then
H* is a Z-graded topological Hopf algebra over C[h].
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Remark 2.11. Henceforth, we shall simply write ® for the topological tensor
product ®. More generally, the use of the symbol ® will always be clear from
context and will be clarified should any ambiguity arise.

2.4. Homogeneous quantizations. Let us now recall some basic constructions
from the theory of quantum groups, adapted to the graded setting.

A topological Hopf algebra H over C[h] is called a quantized enveloping algebra
if it is a flat deformation of the universal enveloping algebra U(b) of a complex Lie
algebra b as a Hopf algebra. Equivalently:

e The semiclassical limit H/hH of H is isomorphic to U(b) as a Hopf algebra.
e H is topologically free, and thus isomorphic to U(b)[A] as a C[Ai]-module.

If H = Upb is a quantized enveloping algebra with semiclassical limit U(b), then
b inherits from Upb the structure of a Lie bialgebra with cocommutator dp : b —
bAbC U(b)®2 given by the formula
A(z) — A™ (&)

h
where & € Uib is any lift of . We refer the reader to Propositions 6.2.3 and 6.2.7
of [4] for a detailed discussion of this point.

(2.2) 8o (z) == mod hUzb ® Upb V€ b,

Conversely, if (b,dp) is a Lie bialgebra, then a quantization of (b, dy) is a quan-
tized enveloping algebra Upb with semiclassical limit U(b), such that d, coincides
with the cocommutator (2.2).

Now let us shift our attention to the graded setting. In what follows, we will say
that a Lie bialgebra (b, dy) is Z-graded if b = @, ., b is Z-graded as a Lie algebra,
and the cocommutator Jp is a graded linear map of degree d, for some d € Z. That
is, 0, € Homg (b, b%2).

Definition 2.12. Let b be a Z-graded complex Lie bialgebra with cocommutator
dp. Then a homogeneous quantization of (b,dp) is a topological Hopf algebra Upb
satisfying:

(1) Uxb is a quantization of (b, dp).
(2) Uxb is Z-graded as a topological Hopf algebra, and the natural inclusion

b < U(b) = Upb/hUsb

is a Z-graded linear map.

Note that the last condition guarantees that the grading on U(b) inherited from
Urb coincides with that induced by the Lie algebra grading on b. In addition, since
the coproduct A is homogeneous of degree zero, (2.2) implies that the cocommutator
dp must be of degree d = —1.

We shall employ similar terminology to the above in the N-graded setting over
C[h]. Namely, if (b,dp) is an N-graded Lie bialgebra, then a homogeneous quanti-
zation of (b, dy) over C[h] is a space Upb such that

(1) Upb is an N-graded torsion free Hopf algebra over C[A].
(2) The semiclassical limit Upb/hUxb is isomorphic to U(b) as a graded Hopf
algebra, with the cocommutator Jy given by (2.2).
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Note that, by Corollary 2.6, such a quantization Uyb is isomorphic to U(b)[A] as an
N-graded C[A]-module, and its fi-adic completion is a homogeneous quantization of

b over C[h].

2.5. The Yangian Manin triple. The most well-known, non-trivial, example of a
homogeneous quantization is the Yangian Y;g associated to an arbitrary simple Lie
algebra g over the complex numbers. In this article we shall encounter two other,
closely related, examples: the dual Yangian Ysg* and the Yangian double DYjg.
Collectively, these three quantum groups arise as a quantization of a restricted
Manin triple structure on (t,t,,t_), where
t:=g[ttY], t,:=g[t] and t_:=t"lg[t7!].
In this section we briefly recall how this structure is defined.

The Lie algebra t = g[t*!] comes equipped with a nondegenerate, invariant
bilinear form (, ) : t® t — C given by

(2.3) (f(t),9(s)) := —Resy(f (1), (1)),

where (, ) is a fixed symmetric, invariant and non-degenerate bilinear form on g,
which has been extended to a C[t*!]-valued bilinear form on t by C[t*!]-linearity.
The above form is a degree 1 element of the restricted dual (t ® t)*, as defined in
the beginning of Section 2.3. Namely, it vanishes on

toth= P .ot
a+b=k

for any k # —1, and restricts to a nondegenerate pairing t, ® t_,_1 — C for any
a € Z. Moreover, one has the polarization

t=t. @t for . =glt], t=t"Tg[t7!]

with t, and t_ isotropic, graded Lie subalgebras of t, with gradings concentrated in
non-negative and non-positive degrees, respectively. Said in fewer words, the above
data gives rise to a restricted Manin triple (t,t,,t_); see §5.2-5.3 of [2].

Since each homogeneous component t; of t is finite-dimensional, this data gives
rise to dual Lie bialgebra structures on t, and t_, obtained as follows. The residue
form (2.3) yields isomorphisms of graded vector spaces

Resy @t = 7
which are homogeneous of degree 1: Ress(t. ) = (t£)n41 for all n € Z. Dualizing
Lie brackets then gives rise to honest, degree —1, Lie bialgebra cobrackets
o, = [,]'{¥ Tt ot At
Observe that the Casimir tensor Q0 € (g ® g)? satisfies
(£ ®1,9Q],y ® 2)g0g = —(7,[y,2]) V=,y,2€9,

where (,)gog = () ®(,)0(23) : g®@g®g®g — C. It follows readily from this
observation and the definition of Resy that d, and d_ are given explicitly on each
graded component by

o, (xth) = Z [z ®1,Q4)t%s" € g[t] @ g[s] = t. @ t,,
a+b=k—1
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S(@t™* )= > peLQt s et gt @s gls T =t @t
a+b=k
where we have used the natural identification of (g@g)[t*!, sT!] with g[t*!]®@g[s*],
and a, b take values in N. Since

k
(Z o ,w) § Za,wkfa _ Zk+1 . wk+17
a=0

the linear map § := 4§, @ (—0d_) : t — t At is given by the formula

D) = [F0 81+ 18 £, 72| € st wals™] ¥ fi0) € ol

and defines a Lie bialgebra structure on the Lie algebra t such that (t,,d,) and
(t_,—d_) are Lie sub-bialgebras. This construction identifies t with the restricted
Drinfeld double D(t,) of the N-graded Lie bialgebra t,, as defined in [2, §5.4], for
instance.

3. THE YANGIAN REVISITED

3.1. The Lie algebra g. We henceforth fix g to be a finite-dimensional simple Lie
algebra over the complex numbers, with invariant form (, ) as in Section 2.5. Let
h C g be a Cartan subalgebra, {a;}ier C h* a basis of simple roots, and {a}’ };c1 the
set of simple coroots, so that a;(«)) = a;; = 2(cu, ;) / (e, «;) are the entries of the
Cartan matrix A = (a;); jer of g. Let AT C h* be the associated set of positive
roots, and let Q = @,y Za; and Q4 = P,y Na; denote the root lattice and its
positive cone, respectively, where we recall that N denotes the set of non-negative
integers. Set

di; = (O‘“Qo‘j) and d; =dy; VYijel

We normalize (, ), if necessary, so that the square length of a short root is 2. In
particular, we then have {d;};e1 C {1,2,3}. Let {e;, fi}ic1 denote the Chevalley
generators of g, as in [24, §1.3], and set

h; = dia;/, xj = diei, [L'; =V dzfz Viel
These normalized generators satisfy (z;,2; ) =1 and h; = [z, 2] for all i € L.
3.2. The Yangian. We now recall the definition of the Yangian Y;(g). Let S,,
denote the symmetric group on {1,...,m}.

Definition 3.1. The Yangian Y;(g) is the unital associative C[h]-algebra generated
by {#E, hir }ict.ren, subject to the following relations for 4, j € T and r,s € N:

(3.1) [iry hjs] = 0,

(3.2) [hio,l‘ﬁ] = :I:Qdijxi,

(3.3) [z, 25.) = ijhirts,

(3.4) (hirs1, 253) = [hirs @5 g 4q] = £hdij (hipx, + 25 hir),
(3.5) (o0 053] = [, @5 0) = Ehdiy (a3, + @55037),
(3.6) > [mfwn’ {xi‘w(zwm ’ {xﬁﬂm)’mi] H =0

TESm
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where in the last relation ¢ # j, m =1 —a;; and r1,...,7, € N.

The Yangian Y;(g) is an N-graded C[h]-algebra, with grading
Yi(s) = €P Yn(o)

keN

determined by deg xﬁ = deghy = r for all i € T and r € N. Moreover, Def-
inition 3.1 is such that Yx(g) provides an N-graded C[h]-algebra deformation of
the enveloping algebra U(t,), where we recall that t. = g[t]. Indeed, the iden-

tification Yy (g)/hYx(g) = U(t,) is induced by the graded algebra epimorphism
q: Yn(g) - U(t,) given on generators by

q: xirﬁxiitr, hir +— h;t" Viel and r € N.

In addition, the relations (3.1)—(3.6) imply that the assignment

sE ot hi hyg Viel

determines a C-algebra homomorphism U(g) — Yx(g), which is injective as its

composition with ¢ is the identity map 1(g) on U(g). Henceforth, we shall identify
g with its image in Y} (g) without further comment.

To specify the standard Hopf algebra structure on Y3 (g), we first note that Y (g)
is generated as a C[h]-algebra by the set g U {t;1}ic1 C Ya(g), where
h
§h?0 Viel
More precisely, for each s > 0, mi and h; 41 are determined by the recursive
formulas

ti1 i= hi1 —

1 _
ri = :I:Z—d [til,xfs_l] and R ep1 = [z, z57].

8 is) il
Now let r € n_®n_ denote the canonical tensor associated to the pairing (, )[n_xn,,
where ny = @, ca+ 9+a is the Lie subalgebra of g generated by {zF}icr. Equiva-
lently, r is the unique preimage of the identity map under the natural isomorphism
n_ ®ny =5 Endc(n_), determined by (, )|n_xn, . In addition, we set

ri::[hi@)l,r] vV el

[e3

r= Z r, ®@x}r and r;=— Z a(h)r, @ xt.

aeAt aeAt

If x5 € g4, are root vectors satisfying (1,2, ) = 1, then one has the formulae

The following proposition describes the Hopf algebra structure on Yj(g), where
m : Yn(g)®? — Yp(g) denote the multiplication map.

Proposition 3.2. The Yangian Yy(g) is an N-graded Hopf algebra with counit
g, coproduct A and antipode S uniquely determined by the requirement that g is
primitive and that, for each i € I, one has

e(tin) =0, A(tin) =t @ 14+1@t; + hry;,  S(tin) = —ti + m(hr;).
In particular, Y5(g) is an N-graded Hopf algebra deformation of U(t,) over C[h].
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The crux of the proof of this proposition lies in showing that A is an algebra
homomorphism. Though this is a consequence of [6, Thm. 2] and [8, Thm. 1]
(see also [22, Thm. 2.6]), a complete proof has only recently appeared in [21]; see
Theorem 4.9 therein.

The Yangian Yj(g) also admits a Q-grading compatible with the above N-
grading; that is to say, it is N x @-graded as a Hopf algebra. This @Q-grading
arises from the adjoint action of the Cartan subalgebra h C g on Yj(g). Namely,
one has Yr(g) = @scq Yn(g)s, where Yi(g)s is just the S-weight space

Yi(g)p ={z € Yn(a): [h,a]=B(h)x V heb} VBeQ.

3.3. Automorphisms. There are two families of (anti)automorphisms of Yz(g)
which will play an especially pronounced role in this article: the shift automor-
phisms and the Chevalley involution. The former are a family {7.}.cc C Aut(Yz(g))
which give rise to an action of the additive group C on Y;(g) by Hopf algebra au-
tomorphisms. In more detail, 7. is defined explicitly by

(3.7) Te(zE W) =2 (u—c) and T.(hi(u)) =hi(u—c) Viel,

where we have introduced the generating series = (u) and h;(u) in Y (g)[u='] by
zE(u) = inj;ufrfl and  h;(u) = Z hipu™" L
reN reN
Replacing ¢ by a formal variable z in (3.7), one obtains an N-graded embedding
(3.8) 72+ Yi(g) = Ya(g)[2]
called the formal shift homomorphism, where deg z = 1. Let us now turn to defining

the Chevalley involution, beginning with the following lemma.

Lemma 3.3. The assignments w and ¢ defined by
w(z () =27 (w), wlhi(w) = hi(u),

i
S(a () = a7 (=), s(hiu)) = hi(—u),
extend to commuting anti-involutions w and s of Yy(g). Moreover, w and s satisfy
TeOW=WOTe,, T_.0¢=¢o07. VeceC,
cow=¢, (WOwW)oA=A"ow, woS=Souw,

cos=¢, ((®s)oA=Aog, coS'=Sos.

This result, which has appeared in various forms in the literature (for instance,
[3, Prop. 2.9]), is readily established using Definition 3.1 and the relations of Propo-
sition 3.2. By the lemma, w is an involutive Hopf algebra anti-automorphism of
Y% (g), which we call the Chevalley involution of Yx(g). On g C Yi(g), this recovers
the standard Chevalley involution, given by

w(x;

T)=z7 and w(h)=h; Viel

Similarly, under the identification Y (g)/hYx(g) = U(t, ), the semiclassical limit w :
U(ty) — U(t,) of w coincides with the anti-involution of U(t,) uniquely extending
the Lie algebra anti-automorphism

(3.9 w(xt") =w(x)t” Vzxeg and reN

i):
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In addition, we note that the composite k := w o ¢ is an involutive algebra
automorphism of Yj(g), given explicitly by
(3.10) kK(zF(u)) =zF (—u) and  «k(hi(u)) = hi(—u) Viel

This automorphism is itself often called the Chevalley or Cartan involution of Y;(g),
though here we shall reserve the former terminology for w.

3.4. Poincaré—Birkhoff-Witt Theorem. An important foundational result in
the theory of Yangians is the Poincaré-Birkhoff-Witt Theorem, which asserts the
flatness of Y;(g) as an N-graded Hopf algebra deformation of U(t,). It can be
stated concisely as follows.

Theorem 3.4. The Yangian Yy(g) is a torsion free C[h]-module, and thus provides
a flat deformation of Y (g)/hYr(g) 2 U(t,) as a graded Hopf algebra over C[h]. In
particular, Yr(g) is isomorphic to U(t,)[h] as an N-graded C[h]-module.

As Y3(g) is an N-graded algebra deformation of U(t, ), an isomorphism Y3 (g) =
U(t,)[h] can be obtained by specifying an ordered, homogeneous, lift G C Yx(g)
of any fixed homogeneous basis of the Lie algebra t,. For our purposes, it will
be useful to specify a class of isomorphisms of this type with a number of useful
properties.

For each 3 € A", we may choose i(3) € I and X* € U(ny)s_o
that

(3.11) .’L‘E = X7 -x;EB) €gs and x4 := w(m‘g) €g9-5

s C Ul(g) such

satisfy the duality condition (x;, z5) =1, where X? acts on ij gy Via the adjoint
action of g on U(g). In particular, we can (and shall) take X* =1 for all 4 € I, so
that 27, = 2. For each k € N, we then set

x}"k = X# -xzﬁ),k €Yn(g)p and g, = w(xgﬁk) € Yi(g)—p,

where g now operates on Y;(g) via the adjoint action. This definition is such that
q(m?k) = x?tk for all 8 € At and k € N, and hence the set of elements

G:= U {hik, 25 Yierpea+
kEN

reduces modulo & to the basis of t, consisting of all Cartan elements h;t* and root
vector zgtk. For each choice of total order < on G, the corresponding set of ordered
monomials

B(G) ={zize---zp:neN, 2, €G and z;, <z; Vi< j}

is therefore a homogeneous basis of the C[h]-module Y;(g), and so defines an iso-
morphism N-graded modules

(3.12) Ve 1 Ya(g) = U(t,)[A]
uniquely determined by the property that v¢|p(q) coincides with the restriction of

the quotient map ¢ to B(G). We note that vg is automatically an isomorphism of
h-modules, and is thus Q-graded.
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We shall single out a subclass of isomorphisms of this type which are compatible
with Chevalley involutions and satisfy a triangularity condition. To make this pre-
cise, we must first recall that Y;(g) admits a triangular decomposition, compatible
with the decomposition

g=ny dhdn_.
Let us define Y}(g) and Y;(g) to be the unital associative subalgebras of Y3 (g)
generated by {hi, }icrren and {zZ};cren, respectively. These are N x Q-graded
subalgebras of Y;(g). The triangular decomposition of Y;(g) is then encoded by
the following proposition, which is a well-known consequence of Theorem 3.4.

Proposition 3.5.

(1) Y,/ (g) is isomorphic to the unital, associative C[h]-algebra generated by the
set {x3 it en, subject to relations (3.5) and (3.6) of Definition 3.1:

+ + £+ o+ 1 R
[xi,rJrl?xjs] - [xir7xj,s+1] - ihdz] (xirmjs + xjsxir)’
+ + + + _
E {xi,m(l)’ {xi,rﬂ<2)7... , {xm,w(m),xjs] H =0,
TESm

where all indices are constrained as in Definition 3.1. In particular, Yﬁi (9)
is an N-graded, torsion free Clh]-algebra deformation of U(ny[t]).
(2) The assignment h;y, — hit®, for alli €1 and k € N, extends to an isomor-
phism of N-graded, commutative C[h]-algebras
£: Yy (g) = Ub[t)[R] = S(b[t])[A].
(3) The multiplication map
m: ;" (9) © Y3 (9) ® Yy, (9) — Ya()

is an isomorphism of graded C[h]-modules.

As a consequence of Part (1) of Proposition 3.5 and Corollary 2.6, one has
Y;E(g) = U(ny[t])[h] as N-graded C[h]-modules. Following the procedure outlined
at the beginning of the section, let us fix an arbitrary total order =<, on the union

Gy = U {2} Ysear = GNY, (g).
keN

The set of ordered monomials B(Gy) in G is a basis of Y, (g), and thus gives rise
to an isomorphism of N x @Q-graded C[h]-modules

Vi Vit (@) = Ulng [)[A],

sending each ordered monomial in G, to its image in Y, (g)/RY;! (g) = U(ny[t]).
Using the Chevalley involution w and its semiclassical limit w (see (3.9)), we then
obtain an isomorphism

v_o=woviow:Y, (g) = Un_[t])[A]

Combining v1 with & from Part (2) of Proposition 3.5 outputs an isomorphism of
N x @-graded C[h]-modules

(3.13) vi=mo(vy®E@V_)om : Yi(g) == U(t)[A]
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where m : U(ny[t]) @c U(H[t]) @c U(n_[t]) = U(t,) is the multiplication map,
which we extend trivially by C[A]-linearity. By construction, v is compatible with
the underlying triangular decompositions on Yy (g) and U(t,) and satisfies
Vow = woWV.
The definition (3.13) is such that v = vg for any total order < on G which restricts
to <, satisfies 27 < h <z~ for all z* € G NY,F(g) and h € Y(g), and for which
w is a decreasing function on G. We will denote the inverse of v by u:
ji= vl U] = Yaa).
Note that, for any total order on G, one has u(z) = vg'(z) for all z € G.

3.5. Quantization. As a consequence of Proposition 3.2 and Theorem 3.4, the
Yangian Y5 (g) provides a homogeneous quantization of an N-graded Lie bialgebra
structure on the Lie algebra t, over C[h], with cocommutator § determined by the
formula (2.2). By Proposition 3.2, § is uniquely determined by §(g) = 0 and

Q
5(h¢t) =1r;, — r?l = [hz ® I,Qg] = hit RI1I+1® his, ﬁ = 5+(hzt) Vie I,
and thus coincides with d, from Section 2.5. This recovers the following well-known
result, originally due to Drinfeld [6, Thm. 2J:

Theorem 3.6. Y;(g) is a homogeneous quantization of (t,,d,) over C[h).

As explained in Section 2.4, it follows immediately that the h-adic completion
(3.14) Vg :=1im(Ys(g)/h"Yr(g))

is a homogeneous quantization of (t,,d,) over C[h]. We refer the reader to Defini-
tion 2.12 and Corollary 2.6 for a detailed discussion of this point.

Remark 3.7. Let Yhig and Y g denote the topological C[h]-algebras
Yo :=1mY, (9)/h"Y, (g) and  Yig:=limY;(g)/h"Y;(g).

It follows from Corollary 2.6 and Proposition 3.5 that these are subalgebras of Y;g,
with Y,?g isomorphic to U(h[t])[A] = S(h[t])[A] as an N-graded topological C[A]-
algebra, and Yhig a topologically free N-graded C[h]-algebra with semiclassical limit
equal to U(ny[t]). By Part (3) of Proposition 3.5, the product m on Yxg gives rise
to an isomorphism of N-graded topological C[%]-modules

(3.15) m: Y g@Ylg® Y, g = Yig,
where, following Remark 2.11, ® should now be understood to be the topological

tensor product & of C[h]-modules. For later purposes, we note that the product
on Yig also gives rise to an isomorphism

Y, 9@ Y g®Ytg =5 Yig
which can be realized as komo (k_ ® Ko ® K4 ), where m is the isomorphism (3.15),
k is the involutive automorphism of Y;g defined in (3.10) (extended by continuity),

. LY X s VX
and Kk, := K|er‘9 (Y g = Y, Mg
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3.6. The Universal R-matrix. We complete our survey of Y;(g) by reviewing
the construction of the universal R-matrix R(z) of the Yangian, whose existence
and uniqueness was first established by Drinfeld in [6, Thm. 3]. We shall, however,
need a refined version of Drinfeld’s theorem only recently proven in [17, §7.4], which
reconstructs R(z) from the factors in its Gauss decomposition

R(z) = RT(2)R°(2)R™ ().

Let us begin with a few preliminaries. For each positive integer n, let

V(@) 5271 = U #Ya@® [ € V) 4]
keN

denote the algebra of formal Laurent series in z~! with coefficients in Y} (g)®".

Following [41, §4.2], we then introduce the subspace

Vol = ] (Val0)®" =" € Vi) [ ],

keN
where (Y;(g)®")y is the k-th graded component of the N-graded algebra Y;(g)®"
This is a C-algebra isomorphic to the completion of Y;(g)®" with respect to its
grading. The C|[z, 2~ !]-submodule of Y3 (g)®"[z; '] that it generates is a Z-graded
C[h]-algebra
(3.16) L(Ysgl”) = P 2" Vagl” C Yalg)®" [z 27 '],
keZ

Though for the moment we shall only be interested in the case where n = 2, such
formal series spaces will reappear in later sections. In addition to the above, we

shall make use of two functions Q4 — N. Firstly, we have the standard additive
height function ht given by

ht(B) = Zni for each 3 = Zniai € Q.
i€l i€l
Secondly, we have an auxiliary function v : @+ — N defined by
(3.17) v(B) =min{k € N:3B;,...,8, € AT with B=01+---+ B},
where it is understood that v(0) = 0.

Let us now recall the construction of the factor R~ (z). Fix a Cartan element

¢eb\ | Ker(B)
B#0

where the union runs over all nonzero 8 € Q4. We then introduce

Rj5(2) € (Y (0)-5® Y (0)p)le™] VB EQ
by setting R (z) =1 and deﬁning ng (z) inductively in ht(5) using the formula

(3.18) Rg(z):hz p+1 D alQRs-a(2)(z, @ L),

aeAt

where R (z) = 0 Whenever v ¢ Q4 and T(¢) = ad(T(¢) ® 1 + 1 ® T(()), with
T :h — Y (g) the embedding determined by

T(h,) =ty Viel
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Using the fact that, for each p € N, T(¢)P2~P~! is a homogeneous operator on
L(Yxg?) of degree —1, one deduces from the recursive formula (3.18) that

Rj(2) € WOL(Ying®) sy € 2" OYi(@)®*[= 7] V5 € Q4.
As the set {8 € Q4 : v(B) < k} is finite for any k € N, we obtain a well defined

formal series
R™(2)= Y Ry(x) € (¥, (0) @Y, (0)[=]
BEQ+
which by construction satisfies R~ (z) € 1 + hE(l//h\gf))q C 5//}1\9,(;).
By Theorem 4.1 of [17], R~ (z) is independent of the choice of ¢ € h made above
and satisfies a number of remarkable properties. Notably, it intertwines 7, ® 1 0 A
and the formal, deformed Drinfeld coproduct A on Yj(g), as defined in [17, §3.4].

We will not make direct use of these properties here, and refer the reader to [17]
for a detailed treatment of R~ (z).

Let us now recall the definition of the abelian R-matrix R°(z) € Y}?(g)®?[27!]
from [17, §6]. Let B = (d;a;;) denote the symmetrization of the Cartan matrix A.
Given an indeterminate v, we let B(v) = ([d;a45]v) C GL1(Q(v)) be the associated
matrix of v-numbers, where

mle = ==
Then it is known [16, Thm. A.1] that the auxiliary matrix

C(v) = (cij(v)) = [26],B(v) "
has entries ¢;;(v) in N[v,v™!], where 4x is the eigenvalue of the Casimir element of

g in the adjoint representation.

Next, for each index i € I, we introduce the series ¢;(u) € hY?(g)[u"!] and its
inverse Borel transform B;(u) € hY(g)[u] by

tir
ti(u) = h§ tiu "' =log(1+ hhi(u)) and  Bj(u) = h§ .
ri
r>0 r>0

Note that t;; coincides with the element of the same name introduced in Section
3.2. From this data, we obtain an element £(z) € (h/2)?Y?(g)®?[2~'] defined by

L(z)=T" " ¢;;(T)B;(0:) ® Bj(—0.)(—2"?),
ijel
where T is the shift operator T(f(2)) = f(z + %) on Y;(g)®2[2!]. Equivalently:

7= o 50.) V(@] Vol L

As L(z) € hz72Y2(g)®?[27!] and Y2(g)®? is torsion free, there is a unique
solution S(z) to the formal difference equation

L(z) = S(z+2kh) — S(z)  with S(z) € 27'Y2(g)®?[z 7]
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If g(z) € 27'C[271] is the unique solution of —272 = g(z + 1) — g(z), then by
Proposition 6.6 of [17], we have

(3.19) S(z) = (QT;)Q > i (T)Bi(9-) ® B;(—0s.) (9(2,%)) ;
i,j€l

where g(z/2kh) is viewed as an element of L(Y,g®). The abelian R-matrix R°(z)

z
is defined to be the formal series exponential of this solution:

R2(2) = exp(S(2)) € 1 + 27 Y2(g)®?[z1].
Equivalently, it is the unique formal solution in 1+271Y2(g)®?[2 7] of the equation
RO(z + 2kh) = A(2)R°(2),
where A(z) = exp(ﬁ(z))./A\s T and h™2B;(0,) ® B;(—0,) are homogeneous opera-
tors of degree zero on IL(Y,g”), it follows from (3.19) that

z

RO(2) € 1+ hL(Yng®)_1 C Yrg®.

z

We are now in a position to introduce the universal R-matrix of the Yangian.
Set RT(z) = R5,(—2)~! and define
R(z) :=RT(2)RY ()R (2) € 1 + 27 V(9)®?[27'].

The following result is the content of Theorem 7.4 of [17].
Theorem 3.8. R(z) is the unique formal series in 1+ 27 1Yy (g)®?[27] satisfying
the intertwiner equation
(3.20) 7. R1oA"(z) =R(2) 7. ®10A(x) - R(2)™! VacYyg)
in Yn(g)®2[2; 27 Y], in addition to the cabling identities

A @ 1(R(2)) = Riz(2)Ras(2)

1® A(R(2)) = Ri3(2)R12(2)
in Yi(g)®3[27t]. Moreover, R(z) has the following properties:

(1) It is unitary: R(z)™! = Ra1(—2).
(2) For any a,b € C, one has

(Ta @ T3)R(2) = R(z +a —b).
(3) R(z) is a homogeneous, degree zero, element of ]L(?h\g@)), with

R(z) — 1 € hL(Yng®)_1 = hz ™' Vpg®

z
and semiclassical limit given by
Q,

®2%—1 1) —
@ RE) — 1) =

€ (U(alt]) ® U(a[w)[=~"].

The series R(z) is called the universal R-matriz of the Yangian, and is related
to the element R”(2) € Y5 (g)®?[2~!] introduced by Drinfeld in Theorem 3 of [6]
by R(z) = RP(—2)71; see §1.1 and Corollary 7.4 of [17].

Remark 3.9. Strictly speaking, the results of [17] are stated with /% replaced by
an arbitrary nonzero complex number. However, it is easy to translate between the
numerical and formal A settings via a homogenization procedure, and for the sake
of completeness we make this rigorous in Appendix A; see Proposition A.1.
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The final result of this section shows that, in particular, R(z) is invariant under
the Chevalley involution w of Section 3.3.

Corollary 3.10. The universal R-matriz R(z) satisfies
(WRw)R(z) =R(z) and (s®¢)R(z) =Ra(z) = (k® K)R(z).

Proof. Set R¥(z) := (w ® w)R(z) and R*(z) := (s ® <)R(2). Applying the anti-
automorphisms w @ w and ¢ ®¢ to the intertwiner equation (8.3), while making use
of the relations of Lemma 3.3, we find that
T, ®@1oA(x) =R¥(2)"' -7, ®10A™(z) - R¥(2)
T . ®@10A"(x) =R (2)" 7. ®10A(x) R(2)
for all z € Y(g). Hence, R¥(z) and R<(—z)~! = R$,(2) are both solutions of
(8.3). One verifies similarly that these both satisfy the cabling identities, and hence

coincide with R(z) by the uniqueness statement of Theorem 3.8. Since k = ¢ o w,
this completes the proof of the proposition. O

4. THE YANGIAN DOUBLE

We now recall the definition and main properties of the Yangian double DY}g,
including a review of some of the results of [41]. These results, summarized in
Theorems 4.6 and 4.8, will play an integral role in establishing in Sections 7 and 8
that DY3g is a homogeneous quantization of the Lie bialgebra t = g[t*!] isomorphic
to the restricted quantum double of the Yangian.

4.1. The Yangian double. The definition of the Yangian double DY} g is obtained
by allowing the second index of the generators in Definition 3.1 to take values in
Z, while working in the category of topological C[h]-algebras:

Definition 4.1. The Yanglan double DY}3g is the unital, associative C[[h]-algebra
topologically generated by {xzr, hir Yierrez, subject to the relations (3.1) — (3.6) of
Definition 3.1. In terms of generating series

+ u) = Zxﬁ.u*”*l and  H( Zhwu r=1

reZ reZ
these defining relations can be expressed as follows, for i, € I:

[Hi(u),H;(v)] =0,
[hio, X ()] = +2di; X" (u),

(u—vF hdij) Hi(u ) ( )= (u—vihdlj)é\,’i(v)’H
(u— v F hdyj) X (u) X5 (v) = (u— v £ hdij) X5 (0) X (u),
(X (u), X (v)] = Giju 0 (v/u)H;(v),
> A (uey) [Xf(uw@)), o [ ), X ()] -+ ]] =0,

TESm

where §(u) = 3, o, u” € C[u*'] is the formal delta function and in the last relation
i;éjandmzl—aij.

N
—~
S
=
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DYrg is Z-graded as a topological C[h]-algebra, with grading induced by the
degree assignment deg xlir =degh;- =7 for all i € I and r € Z. That is, if DYxgx
denotes the closure of the subspace of DYyg spanned over the complex numbers by
monomials in zE hi and & of total degree k, then

DYrg := @ DYrgs
keZ
is a dense, Z-graded C[h]-subalgebra of DYg satisfying the conditions of Lemma
2.4. In particular, in the notation of Section 2.2, one has DYxg = DY3gy.

Remark 4.2. Let DY,g’ denote the C[h]-algebra generated by {zi, hi}icrrez,
subject to the defining relations (3.1)—(3.6). Then DY} g’ is a Z-graded C[A]-algebra,
and there is a natural algebra homomorphism

7 ]DthJ — DYg C DYag.
The kernel of j is the graded ideal N,cnA"DY5g?, and DYjg can be recovered as the
h-adic completion of DY3g7; see [41, Prop. 2.7]. Thus 3(IDY,g?) is a dense, Z-graded
Clh]-subalgebra of DY} g. It is, however, a proper subalgebra of DY} g as the graded
components j(IDYyg}) are not closed in DY,g. Rather, one has
Dthk S ]&H(D}/}Lgi/hnﬂ)y)ﬁ,gi,n) VkelZ.

n

The above definition implies that DY} g is a Z-graded C[h]-algebra deformation
of the enveloping algebra U(t), where we recall that t = g[t*!]. Analogously to
the Yangian case recalled in Section 3.2, the identification DYxg/hDYrg = U(t) is
induced by the graded C[h]-algebra epimorphism DYzg — U(t) given by

s aft, hp hitt Viel and r € Z.
The Poincaré-Birkhoff-Witt Theorem for DY} g, established in Theorem 6.2 of [41],
asserts that DYyg is a topologically free C[A]-module, and thus a flat deformation

of U(t):

Theorem 4.3. DY;g is a flat deformation of the Z-graded algebra DYyg/hDYrg =
U(t) over C[h]. In particular, DYrg = U(t)[h] as a Z-graded topological C[h]-
module.

T

The notation for the generators of DYg may seem, on the surface, to conflict
with the notation used for generators in the Yangian associated to g. However,
there is a natural Z-graded C[h]-algebra homomorphism

(41) 1. th — Dth
sending each generator of Yz(g) C Ypg to the corresponding element of DY;g,

denoted with the same symbol. By Corollary 4.4 of [41] ¢ is injective, and we shall
henceforth identify Yig with +(Ysg).

4.2. Automorphisms and root vectors. To each i € I, we may associate series
l‘zi (u) and h;(u) in DYyg[u] by setting

&7 (w) = (u) = X7 (u)  and I (u) = B (u) = HF (w).

7

The following lemma is then a straightforward consequence of the defining relations
of DY,g, where w and ¢ are as in Lemma 3.3.



24 C. WENDLANDT

Lemma 4.4. There are unique extensions of the anti-automorphisms w and ¢ of
Yi(g) to anti-automorphisms of the C[h]-algebra DYyg such that, for each i € 1,

wiiy (w) = &7 (), wlhi(u)) = hi(w),

A i

S(@ () = &7 (=u),  s(hi(w)) = hi(=u).

Following the terminology from Section 3.3, we shall refer to the involution w as
the Chevalley involution of DYyg.

The adjoint action of h C DYxg on DYxg gives rise to a topological Q-grading on
the C[h]-algebra DYxg (¢f. Corollary 6.5 and [41, §3.1]) with graded components
given by the weight spaces

DYng5 :={z € DYpg: [h,x] =pB(h)x Vhebh} VEeQ.

That is to say, each of these subspaces is a closed C[A]-submodule of DY3g, and
the direct sum
DYngq := D DYags
BeEQ

is a @-graded dense C[A]-subalgebra of DY,g whose subspace topology coincides
with its A-adic topology. Here we have borrowed, and modified appropriately, the
terminology of Section 2.2. It should be emphasized that the word topological is
key in this statement, as the )-graded algebra DY3gg is a proper subset of DY3g.

We now introduce root vectors in DYxg of arbitrary degree, following the proce-
dure used in Section 3.4. Recall from (3.11) that to each positive root 8 € AT we
attached an index i(3) € I and an element X# € U(ny)g—ayp,- For each k € Z, we
then set

x;g’k = XA ~xzzﬁ)’k € DYrgp and x5, = w(xgk) € DYrg_3,

where g operates on DYg via the adjoint action. For & € N, these elements are
identical to those introduced below (3.11). Moreover, we have

xgt’" :xir modh VB€A", reZ.

It shall be convenient for us to organize the above elements into generating series
xg(u) € DYpg4p[u'] and x?(u) € DYxg+5[u] by setting

x?;(u) = Zaziru”_l and x?;(u) =— Zx;_r_lvf vV BeAT.
reN reN

4.3. The formal shift operator. We now shift our attention to recalling some
of the main constructions of [41], subject to our standing assumption that g is a
finite-dimensional simple Lie algebra. To begin, we introduce a number of relevant
spaces built from the Yangian Yj(g), following §4.1-4.2 of [41] and Section 3.6
above. Firstly, let
YVio =[] Yalo)s
keN
denote the formal completion of Yj;(g) with respect to its N-grading. This is a
topologically free C[h]-algebra containing Ysg as a subalgebra; see [15, Prop. 6.3]
or [41, Lem. 4.1].
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Next, let LY,g, and Yyg, denote the subspaces L(Yg") and Y,g"" of the space

of Laurent series Y;(g)[z; 27!] introduced in Section 3.6. That is,

Yig. = [[ Yale)r™" € Yala)[= '],
keN
and ]L?h\gz is the Z-graded subalgebra of Y} (g)[z; 271] over C[A] defined by
]L}//;i\gz = @ ZnY/;i\gz'
ne”Z
The following lemma, established in [41, Prop. 4.2], provides a characterization of

the h-adic completion of ]L)//:h\gz.

Lemma 4.5. The h-adic completion Lﬁ\gz of ]th\gz is the subspace of Yrng[zt']
consisting of formal series

S 2 fu(z), fulz) € Yag.

kEZ
with the property that, for each n € N, 3 N,, € N such that
fu(z) € (n/2)"Yag. ¥ |K = No.
Moreover, Li//h\gz is a topologically free Z-graded C[h]-algebra with
(LYrg.)z = LYg..

The last statement of the lemma employs the notation from Lemma 2.4 and
follows from the fact that LYyg, is a torsion free Z-graded C[#]-algebra and that
each subspace z*Ypg, is closed in Y;g[2*'], equipped with the h-adic topology, and
thus in LYxg,.

Next, recall that 7, is the formal shift homomorphism of the Yangian introduced
in (3.8), which we may view as a C[[h]-algebra homomorphism

Ty © th — th[[z]]
In addition, we set 6§n) = %Bg for each n € N, where 0, is the partial derivative
operator with respect to z. The following theorem, which is a combination of a

special case of Theorems 4.3 and 6.2 of [41], introduces the so-called formal shift
operator ®, on DYsg.

Theorem 4.6. There is a unique homomorphism of C[h]-algebras
&, : DYyg — LYng.
with the property that ®, o1 = 7,. Moreover:
(1) @, is injective, and satisfies
O (45 (w) = Y (D) u"dMaf(—2) VBeAt,
neN
O (hi(w) =Y (=) "u"dMhi(—2) Viel
neN
(2) The restriction of ®, to DYy is a Z-graded C[h]-algebra homomorphism

®.[py,g : DYng = LYag, = ) 2"Vag. C Ya(o)[z;2'].
nez
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Remark 4.7. In the terminology of Section 2.2, Part (2) is equivalent to the
assertion that @, is a Z-graded C[h]-algebra homomorphism. This is implied by
Part (2) of Theorem 4.3 in [41], which asserts that the composition ®, o 7 is a
Z-graded algebra homomorphism, where 7 is as in Remark 4.2.

By [41, Prop. 4.2 (4)] the evaluation map
(4.2) 6o LYng, — Yag,  f(2) = (1),
is an epimorphism of C[A]-algebras. We may thus compose ®, with v to obtain
a C[h]-algebra homomorphism
P ::%vo@Z:Dth%?h\g.

By Theorem 6.2 of [41], this homomorphism is injective. One of the main results of
[41] is that ® induces an isomorphism between completions of DYy g of Y (g). To
make this precise, let J C DY,g denote the kernel of the composition

DYig 2% U(glt*'])) 225 U(g),

and define ﬁ’h\g to be the completion of DY}, g with respect to the J-adic filtration

DYg=J">7>7*>---DJ"D---
We then have the following analogue of [15, Thm. 6.2], which is a special case of
Theorem 5.5 in [41].
Theorem 4.8. ® is injective and induces an isomorphism of C[h]-algebras

P m - }//};\g
with inverse T' uniquely extending the embedding 1o 7_1 : Yi(g) — DYrg.
Remark 4.9. One subtle consequence of this result is that the natural homomor-
phism
DYg — DYng

is injective. Indeed, its composition with the isomorphism ® recovers the injection
®. Henceforth, we shall freely make use of this fact and view DY3g as a subalgebra
of m We further note that the subspace topology on DY3g, with respect to the
h-adic topology on ﬁ’h\g, coincides with the A-adic topology on DY3g. Indeed, as
ﬁfh\g = }//}L\g is torsion free, to see this it suffices to show that

hDYsg N DYsg = hiDYjg.

This, however, follows immediately from the injectivity of the semiclassical limit of
®, established in [41, Thm. 6.2]. In particular, this discussion implies that DYxg
is a closed subspace of the topological C[h]-module m Similarly, one deduces
that ®,(DYxg) is a closed subspace of L}//};\gz.

To conclude this preliminary section on DY}g, we introduce the auxiliary C[h]-
algebra homomorphism
(4.3) T,:=To%uv:LYng, — DYrg

which has the property that I'.|im@,) = ®_!. This homomorphism shall play a
prominent role in the main result of Section 7 and its proof; see Theorem 7.5.
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5. THE DRINFELD—GAVARINI YANGIAN

In this section and Section 6, we give a self-contained exposition to the dual
Yangian th*, which provides a homogeneous quantization of the graded dual t_ =
t~1g[t71] to the Lie bialgebra t, = g[t], as will be explained in detail in Section 6.
The definition of Yg* takes as input the so-called Drinfeld-Gavarini subalgebra of
the Yangian. The goal of the present section is to introduce this subalgebra and
survey some of its key properties.

5.1. Quantum duality. To provide context, let us first briefly recall the general
construction of the dual of a quantized enveloping algebra, following [7, §7] and
[19]; see also [11, §4.4] and [1, §2.19], for example.

Suppose that Uxb is a quantization of a finite-dimensional Lie bialgebra (b, dy),
where we follow the terminology and notation from Section 2.4. One would then
like to introduce a notion of duality which sends Upb to a quantization of the Lie
bialgebra dual (b*,dp- = [, |§) to (b, dp). The first crucial observation is that C[A]-
linear dual Upb* = Homg[sp(Usb, C[R]) of Uxb is not itself a quantized enveloping
algebra; see Lemma 2.1 of [19], in addition to [7, §7] and [1, §2.19]. The correct no-
tion of duality within the category of quantized enveloping algebras was introduced
in [7, §7]. One considers the C[#]-submodule

Urb' = {33 e Upb : (1 — E)®nAn(Z‘) S fanhb@n Vne N} C Upb,

where ¢ and A are the counit and coproduct, respectively, on the topological Hopf
algebra Uxb, and all notation is as in Section 5.2 below. Then, by [19, Prop. 3.6],
Urb’ is a quantized formal series Hopf algebra, with semiclassical limit isomorphic
as an algebra to the completion of the symmetric algebra S(b) = P, . S" (b) with
respect to its standard grading. In particular, this means that although Upb’ is not
in general a topological Hopf algebra over C[h] in the sense of Section 2.1, it is a
topological Hopf algebra with respect to the Jy-adic topology, where

Jp = hUzb N URY = el (AC[A]).

The subspace Urb® C (Urb')* consisting of continuous linear forms with respect to
this topology is then a quantization of (b*,dp«). This is the quantized enveloping
algebra dual of Upb.

Remark 5.1. Here we note that Uzb° can be equivalently defined as the h-adic
completion of the C[[#]-module

(Usb*)* =Y h™"my C C((h) ®cq Unb*,
neN
where mp := {f € Upb* : f(1) € RC[A]}. That this produces a topological Hopf
algebra which can be identified with Uyb° is a non-trivial result, which is part of
the quantum duality principle. This was first announced in [7, §7], and proven in
detail in [19]; see Theorem 1.6 therein. We will not, however, need this equivalent
formulation in the present paper.

In our setting, b = t, = g[t] is not finite-dimensional, but rather an N-graded Lie
bialgebra b = @, . by, with finite-dimensional graded components. As Yg = Uxb
is a homogeneous quantization of t,, the above construction remains valid, provided
the notion of duality is adjusted so as to respect the underlying gradings. In fact,
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one can replace Uyb’ with an N-graded topological Hopf algebra Ypg over C[A] of
finite type, and U,b° with the restricted dual of Ypg, as defined in Section 2.3. The
topological Hopf algebra Yrg and its C[fi]-form Yx(g) = (Yag)n (see Section 2.2)
are the focus of the present section.

5.2. The Drinfeld—Gavarini subalgebra. Let us define A™ for any n € N by
setting A =¢, Al =1 = 1y, (g) and
A" = (A®1%"2) 0 AL Y (g) — Yal(g)®"

for all n > 2. We then define the C[fi]-submodule Y5 (g) C Yi(g) by

Yi(g) == {z € Yi(g) : (1 —&)®"A"(z) € h"Yy(g)®" ¥ n € N}.
By Lemma 3.2 and Proposition 3.5 of [27] (see also [19, Prop. 2.6], [20, Thm. 3.5]
and [13, Lem. A.1]), Yx(g) is a subalgebra of Y;(g) which is commutative modulo
h:
(5.1) [2.y) € Wi(g) ¥ 2,y € Yn(g)-

As the structure maps 1, € and A” are graded, Y (g) inherits from Y;(g) the struc-
ture of an N-graded algebra. We shall call Yh(g) the Drinfeld—Gavarini subalgebra
of the Yangian Y5 (g). Its algebraic structure has been described in detail by Tsym-
baliuk and Weekes in Appendix A of [13], following the general results obtained in
the works [19,20] of Gavarini. In this subsection we review, and partially extend,
this description.

Let Ri(U(t,)) denote the Rees algebra associated to the standard enveloping
algebra filtration F, on U(t.):

Ru(U(t,)) = @) HFL(U (L)) < U(E, )]
neN
Consider now the symmetric algebra S(ht, ) C S(t,)[h] on At . Here ki can be viewed
as a gradation parameter associated to the standard N-grading on the symmetric
algebra S(t,). Namely, S(ht,) N A"S(t,) is precisely the n-th symmetric power
S™(ht,) = h"S™(t,), and S(ht,) = S(t,) as an N-graded algebra. As U(t,) is a
filtered deformation of S(#it,) (that is, one has grU(t,) = S(fit,)), Ry(U(t,)) is a
flat deformation of S(it,) over C[h]. Let
q: Ru(U(t;)) - S(ht,)

be the natural quotient map, under the identification of R (U(t,))/hRx(U(t,))
with grU(t,) = S(fit, ). In what follows we shall be primarily interested in the loop
gradings on Ry (U(t,)) and S(fit, ), inherited from the natural grading on U(t,)[A]
compatible with the N-grading on t,. Namely, one has

deg(ht, 1) = deg(hgt*) =k +1 VEkecN.
We shall denote the n-th graded component of S(ht, ) by S, (%t ) so that

S(hty) = @ Sn(hty).

neN

Recall from Section 3.4 that vg denotes the graded C[h]-module isomorphism
v Ya(g) == U(t)[n]
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defined in (3.12), which depends on a fixed total order on the set G. We equip AG
with the induced ordering, for which multiplication by A defines an isomorphism
of ordered sets G == hG, and we let B(hG) C Yx(g) denote the corresponding set
of ordered monomials in hG. We further recall that p : U(t.)[h] — Yx(g) is the
inverse of the specific choice v = v defined in (3.13).

The following proposition is a consequence of Proposition 3.3 of [20] in addition
to Proposition A.2 and Theorem A.7 of [13]; see also [19, §3.5].

Proposition 5.2. Let Vg denote the restriction of vg to Yp(g). Then:

(1) Yn(g) is an N-graded Hopf subalgebra of Yi(g).
(2) vg is an isomorphism of N-graded C[h]-modules
Ve : Ya(g) = Ru(U ().
(3) Yn(g) is generated as a C[h]-algebra by hu(t,) and has basis B(hG).
(4) The composition q := qo Vg is an epimorphism of N-graded algebras which
descends to an isomorphism
Yn(g)/hYn(g) == S(ht,).

Proof of (2) and (3). These statements are a minor modification of the statement
of Theorem A.7 of [13]. For the sake of completeness, let us recall the main ingre-
dients, beginning with the proof that AG (and thus hu(t,)) is contained in Yj(g),
given in Lemmas A.5 and A.6 of [13].

For each n € N, z € g and i € I, the formulas of Proposition 3.2 imply that

A(z) = Zx(a) and A"(t;1) = Zti‘f) + hz rab,
a=1 a=1 a<b
where y® = 12071 @ y @ 19("=b) ¢ Y} (g)®" for any y € Yi(g) and, for each
a < b, B+ B is the algebra homomorphism Y;(g)®2 — Y3(g)®" given on simple
tensors by (z ® y)® = x(y®). Since (1 — ¢) projects Yx(g) onto Ker(e), it follows
readily from these formulas that

hg U {hti1 }ier € Ya(g).

We may now deduce that AG C Yj(g) as follows. By (5.1) and the above, Y5 (g)
is a g-submodule of Y3(g) which is preserved by the operators {ad(¢;1) };e1. Hence,
the elements

heh = (£1)Fad(Ty)*(haf)  and  hhy, = [, hay)
necessarily belong to Yh(g) for each i € I and k € N, where T; = (2d;) " 't;;. As

h:cf 5 pelongs to the g-submodule of Yy(g) generated by fiz3;, we can conclude that
hG C Yh(g)

Since Ry (U(t,)) has basis given by the set of ordered monomials in ig(G), to
complete the proof of both Parts (2) and (3), it suffices to see that B(AG) spans
Y4(g). This follows from the fact that B(G) is a basis of Y(g) together with the
crucial Lemma 3.3 of [19] (see also [11, Lem. 4.12]). We refer the reader to the
proof of [13, Prop. A.2] for complete details.
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Proof of (1). We have already seen that Yp(g) is an N-graded subalgebra of Y5 (g).
That it is a Hopf subalgebra of Yj(g) is a special case of Proposition 3.3 of [20],
which passes to completions and makes use of a modification of a technical result
for quantized formal series Hopf algebras established in [9, Prop. 2.1]. It is worth
pointing out that, in our specialized setting, it is possible to give a concise direct
proof that Y (g) is a subcoalgebra of Y;(g) stable under the antipode S.

Indeed, by Proposition 3.2, one has A(hz) € Yr(g)®2 for 2 € hg U {t;1}ic1. As
Y (g)®? is a g-submodule of Y;(g)®? stable under all operators ad(t;; ® 1+1®1t4),
the inclusion A(AG) C Yx(g)®? will hold provided Y,(g)®? is preserved by the
operators ad(fr;). This is itself a consequence of the fact that r; € g ® g, the
inclusion hig C Yx(g), that Yj(g)®2 is a g-submodule of Y;(g)®2, and the relation

[hrs,z @ y) = [y, sW]y® 4+ 2O[hr, y@] ¥ 2,y € Yi(g).
Hence, by Part (3), we can conclude that A(Y(g)) C Yr(g)®2. A similar argument,

using the formulas of Proposition 3.2 and that Yh(g). is a g-submodule of Yi(g)
stable under the operators ad(S(t;1)), implies that S(Yx(g)) C Yx(g).

Proof of (4). By Part (2), q is an N-graded C[A]-linear epimorphism with ker-
nel th(g), and thus gives rise to an isomorphism of graded vector spaces § :
Yu(g)/hYr(g) = S(ht,). To conclude, it suffices to prove that § is an algebra
homomorphism. By (5.1), Yx(g)/hYr(g) is commutative, and so the linear map
ht, — Yx(g)/hYn(g) sending any hx € ht, to the image of hu(z) in Yi(g)/hYr(g)
uniquely extends to an algebra homomorphism p : S(fit,) — Yx(g)/hYr(g). Since
gop =1, we can conclude that q is the inverse of p, and thus an algebra homo-
morphism. O

Recall from (3.14) that Yxg denotes the h-adically complete Yangian associated
to g, and let Y, g denote the A-adic completion of the Hopf algebra Yn(g):

Yhg = @(YH(G)/WYE(G))

As an immediate consequence of the above proposition and Corollary 2.6, we obtain
the following result.

Corollary 5.3. th is a topologically free, N-graded topological Hopf algebra over
C[Ar] of finite type. Moreover:

(1) Yag is a flat deformation of the N-graded algebra S(ht,) over C[h]. In
particular, Yng = S(ht,)[A] as an N-graded topological C[h]-module.
(2) Yrg is a topological Hopf subalgebra of the completed Yangian Yrg.

The statement that Yjg is of finite type reduces to the fact that the homogeneous
components S, (fit,) of S(it,) are all finite-dimensional complex vector spaces; see
below Corollary 2.9.

Henceforth, we will identify S(At, ) with the semiclassical limit of Y;(g) as an N-
graded Hopf algebra. We emphasize that this is a non-cocommutative Hopf algebra;
in particular, it is not isomorphic to the standard symmetric Hopf algebra on At ,
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which we denote by S(fit,). However, Yy(g) and S(ht, ) are filtered deformations
of Ry(U(t,)) and S(At, ), respectively, as we now explain. Consider the Hopf ideal

(5.2) J == 1Y3(g) N Ya(g) C Ya(g)

Here we note that it follows from Part (3) of the above proposition that, for each
pair of positive integers k,n € N, one has

(5.3) PYa(@®" NYa(@®" = Y I e.ok

k1+...+hkn=Fk
In particular, J¥ = R*Y;(g) N Yh(g) for each k € N, and so the associated graded
Hopf algebra gry(Ys(g)) with respect to the J-adic filtration embeds inside the asso-
ciated graded Hopf algebra gr, (Yx(g)) of Yx(g) with respect to the fi-adic filtration.
Since Y7 (g) is a torsion free Hopf algebra deformation of U(t,) over C[A], we have
isomorphisms of graded Hopf algebras

gty (Ya(g) = @ h"Va(g)/h" ' Ya(g) = @D hU(t,) = U(t,)[1]
neN neN
gr;(Yu(e)) = P I"/3" = P rF,(U = Ru(U(t,))
neN neN

where the second isomorphism follows from the first and Proposition 5.2. In fact,
the module isomorphisms vg and Vg are filtered, and the above identifications can
be realized as the associated graded maps gr(vg) and gr(ve), respectively.

The image of J under the quotient map q is the Hopf ideal
(5.4) J:=Ps"(nt,) c S(ht.)
n>0
where S™(ht, ) denotes the n-th symmetric power of At,. This is also a Hopf ideal
in S(#t, ), and one has a canonical isomorphism ngS(ht+) S(at, ) of graded Hopf
algebras. Since the elements of p(t,) are primitive modulo hYy(g)®?, the subspace
ht, = J/J? of gr;S(ht,) consists of primitive elements, and we can conclude that
gryS(ht,) = S(ht,) = gryS(ht,)
as graded Hopf algebras.

Remark 5.4. Since J* = h*Y;(g) N Yx(g) for each k € N, the closure of Yj(g) in
the quantized enveloping algebra Yjg coincides with the J-adic completion

Yig' = @(Yh(g)/J”) C Yhg.

This is precisely the quantized formal series Hopf algebra Upb’ from Section 5.1
associated to Upb = Yrg. As J surjects onto the ideal J from (5.4), the quotient
map ¢ induces an isomorphism of C[A]-algebras

Yag'/hYng' = S(ht,) = [ S™(ht.) = lim(S(ht,)/I").
neN n
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5.3. Triangular decomposition. Proposition 5.2 implies that the triangular de-
composition of Y;(g), reviewed in Section 3.4, induces a triangular decomposition
on Yj(g), with the N-graded C[h]-algebras

Yi(e) =Y (g) NYn(g) and Yp(g) := Yy (g) N Yr(g).

playing the roles of Y, (g) and Y;?(g), respectively. In this subsection we spell this
out explicitly. Let us set

tFi=ni[t]Cct, and t:=hlt]Ct,
and recall from Section 3.4 that v4 and & are the isomorphisms
ve:YE(g) 2 URE)A] and  &:Y2(g) = S()[A]

defined above (3.13) and in the statement of Proposition 3.5, respectively. We
further recall from (3.17) that, for each 8 € Q4, v(8) € N is defined by

v(B) =min{k € N:38;,...,8, € AT with =081+ -+ Bk}

The following corollary provides an analogue of Proposition 5.2 for the subalge-
bras Y (g) and Y9(g).

Corollary 5.5. Let vy and & denote the restrictions of vy and & to Y?f(g) and
Y9(g), respectively. Then:

(1) V4 is an isomorphism of N-graded C[h]-modules
Vi Yi(e) = Ru(U(E) € U(E)[M).
(2) & is an isomorphism of N-graded C[h]-algebras
£:Yi(g) = S(Ht9)[A] € S(E)[A].
(3) Yif(g) is a torsion free, N-graded C[h]-algebra deformation of S(htt). In
particular, there is an isomorphism of graded C[h]-modules
Yi: (8) = S(hty)|[A).
(4) Y%(g) is a Q-graded subalgebra of Yhi(g) with
Yir(@)+s C 3D ' PYVE(g)ss VB E Q4
We note that each of these results follows readily from Propositions 3.5 and
5.2, in addition to Corollary 2.6 in the case of Part (3). We leave the details as an

exercise to the interested reader. As a consequence of this corollary and Proposition
5.2, we obtain the following analogue of Part (3) from Proposition 3.5.

Corollary 5.6. The multiplication map
Yo (a) @ Yi(g) @ Yy (8) = Valg)
is an isomorphism of N-graded C[h]-modules.

Remark 5.7. Asin Remark 3.7, the above results can easily be lifted to the h-adic
setting using Corollary 2.6; see also Corollary 5.3. We especially note that, for each
choice of the symbol x, the A-adic completion

Yig == lim Y¥(g)/h"Y(g)
n
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is a topologically free N-graded C[#]-algebra of finite type, which provides a flat
deformation of the symmetric algebra S(hitY) over C[A]. In addition, Y;fg embeds
inside the completed Yangian Yjxg, and the multplication map induces an isomor-
phism of N-graded C[A]-modules

Y g Yige Y, g = Yag,
where ® is now the topological tensor product & over C[h]; see Remark 2.11.

5.4. The adjoint and coadjoint actions. We now prove two lemmas concerning
the Drinfeld-Gavarini subalgebra Yj(g) which will play an important role in the
main results and constructions of Sections 7 and 8. The first of these, Lemma 5.8,
will be used to construct the quantum double of the Yangian in Section 8.2.

Let ¥ : Yi(g) ® Yi(g) — Yr(g) and A : Yi(g) — Ya(g) ® Yu(g) denote the left
adjoint action of Y;(g) on itself, and the right adjoint coaction of Y;(g) on itself,
respectively. That is,

v=m’0(1%2®9)0(23)0(A®1),
A=(1®m)o(12)0(S®1%%) 0 A3

The fi-adic analogue of the below result, for a quantized enveloping algebra Upxb
with Yy (g) replaced by Uxb’, was established in Propositions 4.3 and 4.4 of [1]; see
also Proposition A.5 therein.

Lemma 5.8. One has
Y(Ya(9) © Yu(9)) C Ya(g) and  A(Ya(9)) C Ya(g) ® Ya(g).
Proof. Since ¥ makes Y;(g) a }eft module, to prove the first inclusiop it suffices to
show that -y := ¥(z ®y) € Yp(g) for all z € gU {ti1 }iex and y € Y (g). Since
zoy=[z,y] and ty-y=[ta,y] +m(yY, b)) Vzeg iel ye Yalg),
this follows from the observation that hr; € g® hg C g ® Yn(g) and the fact that
Yr(g) is a g-submodule of Y (g) stable under ad(t;;) for all ¢ € 1.
As for the second inclusion, note that A is a homomorphism of right modules:
(5.5) Aom=~0(A®1),
where v : Y5(9)®? ® Yi(g) — Yn(g)®? is the right action defined by
y=me@m?o(1¥?® S ®1%%) 0 (24)0 (12 @ A?).
This right action preserves Y5 (g)®Yx(g) C Yu(g)®2. Indeed, if y € Yi(g), z € Yn(g)
and z € g, we have
Wy ®2z@1) =y©[22] +yz ® 2 € Ya(g) @ Ya(g),
and replacing = by t;1, for any ¢ € I, yields instead
Wy ©z@ta) =y ([ tal + m([z?, ) + yta @ 2+ yD (2 hr — b1 2?))

which again belongs to Y5 (g) ® Yx(g) as hr?', hr; € (hg @ g) N (g ® hg) and Yp(g) is
an ad(¢;1)-stable g-submodule of ¥3(g).
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Since Y3 (g) @ Yr(g) is a right submodule of Y5 (9)®? under 7, the condition (5.5)
guarantees that A(Y%(g)) C Ya(g9) ® Yr(g) will hold provided it holds on gU{#;1 }icr-
To conclude, it suffices to note that, for each x € g and 7 € I, one has

A(z) =z®1 € Yi(g) ® Yn(g),
A(ti) =tq @1+ h(r; — r2) € Yi(g) @ Ya(g). O

5.5. The R-matrix. The second lemma we will need concerns the universal R-
matrix R(z) of the Yangian, and will play a crucial role in identifying the dual
Yangian as a subalgebra of the Yangian double DY}g in Section 7. In what follows,
all notation is as in Section 3.6.

Lemma 5.9. The factors R*E(2) and Ro(z) of the universal R-matriz R(z) have
coefficients in (Yr(g) @ Yu(g)) N (Yn(g) N Ya(g)). Consequently,
(

R(2) € (Y(g) ® Ya(9)) [z~ '] N (Ya(e) @ Ya(e))[=~'].

Proof. Since Yy (g) is preserved by ad(t;) for any i € I and, for each o € AT, the
simple tensor hz, ® x} =z, ® hx} belongs to the intersection of Y(g) ® Ya(g)
and Y;(g) ® Yr(g), it follows from (3.18) and induction on ht(3) that

R (2) € (Yalg) © Ya(e)[z~ 1N (Yale) © Ya(a)) [z '] VB € Q.

Consequently, both R™(z) and R*(z) = R5;(—=2)7! belong to the intersection of
(Yn(g) ® Ya(g))[z7'] and (Ya(g) ® Yr(g))[2']. It is thus enough to prove that

RY(2) € (Yn(g) ® Ya(0)) [z~ '] N (Ya(e) © Ya(9))[= "]
Recall from (5.2) that J = Y4(g) N hYs(g). Since hhi(u) € J[u~'], the logarithm

t;(u) = log(1 4+ hh;(u)) and its Borel transform B;(u) both have coefficients in J.
Therefore, we have

B Bi(u) ® Bj(~u) € (Yi(g) ® Ya(e))[ul N (Ya(g) ® Ya(9))[u] Vi.j €L
Since g¢(z/2kh) is divisible by #, it follows from (3.19) that the logarithm S(z)

of R(z), and thus RY(z) itself, has coefficients belonging to the intersection of
Yr(8) ® Yn(g) and Ya(g) © Yn(g)- O

6. THE DUAL YANGIAN

With Section 5 at our disposal, we are now in a position to introduce the dual
Yangian Yxg*. After defining Y,g" and spelling out some of its basic properties
in Sections 6.1 and 6.2, we prove in Sections 6.3 and 6.4 that it is a homogeneous
quantization of the Lie bialgebra (t_, §_) defined in Section 2.5. We conclude in Sec-
tion 6.5 by identifying a family of generators for Y,g* and establishing a triangular
decomposition.

6.1. The dual Yangian Y,g*. By Corollary 5.3, the h-adic completion Yrg of
Y(g) is an N-graded topological Hopf algebra of finite type. We may thus apply
the machinery from Section 2.3 to obtain a Z-graded topological Hopf structure on
its restricted dual.
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In more detail, by Proposition 2.10 the restricted dual Y,g*, as defined in Def-
inition 2.7, is a Z-graded topological Hopf algebra over C[A] with product, unit,
coproduct, counit and antipode given by the transposes

Al th* (%9 Y}:Lg* — th*, gt (C[[ﬁ]] — th*,
mt th* — th* & th*, e th* — (C[[hﬂ, St th* — th*,
respectively, where A, &, m, « and S are the coproduct, counit, product, unit and

antipode of Ypg, respectively, and ® is the topological tensor product over C[h];
see Remark 2.11.

Definition 6.1. The topological Hopf algebra th* introduced above is called the
dual Yangian of g.

Explicitly, Ysg" is the subspace of the C[A]-linear dual Yo" consisting of those
J:Yrg — C[h] which are continuous with respect to the gradation topology on
Yrg. It can be recovered as the hi-adic completion of the Z-graded C[h]-algebra

(Yne")z == @D Yna, = Ya(a)",
a€Z

where Y;(g)* is the graded dual of Y1(g) over C[h] which, as explained in Re-
mark 2.8, coincides with (Ypg*)z under the natural identification of Ypg" with
Homgy (Yn(g), C[h]). Here we have set

Yng,, := Homg s (Yag, C[h]) = Homg, (Ya(g), C[h]) Vae€Z.

By Corollary 2.9, Y, g” is a flat deformation of the graded Hopf algebra
Yrg' /hYng" = S(ht,)".

In particular, the dual Yangian Yg* is isomorphic to S(ht,)*[/] as a Z-graded
topological C[A]-module. Here we recall that S(At,)” is the graded dual of the
N-graded Hopf algebra S(fit, ) over C. As a vector space, one has

S(ht,)" = EPs(ht)",
neN
where S(ht, )", =S, (ht,)" C Homc(S(At,),C). We shall identify this Hopf algebra
with the enveloping algebra of the Lie algebra t_ = t~!g[t~!] in Section 6.3 below.
Now let us make a few comments which concern the restricted dual Yxg* of the
full, completed, Yangian Y5g. Since Yzg is an N-graded topological Hopf algebra
over C[R], the formalism of Section 2.3 implies that Y,g” is a Z-graded topological

C[h]-algebra, which provides a flat deformation of the algebra U(t,)* over C[A].
In particular, there is an isomorphism of Z-graded topological C[[%]-modules

Vg™ = U(t)"[A].

However, Ysg" is not itself a topological Hopf algebra over C[h] with respect to
the h-adic topology. It is, however, naturally a subalgebra of the topological Hopf
algebra Y,g*. This is made explicit by the below result.

Proposition 6.2. The C[h]-linear map
Vgt — Yrg*, [ flye ¥ fEYagh

is an injective homomorphism of Z-graded topological C[h]-algebras.
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Proof. Since Yyg is a Z-graded Hopf subalgebra of Y, g, the map f — f |Yﬁ, , respects
the underlying Z-graded algebra structures. Moreover, if f € Y,g" vanishes on the
basis B(hG) from Proposition 5.2, then it vanishes on the basis B(G) of Y (g) as
C[A] is torsion free. This yields the injectivity. O

Remark 6.3. Let J be as in (5.2). Then, since J satisfies

J" C @Yh(g)k Vne N,
k>n

every f € Ypg" is automatically continuous with respect to the J-adic topology on
Yh(g), and so uniquely extends to an element of the associated topological dual
Y5g° to Yig'; see Section 5.1 and Remark 5.4. In this sense, the notion of duality
considered here is compatible with that for a general quantized enveloping algebra
Upb outlined in Section 5.1, despite the fact that we did not need to leave the
category of topological Hopf algebras over C[h] to define "

Remark 6.4. An alternative description of Yxg* using the formalism of Remark
5.1 can be found in [12, §3.1].

6.2. Chevalley involution and g-action. We now make a handful of simple
observations which will play an important role in the remainder of this article. In
what follows, we shall freely make use of the fact that Ysg"* can be naturally viewed
as a subspace of Homg|p (Yn(g),C[A]).

Since the Chevalley involution w defined in Lemma 3.3 is an anti-automorphism
of the graded Hopf algebra Y3(g), it follows from the definition of Yh(g) (or, alterna-
tively, from Proposition 5.2) that it restricts to an anti-automorphism of the graded
Hopf algebra Yh(g), which we again denote by w. Consequently, the transpose w?
of w, uniquely determined by

W'(f)(z) = fw(@)) VfEYng" and z € Yn(g),
is an involutive Hopf algebra anti-automorphism of th*. We call w! the Chevalley

involution of Yrg".

Next, recall that the adjoint action of g on Y}, (g) preserves the Drinfeld-Gavarini
subalgebra Yy (g). Since each graded component Yp(g)x is also a submodule, the
restricted dual Yg" is a g-module equipped with the coadjoint action

(z- f)(y) = f(S(z)-y) YaeU(g),y<Yn(g) and f € Ypg"

We now introduce a topological Q-grading on Ypg* compatible with the above
action which is analogous to that obtained for DYyg in Section 4.2. For each § € @,
define the closed C[#i]-submodule th; C Yng" by

Yoy = {f € Yag" : f(Yn(g)a) C C[Alays ¥ a € Q},
where C[h], is C[R] if @ = 0 and is {0} otherwise. It is easy to see that thg is

just the B-weight space of Y,g" with respect to the g-module structure introduced
above. That is, one has

Yugy ={f €Yng": h-f=B()f Vheb})
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As Yy (g) is Q-graded as a Hopf algebra, the direct sum
th:;) = @ thg C Vig"
BeER
is a Q-graded C[#]-subalgebra of Yrg*. Moreover, the counit, coproduct and an-
tipode of Yrg™ are all Q-graded, degree zero, maps. It is not difficult to prove that

Y;:bgz2 is a dense subalgebra of Y,g" whose subspace topology coincides with its
h-adic topology. Hence, we obtain the following result:

Corollary 6.5. th* is Q-graded as a topological Hopf algebra over C[h].

6.3. Classical duality. We now wish to identify the graded dual S(ht, )" of the
N-graded Hopf algebra S(fit,) with the enveloping algebra U(t_), where we recall
that t_ =t tg[t™}].

To formulate this result optimally, we must first give a few preliminary remarks.
To begin, we note that the semiclassical limit of the Chevalley involution w’ of Ysg*
coincides, by definition, with the tranpose w' of the automorphism w of S(hit, ) given
on ht, by

w(hx) =hw(z) YVzet,,
where @ is as in (3.9). Similarly, the coadjoint action of g on Yg”* introduced in
Section 6.2 specializes to an action of g on S(At,)*. By definition, this action is
dual to that of g on S(At,) inherited from the adjoint action of g on Y(g).

On the other hand, the Chevalley involution @ of U(g[t*?]), defined as in (3.9)
with r taking values in Z, and the adjoint action of g on U(g[t*!]) both preserve
U(t_). The resulting involution and g-module structure on U(t_) will be compared
to those of S(At, )" described in the previous paragraph in (3) of Proposition 6.6.

Consider now the standard symmetric algebra grading
S(ht,) = @ S™(hty),
neN

where S™(ht,) is the n-th symmetric power of hit,, as in (5.4). Since S'(ht,) =
ht,, every linear functional f in (At,)* trivially extends to an element of S(ht, )"
satisfying f(S™(ht,)) = 0 for all n # 1, which is contained in S(ht,)" provided
f € (ht,)*. That is, we have (ht,)* C S(At,)*. In addition, we have a homogeneous,
degree zero, isomorphism of graded vector spaces

Res" : t_ = (ht.)*, Res"(z)(hy) = Res_(x)(y) = (z,y) Vet ,yct,,

where Res_ and (, ) are as defined in Section 2.5. With the above at our disposal,
we are now prepared to identify S(ht,)" and U(t_).

Proposition 6.6. The restricted dual S(ht,)” has the following properties:
(1) (ht,)* is the Lie algebra of primitive elements in S(ht,)*, with bracket
[figl=(f®g)ohd, ¥V fge(ht)".
(2) Res” uniquely extends to an isomorphism of graded Hopf algebras
0 U(t) == S(hty)”".

(3) ¢ is a g-module intertwiner commuting with Chevalley involutions.
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Parts (1) and (2) of this proposition can be viewed as a variant of [25, Cor. 3.4]
applied to a restricted version of the setting in [25, §3E]. They can be seen as a
consequence of a graded generalization of (a special case of) Theorem 4.8 in [20].
It is not difficult to prove this variant directly using a fairly general argument, as
we illustrate below.

Proof of (1). An element f € S(ht,)” is primitive precisely when it satisfies

(6.1) flzy) = f(@)e(y) +e(x)f(y) Vx,yeSht,).

Since the counit € of S(ht,) vanishes on J = @, ,S"(ht,), it follows readily
that f must vanish on J? = @,,., S"(ht,). Moreover, the above condition gives
f(1) = 2f(1), and hence f vanishes on C. It follows that f € S'(ht,)" = (ht,)*.

Conversely, if f € (ht,)*, then A(f) vanishes on S™(ht, )®S™(ht, ) unless n+m =
1, and on fit, ® C and C ® ht, the identity (6.1) trivially holds. This completes
the proof that the Lie algebra PrimS(ht, )" coincides with (ht,)* as a vector space.
Let us now prove that its bracket is given by

[figl=(f®g)ohd, ¥V fge(ht)"
Since [f,g] € (ht,)*, it is enough to establish this equality on ht,. By definition,
we have
[f,9l(ha) = (fg — gf)(ha) = (f ® g)(A — A)(ha) ¥ ha € ht,.
It thus suffices to prove that (A — A™)|p, —hd, has image in Ker(f ®g). As Yx(g)
is a quantization of (t,,d,), we have

(Ay, (@) — AT, (o) (i) = B> (@ p)s. (z) € B*Yi(8)®* N Yi(9)®?,

where we recall that ;4 = v~1, with v as in (3.13). Applying ¢ ® ¢ and taking note
of (5.3), we obtain

(6.2) (A — A7) (ha) = hé,(he) € > I" @™ C Ker(f @ g),
n+m=3
which completes the proof of (1).

Proof of (2). Consider now (2). By Part (1), Res” is an isomorphism of graded
Lie algebras t_ =~ PrimS(ht, )" C S(ht,)”. By the universal property of U(t_), it
extends uniquely to a homomorphism of graded Hopf algebras

@ U(t) — S(ht,)",
which is necessarily injective (by [37, Lem. 5.3.3], for instance). As the finite-

dimensional graded components U(t_)_,, and S(ht,)" =S, (ht,)" have the same
dimension for each n € N, it follows that ¢ is an isomorphism.

Proof of (3). If € t_, then p(w(x)) is the element of (ht,)* determined by

p(w(2))(hy) = (@(z),y) = (z,0(y)) = ' (p(x))(hy) Yy e t,,
where the second equality follows from the fact that the bilinear form (, ) on g is
w-invariant. As (ht,)* is stable under w' and U(t_) is generated by t_, we may
conclude that ¢ oo = W o .
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Similarly, if € g and y € t_, then ¢([z,y]) € (ht,)* is determined by

e[z, y)(hz) = ([z, 4], 2) = (v; [z, 2]) = w(y)(Alz,2]) ¥V zet,.
On the other hand, since J* is a g-submodule of S(ht, ) for each k € N, z - p(y) also
belongs to (ht,)*. Moreover, we have

(@ - ¢(y))(hz) = (y) (S(2) - hz) = ¢(y)(hlz,2]) Vzet,,
where we have used that S(z) - hz — h[z,2] € J? C Ker(p(y)), which is proven
analogously to (6.2). Since g acts on both U(t_) and S(ht,)" by derivations and
U(t_) is generated by t_, the above computation proves that ¢ is a g-module
homomorphism. O

6.4. Yrg" as a quantization. Since the dual Yangian Yrg"* is a Z-graded topolog-
ically free Hopf algebra over C[A] with semiclassical limit that, by Proposition 6.6,
can be identified with U(t_) as a graded Hopf algebra, it is a quantized enveloping
algebra which provides a homogeneous quantization of a Z-graded Lie bialgebra
structure (t_,d) on the graded Lie algebra t_ =t~ !g[t~1].

The following theorem asserts that this Lie bialgebra structure on t_ is precisely
that associated to the Manin triple (t,t,,t_) from Section 2.5.

Theorem 6.7. th* is a homogeneous quantization of the Lie bialgebra (t_,0_).

Proof. In light of the above discussion, the definition d_ given in Section 2.5, and
the identification of Proposition 6.6, it is sufficient to prove that the Lie bialgebra
structure on t_ = (ht,)* quantized by Yxg”* has cobracket & given by

S(f)(hx @ hy) = f(hlx,y]) Va,yety, fe(hty)".
By definition, § is given by the formula
8(f) ==n""(m" (f) =mbi (f)) mod hYrg" @ Yag",
where f € Ypg" is any lift of f € (fit,)* and m is the product on Ypg. For any two
elements z,y € t,, we have
(6.3) (), hp(y)] — hpla,y] € I* € =1 (hC[A])

which implies the desired result:
O(f)=f o h [ (hz @ hy)
= f([n(@), bu(y)] = hpfz,y]) mod AC[A] = 0. O

6.5. The dual triangular decomposition. Our main goal in this subsection is
to establish a triangular decomposition for Yug* dual to that for Y,g established
in Corollaries 5.5 and 5.6; see also Remark 5.7. Along the way, we shall identify a
family of generators for th*; see Lemma 6.8.

For each choice of the symbol y, consider the restricted dual Y;:fg* of the Z-
graded topological C[A]-algebra Yxg. By Corollaries 2.9 and 5.5, this is a Z-graded
topologically free C[h]-module with semiclassical limit equal to the graded dual

S(he)" = D S(he)”,

neN
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of the symmetric algebra S(fitY). Moreover, by Remark 2.8, YXg* coincides with
the f-adic completion of the graded dual to Yg(g) taken in the category of Z-
graded C[A]-modules. Now let 7% : Ypg — Y%‘g denote the C[A]-linear projection
associated to the identification of Ypg with Y;LF g ®Ygg ®Yg g established in Remark
5.7. That is, we have

nt = lyrg@e®e, m° =e®@ 1y, ®e and 7 :€®€®1Y;9'
Taking the transpose of 7X yields a Z-graded embedding of C[h]-modules
(X))t Y,ng* S Yrg", frforX V fe Y;fg*,

with image consisting of precisely those g € th* for which g o 7 = g. Note
that if h"g is contained in this image for some n € N then g itself is, and so the
subspace topology on (7X)!(YXg") coincides with its i-adic topology. Furthermore,
the semiclassical limit of (7X)? is the embedding S(AtY)* < S(ht, )" induced by the
projection t, = tF @t @ t; — .

We shall henceforth adopt the viewpoint that Y%‘g* is a Z-graded topological

submodule of Yxg*, with the above identification assumed. We further note that
the Chevalley involution w? of Yg” satisfies

w'(Yig") =Yig" and Wt|vgg* = 1yoge

Let us now identify a set of elements which generate Yrg* as a topological C[h]-
algebra. These generators are constructed so as to naturally correspond to the
coefficients of the DY} g-valued series h;(u) and x? (u) defined in Section 4.2, and
such an identification will be made precise in the proof of Lemma 7.4; see (7.2).

Given 8 € Q, let 75 : Y, (g) — Y;, (g)s denote the natural projection onto the

B-component of Y, (g). Since the C[A]-module isomorphism
V=V, Ya(e) = Ra(U(t,)) C U(t,)[H]
is @Q-graded and respects the underlying triangular decompositions, we have
V(r_a,(Y; (9) C E@PCIH - hayth C bt [h] Viel
keN

We may thus compose v o 7_,, with Res” (zt=%~1) € (ht,)*, as defined above
Proposition 6.6, for any fixed k& € N. This outputs a degree —k — 1 element
(6.4) Xi_k_l :=Res" (7t F Y ovor_,, € V,0" C Yag",

where we work through the identification of Homg (Y}, (9), C[h]) with the a-th
component Hom¢ 1 (Y, g, C[A]) of Y;g"; see Remark 2.8. We now enlarge this
family of elements to a generating set for the C[Hr]-algebra Y,g" using the coadjoint
action of g on Yg”* and the Chevalley involution w' from Section 6.2. For eachi € I,
B € AT and k € N, we introduce the degree —k — 1 elements

= .xt
hi—k—1=—x; 'Xi,—k—l’

Xg,flcfl = XB . X?Zﬁ),—k—l S Yngg, X/;,fkfl = wt(X;,k,l) S thiﬂ,
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where i(8) € T and X? ¢ U(ny)g-a,, are asin (3.11). In the same spirit as in
Section 4.2, we organize these elements into generating series in Ypg* [u] by setting
=Y hipu Tt and XE(u) =) XE um!
r<0 <0
for each i € T and 8 € AT. We then have the following lemma.

Lemma 6.8. The dual Yangian Yrg* is topologically generated as a C[A]-algebra
by the coefficients of {Xﬁi(u)}@EA+ and {h;(u)}ic1. Moreover, their images under

the quotient map Yrg" — th*/thg* = U(t) are given by
hip > hit” and X5, —agtt ¥V i€l BeAT and r<0.

Proof. AsYpg" is a flat deformation of the algebra U (t_) over C[#] and the elements
hit~*=1 and x%t’kil generate t_ = t~1g[t~!] as a Lie algebra, it is sufficient to
prove the second assertion of the proposition.

That the element X} coincides with z;¢" modulo hYrg" is an immediate conse-
quence of its definition and the identification of U(t_) with Yng* /hYpg" = S(hit, )"
provided by Part (2) of Proposition 6.6. The remaining equivalences now follow
from the definitions of h; and xjﬁt (see (3.11)) and Part (3) of Proposition 6.6,

which implies that the quotient map th* — U(t_) is a g-module homomorphism
intertwining Chevalley involutions. (]

Let us now turn towards establishing a triangular decomposition for the dual
Yangian Y;g*. Following the notation from Section 5.3, let us introduce the Lie
subalgebras t* of t = t~1g[t~!] by setting

tfo=t"nyt ) ct. and =t L.

The below proposition provides a strengthening of the h-adic analogues of Propo-
sition 3.2 and Theorem 4.2 (i) from [32].

Proposition 6.9. Y;Ltg* and Yg" are C[h]-subalgebras of Yng". Moreover:

(1) Yig" is a flat deformation of the Z-graded algebra U(tF) over C[h]. In
partzcular, there is an isomorphism of Z-graded topological C[h]-modules
Yirg" = U(H)[h].
(2) Y%g* is commutative and isomorphic to U(t°)[h] = S(°)[A] as a Z-graded
topological (C[[h]] algebra.
(3) Y;Ltg* and th are topologically generated as C[h]-algebras by the coeffi-
cients of {XF (u)}pea+ and {hi(u)}icr, respectively.

Proof. One can deduce that Y;fg* is a subalgebra of Yg" using properties of the
Yangian coproduct, as in [32, Prop. 3.2]. We shall give an alternate simple proof
of this fact in Section 7.3 which illustrates that it follows naturally from properties
of R(z); see Corollary 7.7 and Remark 7.8.

Let us complete the proof of the proposition assuming Corollary 7.7 which, as
explained in Remark 7.8, also implies that the coefficients of {X7F (u)}sea+ and

{h;(u)}ie1 belong to Y,ifg* and Y9g*, respectively, and that Y9g* is commutative.
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Proof of (1) and (2). The graded Lie bialgebra isomorphism Res” : t_ == (ht,)*
of Proposition 6.6 restricts to an isomorphism t X = (AtX)* C S(At¥)*. Since
YXg" is a subalgebra of Ysg", its semiclassical limit S(itY)* is a Z-graded C[A]-
subalgebra of S(Ait, )" and not just a submodule. It follows from these observations
that the graded Hopf algebra isomorphism ¢ of Proposition 6.6 restricts to an
injective Z-graded algebra homomorphsim

(6.5) oyt U(EX) = S(X)™ C S(ht,)"

which is surjective by the same argument as used in the proof of Part (2) of Proposi-
tion 6.6. Since YXg” is a Z-graded topologically free C[h]-algebra with semiclassical
limit S(AtY)" = U(t2X), taking x = = recovers Part (1) of the proposition.

As for Part (2), since Y%g* is a commutative topological C[A]-algebra containing
{hik }ierk<o (by Corollary 7.7), there is a C[h]-algebra homomorphism
n:S()[A] — Yig*
uniquely determined by n(h;t*) = h;, for all i € T and k < 0. By Lemma 6.8, the
semiclassical limit 7 : S(t°) — U(t°) of n satisfies 7j(h;t*) = h;t* for all i € T and
k < 0, and thus coincides with the canonical isomorphism S(t°) = U(t?). Here
we have assumed the identification of YQg* /hY?g* with U(t?) provided by ¢q from

(6.5) above. As S(t°) and Y9g* are both topologically free, we can conclude from
Lemma 2.1 that n is an isomorphism of topological C[A]-algebras.

Proof of (3). For Y9g*, this follows from the definition of the isomorphism 1 given
in the proof of (2) above.

Similarly, by Lemma 6.8 and Corollary 7.7, X;,Fk belongs to Y,iltg* and special-
izes to zft" in YiEg /hYEg" = UT) € U(t.), for each B € A* anfl kE < 0.
Since the elements x:ﬁFt’“ generate the Lie algebra t¥ and, by Part (1), Y% g isa

flat deformation of the algebra U(tF) over C[A], this completes the proof of the
proposition. ([l

Remark 6.10. We caution that Y;ltg* is not generated by the elements X;kafl,
for i € Tand k € N, unless g = sly, just as t"'nz[t!] is not generated as a Lie
algebra by the elements xft’kfl outside of the rank one case. In particular, the
statement of Part (i) in [32, Thm. 4.2], which is the analogue of Part (2) above,
should be adjusted.

As an application of Lemma 2.1, Proposition 6.9, the decomposition t_ =t~ &
t° @t* and the Poincaré-Birkhoff-Witt Theorem for enveloping algebras, we obtain
the following variant of Theorem 3.1 (ii) in [32].

Corollary 6.11. The multiplication map
m : Y;g* & Y%g* & Ygg* — th*
is an isomorphism of Z-graded topological C[h]-modules.

Remark 6.12. We note that for the statement of [32, Thm. 3.1] to hold, the tensor
product ® must be taken to be a completion of the algebraic tensor product ®c¢
compatible with the underlying Z-filtrations.
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7. DYrg AS A QUANTIZATION

In this section, we construct a Z-graded topological Hopf algebra structure on
DYyg which quantizes the graded Lie bialgebra structure on the loop algebra t =
g[t*1] defined in Section 2.5. This will be achieved in Theorem 7.5 using Proposition
7.1 and Corollary 7.3. As a consequence of these results, we obtain in Section 7.3
a characterization of the restricted duals Y,ib'E g”* and Ygg* in terms of the universal
R-matrix R(z) which completes the proof of Proposition 6.9.

7.1. The morphism o. Henceforth, the notation Yrg~ will be used to denote
the topological Hopf algebra (Yag™)? over C[A]. That is, Yag" coincides with the
dual Yangian Yxg* as an algebra, and has coproduct A, counit ¢” and antipode
S” given by
A= (1 2) om?t: thv — thv & thv,
e =Yg = C[h), S :=(S"N: Vg — Yag',
where m, ¢ and S are the product, unit and antipode of the Drinfeld-Gavarini Yan-
gian Ypg C Yyg; see Section 6.1. By Theorem 6.7, Yzg” is a flat deformation of the
enveloping algebra U(t_) = U(t~'g[t~!]) over C[A] which provides a homogeneous
quantization of the Lie bialgebra (t_,—d_).
Our present goal is to construct a homomorphism of C[#]-algebras
7 Yig' — Yag[e ']

which is compatible with both the formal shift operator ®, of Theorem 4.6 and
the Hopf structures on Yg” and Ypg. This is achieved using the universal R-

matrix R(z) of the Yangian as follows. By Lemma 5.9, R(z) is an element of
(Yi(g) @ Yi(g))[27 1], and thus gives rise to a C[A]-module homomorphism

O Yng = Yaglz '], [ (fR1DR(—2) VfeEYag

Now recall that hl(u),xé[(u) € DYpg[u] and hi(u),Xg(u) € Yrg'[u] are the gen-
erating series defined in Sections 4.2 and 6.5, respectively. In addition, we let &,
denote the canonical C[h]-algebra homomorphism

€. Yiglw '] ® Yag[z '] — Vig®?[ ']

given by evaluating w to z. The following proposition asserts that @, indeed has
the desired properties.

Proposition 7.1. @ has the following properties:
(1) It is a homomorphism of C[h]-algebras satisfying
Ao®, =&, 0(0,@P)o0A", cod® =¢" and Sod,=d 05"
(2) It is a U(g)-module homomorphism compatible with Chevalley involutions:
O ow =wod).
(3) Its restriction to Yy(g)* is a Z-graded C[h]-algebra homomorphism
2Ly, (g Yn(@)" = LYng..
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(4) For each € At and i € I, one has

OIXG () = > (~D)" Ve (—2) = . (i (),
neN

2 (hi(w) = > (~1) "0 hi(—2) = . (hi(u)).

neN

Proof of (1). This is a modification of the standard result that if H is a finite-
dimensional quasitriangular Hopf algebra over a field K with R-matrix R € H®g H,
then the map f — (f ® 1y )R defines a homomorphism of Hopf algebras (H*)*" —
H; see for instance [4, §4.2.B] or [39, §2]. The only novelty in the present setting is
the appearance of the formal parameter z. Nonetheless, for the sake of completeness
we shall give a full proof.

As the product on Yug" is the transpose of the coproduct A on Yag and A ®
1(R(z)) = R13(2)R23(2), we have
:(fg) = f ® g ®1L(Riz(—2)Ras(—2)) = ©L(f)@2(g9) V f,9€Yag"
Since in addition (¢ ® 1)R(z) = 1, we can conclude that ® is a homomorphism of
unital, associative C[A]-algebras.

Let us now verify the coproduct identity Ao®, = €,0(P; @D )oA  on f € Yrg".
Using the cabling identity 1 ® A(R(2)) = Ri3(2)R12(%), we obtain

A(@(f)) = (f @ A)(R(—2))
= (f®1®1)(Riz(—2)Ri2(~2))
= (A"(f) ® 1@ 1)(Riz(—2)Raa(—2))
= (&, 0 (A'(f)®1®1))(Riz(~w)Raa(—2))
= (&5 0 (P, ® P7) 0 AV)(f).

Finally, the remaining two identities follow from the relations (1 ® €)R(z) = 1 and
(ST ® 1)R(2) = (1 ® S)R(z). Indeed, for each f € Yzg", we have

eo @ (f) = (f@e)R(—2) = f(1) = '(f),
So®(f) = (f®S9)R(=2) = (S'(f) @ 1)R(—2) = @ 0 57(f).
Proof of (2). Since 7, restricts to the identity on U(g), the intertwiner equation
(3.20) implies that R(z) is a g-invariant element of Y3 (g)®?[2~]:
[t@1+1®2,R(z)]=0 Vzeg.

It follows readily from this fact, and the definition of the g-module structure on
Yng = Ypg" introduced in Section 6.2, that ®7 is a U(g)-module homomorphism.

Similarly, by Corollary 3.10 the Chevalley involution w satisfies (w ® w)R(z) =
R(z), and we thus have

(W (f) = ((fow) ®W*)R(=2) = (f ®w)R(~2) = w(®L(f)) V[ € Yag"

Proof of (3). Suppose that f is a degree k element of Yﬁ(g)* for some k € Z. Then
f®1:Yr(g) ®Ys(g) — Yi(g) is homogeneous of degree k, and hence

F@1(Yng® N (Ya(g) ® Ya(@)[=7']) € 2 [] Ya(@)nsrz™" " C *¥ig.,
neN
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where Vg = [Ten(Ya(g)®?)nz"", as in Section 3.6. The assertion now follows

from Part (3) of Theorem 3.8 and Lemma 5.9, which yield
R(2) € Yugl N (Ya(e) © Yi(a)) [=']

Proof of (4). Since @7 is a U(g)-module homomorphism intertwining Chevalley
involutions, it is sufficient to establish that

(7.1) LX) = (—D)FOWaf (—2) = @.(2f_, ) Viel andkeN,

where we recall that XI_ w—1 was defined explicitly in (6.4). Since e ® 1 sends both
RY(2) and R*(2) to 1 and Xlikfl vanishes on Y;, (g) for 8 # —a;, we have

‘b;(X:—k—O = (Xi_—k—l ® I)R;(z)
Using (3.18), we deduce that the element R7 (2) is given by

Re(2) = 3 S oy ) = 30 Y- (1) (1) e

) +1
p>0 (20 ()P p>0n=0

where we have used ad(T(())p(zi[O) = (il)”ai(g)”zfp. This can be rewritten as

R, (2) = Z hx;, ® 8§")xj(z) = — Z hx;, ® é,z(xifnfl),
neN neN
where the second equality is due to Part (1) of Theorem 4.6. As X:_k_l(hw;n) =

Res" (x;t=%=1)(ha;t") = —On for all k,n € N, this implies the identity (7.1). O
Remark 7.2. As Y;g”~ and L?ﬁ\gz are Z-graded topological C[#]-algebras with
(Yag )z = (Yag")z = Va()"  and  (LYag.)z = LYig..

Part (3) of the proposition is equivalent to the assertion that ®7 is a Z-graded
C[#]-algebra homomorphism @ : Yzg" — LYzg,.

Since @ has image in L?ﬁ\gz, we may compose it with v from (4.2) to obtain
a C[h]-algebra homomorphism

P :=6vod, : Vg — 5//}5
Our present goal is to apply Part (1) of Proposition 7.1 to interpret ®” as a ho-
momorphism of topological Hopf algebras, where the topological structure on the
completed Yangian is that induced by the gradation topology on Yg. To make this

precise, let us define )//;5("), for any n € N, to be the formal completion of Yj(g)®"
with respect to its N-grading:

Yag™ = [ (Va(@)®™ )k
keN

Equivalently, it is the completion of the N-graded topological C[A]-algebra Y;g®"
with respect to the filtration defining its gradation topology, as defined in Section
2.3. By [41, Prop. A.1], this is a topologically free C[A]-algebra containing Y;g®™
as a subalgebra; see also [41, Lem. 4.1] and Section 4.3 above. Furthermore, we can
(and shall) view

(Yag)®" C Yng™ VneN,

where ® denotes the topological tensor product over C[A].
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Next, observe that the N-graded Hopf algebra structure on Y3 (g) induces a topo-
logical Hopf structure on }//ﬁE, equipped with the grading-completed tensor product.
More precisely, as the multiplication m, coproduct A, counit €, and antipode S on
Y (g) are N-graded, they uniquely extend to C[A]-module homomorphisms

m:Yig® = Yig, A:Yag— Vi, e:Vag = ClAl S:Yig — Yag,

which collectively satisfy the axioms of a Hopf algebra. Proposition 7.1 then admits
the following corollary.

Corollary 7.3. The C[h]-algebra homomorphism ® is a morphism of topological
Hopf algebras. That is, it satisfies

Aod " =(P'@P)oA", cod =c" and Sod =P oS
In particular, one has Im(A o @) C 175\9 ® Y/}s\g

Proof. The counit and antipode relations are obtained by applying €v to the cor-
responding relations of Part (1) of Proposition 7.1 and appealing to the identity
®" = €v o .. The idea now is that the relation A o @ = (&" @ &) o A” should
follow by applying v ®@%v to both sides of the identity Ao®, = €,0(P;,QP,)oA".

However, to make this precise we must first make a few technical observations.
Recall from (3.16) that I(Y,g%”) is the Z-graded subalgebra of Y3 (g)®?[z; 2] with

z
k-th homogeneous component z¥Y;g%, where

Vig® = [ (Va(@)®)nz" € Ya(9)®2[=7"].
neN

Following Section 4.3, we shall write L(Yg%') for the h-adic completion of I(Y,g?).

This is a Z-graded topological C[h]-algebra contained in the formal series space

(Yag ® Yrg)[21!]; see Lemma 4.5. As in (4.2), evaluation at z = 1 yields a C[h]-
algebra epimorphism

€0 L(Yiol) — Yag®,  f(2) = f(1).
Next, let €L denote the natural C[A]-algebra homomorphism

€L : LYhg, © LYig. — L(Yag)
given by evaluating w — z. Then, since ®} is a Z-graded C[A]-algebra homomor-
phism Y;g" — LYzg, and A is homogeneous of degree zero, the first relation of
Part (1) in Proposition 7.1 is equivalent to the identity
Ao :850(@;®®;)0AV

in Homgpyy (Yag",L(Y2g®)). As L satisfies the relation €v® o €L = €v ® v,

z

applying €v® to the above identity recovers Ao ®" = (®" ® &) o A”. O

7.2. DYrg as a quantization. With Proposition 7.1 and Corollary 7.3 in hand,
we now turn to proving that DYj;g provides a homogeneous quantization of the
Z-graded Lie bialgebra t = g[t*!], equipped with the Lie cobracket J defined in
Section 2.5.

To begin, observe that the homomorphisms @, and ®” satisfy the relation
Fo® =T,0®,
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where I" and T', are as in Theorem 4.8 and (4.3), respectively. The C[#]-algebra
homomorphism defined by either side of this relation shall be denoted i:

i::FZoq);:thV%ﬁ’h\g.

The following lemma shows that 7 is injective, Z-graded, and has image contained
in the Yangian double DY}g.

Lemma 7.4. The morphism i is an embedding of Z-graded topological C[h]-algebras
: thv — Dth

satisfying ® o7l =@ and ®, o7 = ®_. In particular, " and P are both injective.

Proof. Since I'; o @, = 1py, 4, Part (4) of Proposition 7.1 yields
(X5 (1) = To(®.(d5 (w)) = &5 (u) Ve AT,

i(hi(u)) =T, (@, (hi(u)) = hi(u) Viel
By Remark 4.9, DY},g is a closed subspace of its [J-adic completion, viewed as a
topological C[A]-module. As Yyg" is topologically generated as a C[#i]-algebra by
the coefficients of all the series Xg(u) and h;(u) (by Lemma 6.8), the equalities

(7.2) imply that 7 has image in DYxg and thus can be viewed as a C[h]-algebra
homomorphism

(7.2)

i: thv — Dth

which necessarily satisfies ® o7 = ®”. Similarly, since ®,(DY4g) is closed in L}//;Ejz
(see Remark 4.9), Part (4) of Proposition 7.1 and (7.2) give &, 07 = ®_.

As Yig” and DYjg are both topologically free, it follows from Lemma 2.1 that
i will be injective provided its semiclassical limit 7 : U(t_) — U(t) is. That this
is indeed the case is a consequence of Lemma 6.8, the relations (7.2), and the
definitions of mg (u) and h;(u) given in Section 4.2, which imply that i coincides with
the natural inclusion of U(t_) into U(t) induced by the polarization t =t, &t =
glt] @t 1gt™'].

Finally, by Part (2) of Theorem 4.6 and Part (3) of Proposition 7.1, ®, and
&7 are both Z-graded; see Remarks 4.7 and 7.2. As &, is injective, it follows
automatically that 7 is Z-graded. O

The embedding 7 is at the heart of the following theorem, which provides the
first main result of this article.

Theorem 7.5. There is a unique Z-graded topological Hopf algebra structure on
DYrg such that the inclusions

Yig - DYpg ¢— Yag"

are morphisms of Z-graded topological Hopf algebras over C[h]. Equipped with this
Hopf structure, DYrg is a homogeneous quantization of the Lie bialgebra (t,0).

Proof. If DYyg can be equipped with a coproduct A, counit ¢ and antipode S
which give it the structure of a topological Hopf algebra over C[[A] and, in addition,
make ¢ and 7 morphisms of Z-graded topological Hopf algebras, then this structure
is necessarily unique and Z-graded. Indeed, A, ¢ and S are determined by their
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values on any set of generators of the topological algebra DYjg, and thus by their
values on 2(Yng) Ui(Yrg").

Let us now establish the existence of a topological Hopf structure on DYxg over
C[#] with the claimed properties. We begin by observing that + and 7 satisfy the
relations
AoPor=(PRP)o(1®1)0A,

Aodoi= (PR ®)o(I®@i)oA".
The first relation follows from the identity ® o+ = 7, and that, for each ¢ € C, 7,
is a Hopf algebra automorphism; see Section 3.3. As for the second relation, since
®oi= ", Corollary 7.3 yields

Ao®oi=A0d =P P NoA"=(PRP)o(i®i)oA".
Since DYg is a generated as a topological C[h]-algebra by +(Yzg) Ui(Ysg"), these
relations imply that A o ® has image satisfying

Im(A o ®) € Im(® @ ) C Vg @ Yag,

(7.3)

where we view the right-hand side as subspace of %(2)2 as in Corollary 7.3. We
may therefore introduce a C[h]-algebra homomorphism A by

A:=("®T)oAo®:DYyg — DYsg ® DYsg,

where I is the inverse of &), as in Theorem 4.8. Since I'o ® = 1, it follows from this
definition and the relations (7.3) that

(7.4) Aoir=(1®1) oA and Aoci=({®i) oA

Similarly, from Corollary 7.3 and the relations 7y 0§ = So7 and e o1 = &, we
find that ¢ and 7 satisfy

SoPor=P01085, Sodoi=Pojios",
codor=¢, codoi=c¢".

In particular, these relations imply that Im(S o @) C Im(®). We may therefore
define morphisms S and € by

S:=T'oSo®:DYyg— DYsg and £:=cod:DYsg— C[H]
which by construction satisfy the compatibility relations
(7.5) Soi1=108, Soi=i08", éoir=¢ and coi=c¢"

Since I'ime) = ®~! and Yjg is a topological Hopf algebra with coproduct A,
antipode S and counit €, the above definitions imply that DYyg is a topological
Hopf algebra over C[A] with coproduct A, antipode S, and counit €. Moreover, the
relations (7.4) and (7.5) prove that, when DYjg is given this Hopf structure, the
Z-graded embeddings ¢ and 7 are homomorphisms of topological Hopf algebras.

We are left to establish the second assertion of the theorem. By what we have
shown so far and Theorem 4.3, DY}g is a flat, Z-graded Hopf algebra deformation
of the universal enveloping U (t) of t = g[t*!] over C[A]. It thus provides a homoge-
neous quantization of a Z-graded Lie bialgebra structure on the Lie algebra t with
cobracket ¢ given by the formula (2.2). From Theorem 3.6, Theorem 6.7 and the
first part of the theorem, d; satisfies 0¢|¢, = 0, and 0. = —0_. Ast=1t, ®t_, we
can conclude that d; coincides with the Lie cobracket § defined in Section 2.5. [
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Remark 7.6. The proof of Theorem 7.5 shows that the coproduct A, counit &
and antipode S on DY}g are uniquely determined by the requirement that ¢ is a
homomorphism of topological Hopf algebras

 : DYsg — Yag,
where 1/75\9 is given the topological Hopf structure defined above Corollary 7.3. Here
we emphasize that although DY}g is a genuine topological Hopf algebra over C[#]
in the sense of Section 2.1, the completed Yangian Y3g is not. In the same breath,
the Hopf algebra structure on DYjg is uniquely characterized by the requirement
that ®, satisfies the relations
Ao@Z:EI;o(tﬁw@(bz)oA, cod,=¢ and Sod,=o,00,

where €L is as in the proof of Corollary 7.3. In particular, this makes precise the
uniqueness statement in the first assertion of Theorem I.

7.3. The dual triangular decomposition revisited. We conclude this section
by giving an equivalent characterization of the restricted dual Y} g" to YXg consid-
ered in Section 6.5, where we recall that y takes value +, — or 0.

Corollary 7.7. For each choice of x, Y;gg* satisfies
Vg = {f € Vag" : 0() = (f @ RN (=2)} = (01) (¥, %g[= "))

v

Proof. From the definitions of Y%‘g and @7, and the Gauss decomposition of the
universal R-matrix, we obtain the sequence of inclusions

Y¥o" C{feVYng": ®L(f) = (f @ YRX(=2)} C (®1) " (Y *o[=""]).
It therefore suffices to show that (®7)~1(Y; Xg[2~']) € YXg". We shall establish

this for x = —. The proof in the remaining cases is identical, and hence omitted.

Let 71 : Ypg — Yffg be the C[h]-linear projection associated to the opposite
triangular decomposition Y,g = Y, g ® Y g ® Y,'g from Remark 3.7, and suppose
f € Yrg" satisfies ®,(f) € Y, g[z~']. We wish to show that f € Y;g".

To begin, note that since (1 ® €)RX(z) = 1, we have
() =7 (L) = (F @ YR (2).
Consider now the element fon™ € Ygg* C Yy, where 7~ : Yrg — Ygg is as in
Section 6.5. Since (7~ ® 1)R(z) = R (z), it satisfies
for) = (fOUR(2) = 2(]).
As @7 is injective (by Lemma 7.4) we can conclude that f = fon™ € Ygg*. O

Remark 7.8. Since Yhig and Y)g are C[A]-subalgebras of Yyg, it follows from this
corollary that Y;f g" is a C[h]-subalgebra of Yg" for each choice of y. In addition,
it is immediate from this characterization and Part (4) of Proposition 7.1 that the
coefficients of the series X% (u) and h;(u) belong to Y;fg* and Y%g*, respectively,
for each B € At and i € I. Similarly, since @ is injective and Y,2g is commutative,
we deduce that Y9g* is commutative.

In particular, these observations complete the proof of Proposition 6.9. We
emphasize that we have not applied that proposition in establishing any of the
results in Section 7.
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8. DYsg AS A QUANTUM DOUBLE

We now turn to reframing Theorem 7.5 in the context of the quantum double.
Our central objective is to prove the second main result of this article, Theorem 8.4,
which establishes that the Yangian double DYjg is isomorphic, as a Z-graded topo-
logical Hopf algebra over C[#], to the restricted quantum double of the Yangian,
which is defined explicitly in Section 8.2.

8.1. The quantum double of Ujb. Let us begin by recalling, in broad strokes,
the general construction of the quantum double of a quantized enveloping algebra,
as was first outlined by Drinfeld in [7, §13].

Suppose that Uxb is a quantization of a finite-dimensional Lie bialgebra b, and
let Upb” denote the quantized enveloping algebra (Upb°)*", where Uxb°® is the
topological dual to Uxb’ introduced in Section 5.1. Then there exists a unique
topological Hopf algebra D(Upb) over C[h], the quantum double of Uyb, satisfying
the following three properties:

(1) There are embeddings of topological Hopf algebras
Unb — D(Upb) <= Unb".
(2) The composite mo (i ® 1) : Upb” @ Upb — D(Uxb) is an isomorphism of
C[h]-modules.
(3) The canonical element R € Upb’ @ Upb” C D(Uxb) ® D(Upb) associated
to the pairing between Uxb’ and Upb°, which coincides with the canonical

tensor in Upb ® Uxb*, defines a quasitriangular structure on D(Upb). That
is, one has:

A"(z) = RA(x)R™Y V€ D(Uyb),
A® 1(R) = Ri3Ra3, 1® A(R) = Ri3R12.

In addition, D(Upb) provides a quantization of the Drinfeld double of the finite-
dimensional Lie bialgebra b.

The quantum double D(Ub) can be realized explicitly as the tensor product of
topological coalgebras Uzb” ® Uxb, with multiplication determined from the cross
relations

(8.1) W2)i(f) = fi(z) f3(S " (23)) fa @22 VYV €URY, f € Uxb",
where we have used the sumless Sweedler notation for iterated coproducts on Upb
and Urb”, and ¢ and 7 are now given by «(z) = 1®x and i(f) = f®1 for all x € Uxb

and f € Upb”. As spelled out in detail in [1, §A.5], this can be realized as a special
instance of the double cross product construction. Namely, one has

D(Uyb) = Upb” 1 Upb,

with respect to the left coadjoint action > of Upb on Uzb” and the right coadjoint
action <1 on Upb” on Upb. Given the Upb analogue of Lemma 5.8, established in
[1, Prop. A.5], this construction of D(Uxb) proceeds identically to the analogous
construction for the quantum double of a finite-dimensional Hopf algebra; we refer
the reader to the texts [36, §7], [26, §1X.4], [33, §8.2] and [37, §10.3], for instance,
as well as the articles [34, 35, 39].
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8.2. The restricted quantum double of the Yangian. In our case, Uyb = Yig
is not a quantization of a finite-dimensional Lie bialgebra, but rather a homogeneous
quantization of an N-graded Lie bialgebra b with finite-dimensional graded compo-
nents bg. In this setting, the double cross product construction alluded to above
remains valid provided all duals are taken in the category of Z-graded topological
C[A]-modules; that is, we replace Upb” with Yg". This produces the restricted
quantum double D(Upb) of Upb.

Let us now give the detailed construction of this topological Hopf algebra. Fol-
lowing Section 5.4, let ¥ and A denote the left adjoint action of Yxg on itself, and
the right adjoint coaction of Y;g on itself, respectively:

v=m’o(1%?®5)0(23)0(A®1),
A=(1®m)o(12)0(S®1%%) 0 A3,

where all tensor products are now taken to be the topological tensor product over
C[#]. By Lemma 5.8, we have

Y(Vag®Yrg) C Yag and  A(Yig) C Yag @ Yag.
We may thus dualize ¥ and A to obtain the so-called left and right coadjoint actions
>:Yag®@Yag — Yag' and < Ypg®Yag — Yag,

respectively, of Ysg on Yig” and of Yg” on Yy g. These are defined on simple tensors
by the formulas

raf=10fo(los o) and (¢5f)y)=F(S" () y)

for all = € Ysg, f € Yag” and y € Yxg, where the action of S~!(z) on y is given by
v and we have written x > f for > (z ® f) and x < f for <(z ® f).

The tuple (Yrg, Yrg',>, <) forms a matched pair of Z-graded topological Hopf
algebras over C[h]. Explicitly, > and < are Z-graded homomorphisms of topological
C[A]-modules which satisfy the following set of conditions:

(M1) (Yrg',r) is a left Yyg-module coalgebra and (Yyg, <) is a right Y g "-module
coalgebra. Equivalently, > and < are morphisms of topological coalgebras:

A op>=>@>0(23)c AQRA", Aod=<®<0(23)cARQA",
E®e =g o>, e®e =cod,
which make Yg~ a left Y;g-module and Yjg a right Y;g -module.
(M2) < and t> are compatible with the products m and m” on Yjg and Yxg™:
do(m®1)=mo(d®1)o(1®>®<)o(34)01RARA",
Do(l@m)=m'o(1®@>)o(>®<®1)0(23)c ARA ®1.
(M3) The unit maps ¢ and ¢” are module homomorphisms:
<do(t®1l)=1:®e and o(l®./)=e®! .
(M4) < and 1> satisfy the compatibility relation
(A@>)0(23)c A®A =(12)o(>®<)0(23)0 AR A”.
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Here we note that the above conditions coincide with those from [26, Def. 1X.2.2],
[39, §2] and [1, §A.1], which agree with those from [36, Def. 7.2.1] up to conventions
on the order in which the tensor factors appear.

Since Yxg" and Yxg are matched, we may form the double cross product Hopf
algebra Y5 g" <1 Vg in the category of Z-graded topological Hopf algebras over C[#]
by following the standard procedure; see [26, Thm. IX.2.3] or [36, Thm. 7.2.2], for
instance. As a Z-graded topological coalgebra, Y g" > Y, g coincides with the tensor
product of Yzg" and Yxg:

Yng > Yig = Yag @ Yag,
Ap=(23)cA"®A and ep=c¢ ®¢,
where Ap denotes the coproduct and £p denotes the counit. The algebra structure
on Yug < Yjg is uniquely determined by the requirement that the inclusions
ip: thv — thv ®Yrg and p:Yrg— thv R Yo

are C[h]-algebra homomorphisms satisfying the relations
(8.2) mp o (ip ® 1p) = ly,g" ® ly,g,

' mp o (1p @ ip) = (> © <) 0 (23) 0 A® A,

where mp denotes the multiplication on D(Yxg). In particular, the unit map is
¢” ® ¢. Finally, the antipode Sp on Yxg” < Yyg is given by

SD:mDO(2D®iD)O(S®SV)O(12).

This double cross product Hopf algebra is the restricted quantum double of the
Yangian, as we formally record in the below definition.

Definition 8.1. The Z-graded topological Hopf algebra Y;g" > Y;g is called the
restricted quantum double of the Yangian Yjg, and is denoted

D(th) = thv [ th.

This definition, together with the general theory, implies that D(Y,g) provides a
homogeneous quantization of the restricted Drinfeld double t = D(t,) of the graded
Lie bialgebra (t,,d,), realized on the space t* & t, 2t @t .

One stipulation to carrying out the quantum double construction in the restricted
homogeneous setting is that the canonical element R associated to the pairing
between Yrg and Yxg*, although formally satisfying the relations of (3) in Section
8.1, does not converge in the h-adically complete tensor product th ® th* -
D(Yr9)® D(Yrg), and so DYyg is only topologically quasitriangular. Here the prefix
“topologically” is a bit subtle: it does not refer to the h-adic topology and must be
handled with care. In Section 9, we shall identify R with the universal R-matrix
R(w — z) € Yi(g)®?[w][271]. This viewpoint allows for a precise interpretation of
the relations of (3) in terms of those from Theorem 3.8.

Remark 8.2. There are many competing, though equivalent, variants of the defini-
tion of the quantum double. For instance, it may be realized on the tensor product
Y9 ® Yrg', as in [7, §13]. Here we follow the conventions from [26, 39].

2This also follows immediately from Theorem 8.4.
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8.3. DYxg as a quantum double. We now turn to proving the h-adic variant of
the main conjecture from [32, §2|, which postulates that DY, g and D(Yyg) are one
and the same; see Theorem 8.4 below.

Recall from the proof of Corollary 7.3 that L(th(2>) C (Yag® Yrg)[2T1] denotes
the Z- graded topological C[h]-algebra obtained by completing the graded subal-
gebra L(Yng®) of Y5(g)®2[2; 2~] defined in (3.16). Given this notation, we have
C[#]-linear maps

'LY/—f-ﬁ,\gz(@th_)L}//h\gzv Ty = mZO(].@TZ),
: LY. — L(Yag®?), 7i(y) = (1®y)R(~2),

where m_ denotes the multiplication in LYﬁgz. These obey a Drinfeld—Yetter right
action/left coaction compatibility condition, as the next lemma makes explicit.

Lemma 8.3. The pair (7., 7%) satisfy the relation

miom,o0(12)=m®m,0(432)cARVR10A” Q)

in Homeppp (Yag ® LY3g., L(Y2g®)), where we have set

=(S'®1)0(12)oa and V:=Vo(S'®1).
Proof. This follows from a straightforward modification of the proof of (9) in [39,
Lem. 1], using the antipode relations

mo(1®S HoA”=,0e=mo(S7'®1)0A™,
the counit relation mo (1 ® ¢) o A = 1, and the intertwining relation
(8.3) 1o oA(r) =R(—2)"1-1®7, 0 A%(x) - R(—2) Yz €Yy,
which itself follows from the identities (1) and (3.20) of Theorem 3.8.

To illustrate this, we apply both sides of the claimed identity to a simple tensor
TRy € Yag® L?h\gz, while exploiting the sumless Sweedler notation A™(x) =
r1®- - Qx, for iterated coproducts. Expanding the right-hand side of the resulting
expression, while using that ¥(z ® y) = S~ (x3)yr; and A(z) = S~ (23)21 @ 72,
we obtain

ST ws)z3S T (w2) @y - R(—2) - 21 ® T2 (24)

=S Hay) @y -R(—2) - x16(20) ® 72 (23)
= 1(x3)®y R(—z) - 21 @ T2 (2)
“H(ws)zr @ yra(a1) - R(—2)

—1®yTz(I e(w2)) - R(=2)
=1®yr.(z)  R(—2),

where we have applied the intertwining relation (8.3) in the third equality, and the
appropriate Hopf relations listed above in each of the remaining equalities. Since

mom(y @) = 7w (yr.(2)) = (1 @ y7=(2))R(-2),

the above computation implies the lemma. [
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We now come to the main theorem of this section. Recall from Definition 8.1
that we may identify the restricted quantum double D(Yxg) with Y;g" ® Yrg as a
topological coalgebra over C[A]. We further recall that

7: th — Dth and 1: thv — Dth

are the Z-graded embeddings of topological Hopf algebras over C[A] which featured
prominently in Theorem 7.5.

Theorem 8.4. The C[h]-module homomorphism
YT:=mo(I®1):Yrg ® Yng — DYsg
is an isomorphism of Z-graded topological Hopf algebras D(Yrg) = DYxg.

Proof. We shall first prove that T is an isomorphism of Z-graded topological coal-
gebras over C[h], which follows from Theorem 7.5. Afterwards, we will use Lemma
8.3 to complete the proof of the theorem by proving that Y is an algebra homo-
morphism D(Yxg) — DYpg. Here we note that it follows automatically that T
intertwines the underlying antipodes, though this is straightforward to verify.

Proof that Y is an isomorphism of Z-graded coalgebras. Since m, 1 and 7 are all Z-
graded (C[[h]]—module homomorphisms, the same is true of Y. Moreover, as the
coproduct A of DY3g is an algebra homomorphism, it satisfies
AOT:Aomo(Z@)z)

=m®@mo(23)o(A®A)o(i®1)

=m@mo(23)o(i®i®i®i)o(A"®A)

=T®To(23)c A" ®A.
Similarly, as the counit € of DY}g is an algebra homomorphism, one has

oY =como(i®) =mo(¢6Re)o(i®i) =moe Re.
This proves that T is a Z-graded homomorphism of topological coalgebras. Now
let us turn to establishing the bijectivity of T. As Yxg" ® Yxg is a topologically free
C[h]-module with semiclassical limit U(t_)®cU(t,) and DYxg is a flat deformation
of U(t), Lemma 2.1 asserts that it is sufficient to establish that the semiclassical
limit -
T=mo(i®1): Ut )ecUt,) — U

of T is an isomorphism, where m, 7 and 2 are the semiclassical limits of m, 7 and 1,
respectively. As i and ¢ quantize the natural inclusions of t_ and t, into t (as was
shown in the proof of Lemma 7.4 for Z) and m is the multiplication map on U(t),

this follows from the Poincaré—Birkhoff-Witt Theorem for enveloping algebras and
the decomposition t =1t_ @ t,.

Proof that Y is an algebra homomorphism. By (8.2), we must show that Y op
and Y o7p are C[h]-algebra homomorphisms and that, in addition, Y satisfies the
relations

Yompo(ip®ip)=mo(T®Y)o (ip ®ip),

(84) mo(T®@Y)o(1p®@ip)=mo(YR@T)o(>®<)0(23)c AR A",
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By definition of T, we have T o1p =2 and Y oip = i. Moreover, both sides of the
identity

Yompo(ip®ip)=mo(T®TY)o (ip @p)
coincide with Y, viewed as a map Ypg  ® Yrg — DYsg. Hence, we are left to verify
the second relation of (8.4), which we shall establish by appealing to the injective
C[#a]-algebra homomorphism @, from Theorem 4.6. Namely, it is enough to show
that

S,omo(TRYT)o(ip®ip)=P,omo(TR@T)o(>®<)o(23)c AR A"

Since @, is an algebra homomorphism satisfying ®, ot =7, and ®, 07 = ¢
Lemma 7.4), this is equivalent to

(8.5) m,o(r, @P)=m,o0(P,@7,)0(>®<)0(23)c AR A",

(see

where m, is the product in LY/}EZ. The proof that (8.5) is satisfied follows an
argument parallel to that employed to establish Part (a) of Theorem 2 in [39],
using Lemma 8.3 in place of [39, (9)]. For the sake of completeness, we give a
complete argument below.

Applying the left-hand side of (8.5) to an arbitrary simple tensor z® f, we obtain
m(2)2(f) = (f @ 7=(2))R(=2) = (f@ 1) om0 (1 ® @),
which, by Lemma 8.3, may be rewritten as
(8.6) ()P (f)=f@1lom®m,0(432)0c AR V®1oA™(z) ® R(—2).
On the other hand, by definition of ®7, > and <, the right-hand side of (8.5)
evaluated on z ® f is
S (x1>f1) (22 fo) = (1i®10VR1(z1 @ R(—2))) - (f2 @7, 0 A(x2)),

where we have employed the sumless Sweedler notation A(z) = x1®x9 and A" (f) =
f1® fa. That this coincides with the expression (8.6) for 7. (z)®_(f) is a consequence
of the following general computation. For each a € Yyg and b € Y;g, we have

(fi(z10a) @b)-(fo® T, 0 A(z2))

= [z (21 0 a))br. (25

:f®10m®7rz(xg1)®(w1 oa)®b®m§2))

=(f®1lom®m,0(432)0A®@VR®10A"®1®1)(z®a®Db),

where we have set x e a = ¥(z ® a) and in the first and second equalities we have
used the (sumless) Sweedler type notation a(z) = (1) @ 2(?). This completes the
proof of (8.5), and thus the proof that Y is an algebra homomorphism. a

9. THE UNIVERSAL R-MATRIX

In this final section, we establish the last assertion of Theorem I, which identifies
the universal R-matrix R of the Yangian double DY;g & D(Y,g) with Drinfeld’s
universal R-matrix R(z); see Theorem 9.6. Though this in fact follows without
too much effort from the results of Sections 7 and 8, constructing R precisely does
require some care. After laying the groundwork in Sections 9.1 and 9.2, we define
R and prove our last main result in Section 9.3. The final two subsections —
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Sections 9.4 and 9.5 — are devoted to providing additional context pertinent to
this theorem.

9.1. The isomorphism O. Let 6 denote the canonical C[h]-module injection
0: Yng ® Yrg" — Homepny (Yrg, Yig)
determined on simple tensors by 6(z ® f)(y) = f(y)x. This injection is a homo-
morphism of topological C[h]-algebras provided we equip Homgps;(Yrg, Yag) with
the convolution product
1 xp2i=mo (1 ®pa) o Aly, . V1,92 € Homeppy (Yrg. Yng)

and identity element ¢ o €, where m, A, ¢ and ¢ are the multiplication, coproduct,
unit and counit of Y3g, respectively. Our main goal in this subsection is to identity
a natural extension of § which is an isomorphism.

Let us begin by noting some topological properties of the homomorphism space
Homgcprp(Yrg, Yrg). As Yrg and Ypg are topologically free with semiclassical lim-
its U(t,) and S(ht, ), respectively, Homcpy (Yrg, Yag) is a topologically free C[h]-
modules with
(9.1) Homep) (Yag, Yag) & (Home(S(ht. ), U(t)))[A].

In addition, Homgp (Yrg, Yrg) is a Hausdorff and complete topological space with
respect to the topology associated to the descending filtration E, of closed C[h]-
submodules defined by

(9.2) E, := {f € Homcpy (Yrg, Yag) : f(3n) = 0},

where we have set J, = @, _,, Yi(g)r with Jg = {0}. Said in more algebraic terms,
the natural C[A]-module homomorphism

Homcpny (Yrg, Yag) — lim (Homepny (Yrg, Yno)/E,)

is an isomorphism, as is readily verified. Moreover, as the coproduct A on Yyg is
graded, E, is a descending filtration of ideals and the above is an isomorphism of
C[h]-algebras.

We now turn towards enlarging the domain of 6. For each n € Z, let th(*n)
denote the closure of the C[/i]-submodule of Y;g" generated by @, Yrg" .. Since
thz - thngl for k£ > 0, thz‘o) = Yg" and we have a descendin_g N-filtration

Yig" = Yngly, DYy, O D Yag, D
We may thus introduce the topological tensor product

Vg ®Yrg" = QLH(YFLG @Yng"/Yag ® thfn))

Since Yrg" is topologically generated as a C[#]-algebra by the space DPiso th*_k
and, for each n € N, @, ., thik is stable under multiplication by any x in this

space, we see that each th(*n) is an ideal in Yrg*. It follows that Y;g® Yrg™ is a
C[h]-algebra.
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To see that ;g ® Yrg™ is a topologically free C[#A]-module, let us introduce the
classical spaces S(ht, )" and U(t,)®S(ht,)" by setting

)i, = EPS(ht.)

k>n

U(t.)@S(ht.)" == [ U(t,) @c S(ht.)",, = lim U(t,) ®@c (S(ht,)"/S(ht.);,)-
neN n

(n)

Lemma 9.1. The C[h]-algebra Yng ® Yrg" is topologically free with
Yag @ Yrg /h(Yrg @ Yrg') = U(t,) @ S(ht,)".

Proof. Let v, : Yag" == S(ht,)*[h] be any fixed Z-graded isomorphism of topo-
logical C[A]-modules. We claim that

(93) V*(Yﬁg(n)) S(ht )(n)[[h]]
To see this, fix n € N. Since v, is graded we have
Vo (Yng' ) = [[ S(ht)"_oh* € S(hty)! [B] ¥k > n.
a€eN

As S(ht.);, [h] is a closed C[A]-submodule of S(ht,)*[h], we get V*(thz‘w) C
S(ht,);,,[n].  Conversely, if Y a0 Tal® € S(ht,);, [nl, then y, = vi'(za) €
@an th*_k for each a € N. Therefore, we have
V*(Z xaha) = Zyaha S th?n)v
a>0 a>0

which completes the proof of (9.3). The statement of the lemma now follows from
the sequence of isomorphisms

Yig © Vag* /Yo © Vagl,, = (U(t,) @c S(ht,) )AL/ (U (L) @c S(t,);, ) [7]
= (U(t,) @c (S(ht.)" /S(ht,)7,,) ) [7) D

The next result outputs the desired extensions of 6.
Proposition 9.2. The injection 0 extends to an isomorphism of C[h]-algebras

© : Yag® Yrg" = Homepp(Yrg, Yag).

Proof. Let Eq be the filtration of E := Homgjp (Yng, Yng) defined in (9.2). Then
0(Yrg ® th(*n)) cE, VneN.
Indeed, this follows from the definition of # and the fact that if f € @an Yrg" &
and x € J,,, then f(x) = 0. Hence, we obtain
0 : Vg ®Yag" = lim(Yag © Yag"/Yng @ Yag(,)) = imE/E, = E.
As Yig and E are topologically free, to show © is an isomorphism it is sufficient to

show its semiclassical limit © is; see Lemma 2.1. Employing the identifications of
(9.1) and Lemma 9.1, we see that © coincides with the isomorphism

U(t.) @S(ht,)" = Home(S(ht, ), U(t,))
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uniquely extending the canonical map U(t.) ®c S(At. )" — Home(S(ht,), U(t.)),
which is the semiclassical limit 6 of 8, by continuity. O

We now give two remarks pertinent to the above discussion.

Remark 9.3. By Proposition 9.2, we may introduce the C[A]-subalgebra
th ® th* =01 (Endcﬂh]] (Y;;g)) C Yro ® th*.
By definition, it comes equipped with an isomorphism
®|Yﬁ,g§th* : th éth* = Endc[[ﬁ]] (th)
extending the injection 6|y, a@Vng* - 10 Is worth noting that, by following the above
arguments, it is easy to see that th @)th* admits the equivalent description
Yrg®Yng' = 1lim(Yrg @ Yag" /Yng @ Yag[,)-
Suppose now that ¢,y € Endcpy (Yrg) with 4 homogeneous of degree a € Z.

Then ¢ ® 4" uniquely extends to an element of Endcpy (Yrg ® Yrg") and © has the
property that

(94) poOy)or=(00(p®7))(y) YyeYra®Yng"
Remark 9.4. The argument used to establish Proposition 6.2 implies that the
natural C[h]-algebra homomorphism
Endcgry (Yag) — Homepn (Yag, Yag), @ = ¢l o
is an embedding. Hence, we can (and shall) view Endcprj(Yrg) as a subalgebra of
Homcpp (Yrg, Yrg). We may thus introduce Yg ® Yag* C Yag® Yrg* by setting
Vg @ Yng" := O~ (Endcgy (Y20))-
We then have )
(Yrg @ Y3g") N (Yrg @ Yrg*) = End?c([ff;?ﬂ (Yrg),
where the right-hand side consists of all f € Endcpsj(Yrg) for which f(th) C Yhe.

9.2. The restriction ©,. We now give a few comments which concern the tri-
angular decompositions of Ypg and Y,g*. For each choice of the symbol y, let
X Yrg — Y;i(g denote the C[h]-linear projection associated to the triangular
decomposition of Yng, as defined in Section 6.5. These projections give rise to
C[A]-module embeddings

Homcpr (YR, Y, g) — Homepr(Yag, Yag), ¥ — @XonX.

We shall henceforth adopt the viewpoint that Homgcy (Y;f g,Y;Xg) is a submodule
of Homgjp (th, Yrg), with the above identification assumed. The restriction 6, of
0 to Y,Xg ® YXg" is then a C[A]-module injection
b, : Y Xg® Y;fg* — Homgp (Y’h‘g, YXg).
Following the above procedure, we may introduce the C[#h]-algebra
Y@ Yig" = lim(Y'e © Yyg"/ Ve @ Yigl,),

n
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where Y gz‘ 18 the closure of the C[A]-submodule of YYXg* generated by the direct
sum P k>n Y% g_ ;- The above arguments show that this completed tensor product
is a flat C[[i]-algebra deformation of

Ut @S(ht)" = ] U) @c S(ht))”,
neN

It follows that the natural algebra homomorphism Y,:f‘g®Y g — th®th is
injective and, by the proof of Proposition 9.2, that 6, uniquely extends to an
isomorphism of C[A]-modules

(9.5) O, thg®Y g = Homgy (Y%‘g,Yth)
which eoincides with the restriction . of © to Y;Xg @Ygg*. Ip particular, since
YXgYyg isa subalgebra of Vg ®Yrg", the space Homcpn (YXg, Y, g) is a sub-
algebra of Homgp(Yrg, Yrg) and ©, is an isomorphism of C[[A]-algebras.
Finally, as in Remarks 9.3 and 9.4, we set
YXa®VYrg" = 07 (Endepy (Yig)) = L(Y%‘g ®YXe /Yia® Yia,),

Yth®Yth* = @X (EndC[[h]]( A g))

9.3. Canonical tensors and universal R-matrices. By Proposition 9.2, we
may introduce R and RX in Y,g® Ypg”, for each choice of y, as the elements

Ri=07"(1y,,) € Vig@Yspg" and RY:= 0 '(1yy,) € Vg Y)g"

That is, R and RX are the canonical elements associated to the Hopf pairing th X
Yrg* — C[h] and its restriction to YX rg X Y *, respectively.
As 1y, o

mark 9.4 and Sectlon 9.2, respectively, R (resp. RX) is also the canonical element
defined by the pairing between Yng and its restricted dual Yg* (resp. Y,Xg and
Y;Xg"). In particular, we have

Re (Yag®Yag" )N (Yrg®@Yrg") and RX e (YXgaYXg") N (Y%‘g@Y%‘g*)

It is worth pointing out that one can immediately deduce a number of properties
that R and RX satisfy using only elementary properties of ©. For instance:

and lyx, coincide with 1y, 4 and 1yx, under the identifications of Re-

(R1) Applying (9.4) with v = 1 while using that ©(1 ® f) = ¢ o f recovers the
characteristic identities
(tof)®1-R=1®f and (tofX)®1-RX=1Q fX
for all f € Ypg" and fX € Y)g*
(R2) Taking ¢ = v =w in (9.4) with y = 1y, 4 or 1y, while using that 1y+ =
v h h
wo 1\'@9 o w gives rise to the identities

R=(w®w)R and R* = (w®w")(RT),

(R3) Since 1y, is a g-invariant element of Endeyp (Yrg) and © is a g-module

intertwiner, R is a g-invariant element th ® th*. Using the multiplication
in D(Yrg), this can be written as

[r®1+1®z,R|=0 Vzeg.
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Similarly, R* and R are both h-invariant.

In addition, the standard quantum double arguments show that R satisfies the
quasitriangularity relations of (3) in Section 8.1 in suitable completions of tensor
powers of D(Yyg). For instance, the cabling identities A ® 1(R) = Ri3R23 and
1 ® A"(R) = Ri3R;2 are equivalent to the simple identities

15-(139 * 15(2;39 =A and (e®1y,,)*(1y,,®e)=(12)om
in the convolution algebras

(Yrg®?) @ Yrg" := Homepry (Yrg, Yrg®?)
Yo ® (Yrg")®? := Homepny (Yrg®?, Yrg)

)

respectively, where 12((; : th — th®2 is given by z — z(®).

g

Our main goal in this section is to establish the remaining assertion of Theorem I
from Section 1.1, which claims that R can be identified with the universal R-matrix
of the Yangian. This interpretation allows for a precise framework for understanding
the topological quasitriangular structure on D(Yg) alluded to above. To achieve
this, we will need the next lemma, where ® is as in Proposition 7.1.

Lemma 9.5. 7, ® ® extends to an injective C[h]-algebra homomorphism
Tw @) : Vg @ Yig — (Yag®2[w])[z7'].

Proof. 1t is sufficient to show 1 ® @ extends to an injective C[[A]-algebra homo-
morphism

1R®, : Vig® Yig — th®2 [[Z_l]].
Since @} (Yrg",) C z_k%z C 2 *Ysg[271], 1® @] induces a family of compatible
algebra homomorphisms

(1@ Q) : Yag @ Yng"/Yro @ Yag!, — YVag®?[z7']/2 " Vag®?[z7'].

Taking the projective limit gives the desired extension 1 ® ®7. We are left to verify
that it is indeed injective, which is perhaps a bit subtle (given that @7 is injective),
but not difficult. As Yxg® Yrg" is separated with respect to the h-adic topology
and Y,g®2[271] is torsion free, this can be done by verifying that the semiclassical
limit of 1® ® is injective. This is the linear map
Ut)@S(ht,)" — [[ 27" (WU (t) @c Ut),) C UE)®*[z7']
neN

which is 1®®} : U(t,) ®@S(ht,)", — 27" (U(t,)®c U/(Dz) on the n-th component
of the direct product, where ®7 is the semiclassical limit of ®] and U(t,), =
[I,en Ut )nz™". The desired result now follows from the fact that ®7 is injective,
which can be seen as a consequence of the equality €v o @ = ® o7 and that, by

[41, Thm. 6.2] and the proof of Lemma 7.4, both ® and 7 have injective semiclassical
limits. U

To recover the desired result as stated in (2) of Theorem I, we now translate some
of the above constructions and results from D(Y;g) to DYxg using the isomorphism
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T from Theorem 8.4 or, equivalently, the Hopf algebra embeddings ¢ and 7 from
Theorem 7.5. Let us set

Yag @ Yng = lim («(Yag) @ i(Yag')/21(Yng) ® i(Yagy,))) -

This definition is such that isomorphism
1®7: Ypg ® Yag = 1(Yag) ®1(Yrg ) C DYrg @ DYjg
extends to an isomorphism of C[h]-algebras
17 Vg @ Yig 5 Yag® Yag'.
Armed with these preliminaries, we may now introduce the universal R-matriz of
the Yangian double DY5g as the element
R:=(100)(R) € (Yag®Yng") N (Yrg ©Yag") C Yag @ Yag',
where, for each choice of A and B, A®B denotes the image of A®B under 1 ®7.
Similarly, we define the DY;,g analogues of R* and R by setting
RE = 10 (RT) e VigoYig® and R :=(1&7)(R°) € Y052 Y0g".
By Theorem 4.6 and Lemma 7.4, ®, satisfies ®,01 =7, and ®,07 = ¢,. Lemma

9.5 therefore implies that the restriction of ®,, ® ®, to 2(Yag) ® i(Yag") C DY,g®?
extends to an injective C[h]-algebra homomorphism

D, DD, : Yag @ Yag = Yag®?[w][27].
Indeed, we may set @, @ P, = (1, @P}) o 1 ®7%)~'. With this homomorphism

at our disposal, we are now in a position to state and prove the last main result
outlined in Section 1.1.

Theorem 9.6. The following identities hold in Yp(g)®2[w][2~]:
(P @ @) (R) = R(w - 2),
(B0 @D,)(RE) = RE(w — 2), (P @P.)(R%) = RO(w — 2).
Consequently R admits the factorization R = RT-R°-R™ in Yag @ Yig'.
Proof. By Theorems 4.1 and 6.7 of [17] and Theorem 3.8 above, R(z) and RX(z)
satisfy (17, ®1)R(z) = R(w+2) and (7, @1)RX(2) = RX(w+2) in Yy (g)®?[w][z71],

for each choice of the symbol x. Therefore, to prove the first assertion of the theorem
it is sufficient to establish the equalities

(1R®)(R) =R(-2) and (1®®))(RX)=RX(—2)
in (Yrg® Yig)[2~'] and (Y g® Y, ¥g)[z~'], respectively. These relations will hold
provided their images under the evaluations
fO1: (Y@ Yag)[z7'] = Yag[z ']
el (YeeY,Xglz'] - Y, Yelz']
are satisfied in Yxg[z~'] for each f € Ypg* and fX e Y,’{g*, respectively. This

follows from the definition of ®7, (R1) and Corollary 7.7, which collectively output
the relations

(f®@)(R) = 2(f) = (f @ YR(~2),
(X @ @)(R) =2 (f) = (¥ @ YRX(=2).
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This completes the proof of the first statement of the theorem. The second assertion
now follows immediately from the decomposition R(z) = R (2)R°(2)R~(2) (see
Theorem 3.8) and the injectivity of ®,, @ . O

Remark 9.7. In the closely related setting of [32], a formal version (i.e., sup-
pressing convergence issues) of the factorization R = RT R R~ from Theorem
9.6 was established in [32, Prop. 5.1] by proving directly that the Hopf pairing
between the Yangian and its dual splits with respect to the underlying triangular
decompositions; see Theorem 3.1 therein.

Remark 9.8. Since ¢, intertwines the Chevalley involutions of DYyg and Yjg, it
follows from Part (2) of Proposition 7.1 and the relation ®, o7 = @7 of Lemma 7.4
that 7 satisfies w o7 =7 o w’. Consequently, the property (R2) translates to

R=(w@w)(R) and RE=(wow)(RF).
Hence, by Theorem 9.6, R(z) and its components R¥(z) satisfy the relations
R(z) = (w@w)(R(z)) and R (2) = (w@w)(RF(2)).

In particular, this observation recovers the first identity of Corollary 3.10.

One can now interpret the quasitriangularity relations for DY%g in terms of the
relations of Theorem 3.8. Namely, setting v = w — z, we see that the cabling
identities of R correspond to the relations

A® 1(R(U)) = ng(v)Rgg(U)
1® A(R(’U)) = ng(U)R12(’l})

in Y5,(g)®3[w][27'], which are satisfied by Theorem 3.8. In more detail, these are
obtained heuristically by applying ¢, ® ¢, ® ®, and ¢, ® ¢, ® ¢, to

(A & 1)(fR) = :ng:RQg and (1 & A)(R) = lenglQ,

respectively, where A is the coproduct on DYyg, and then evaluating u — w and
y — z while using (P, ® ¢.) 0 A|,—, = Ao ®,. Similarly, applying ®,, ® ¢, to the
intertwiner equation A (z) = RA(z)R ™" for x € Y;(g) leads to the identity

T ®10AP(r(2) = R(v) - 7 @10 Alro () - R(v) "

in Yy (g)®?[w][z; 271], which is satisfied by Theorem 3.8. We caution, however, that
the situation here is more subtle for general x € DY}g.

9.4. Remarks. The identifications established in Theorem 9.6 provide a rigorous
framework for understanding the motivating remarks given in [17, §1.6]. We now
give a few comments related to this point.

First, we note that the diagonal factor R%(z) of R(z) was explicitly obtained in
[17, §6.6] by computing the common asymptotic expansion of the two GL(V} ® V3)-
valued meromorphic abelian R-matrices constructed in [16, §5], where V4, V5 are an
arbitrary pair of finite-dimensional representations of the Yangian. As explained in
[16, §5.2], their construction was motivated by the heuristic formula for R® given
in [32, Thm. 5.2]. Theorem 9.6 makes this relation precise, and shows that the
explicit formula for R%(z) obtained in [17], and recalled in Section 3.6, does indeed
compute the canonical element defined by the pairing on Y9g x Y9g".
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Next, we emphasize that the factor RE (equivalently, R*(z)) now admits two
distinct characterizations. On the one hand, it is uniquely determined by the re-
currence relations (3.18) which were at the heart of [17, Thm. 4.1]. On the other
hand, it arises as the canonical element defined by the pairing on Yh g x Yh a",
and can thus be realized explicitly by computing the dual set to any fixed homo-
geneous basis of the N-graded torsion free C[h]-module Y3 (g). In more detail, if
Bif C Yi(g)k is a lift of any basis of the finite-dimensional k-th component Sk(ntt)
of S(ItF) = Yif (g)/hY; (g) (see Section 5.3), then B* = J, B is a basis of Yi(g)
and

R =" uz) @i(fa) € Yag @Yng,
z€BE
where {fz}zepr C Y%g* is the dual set to BE, uniquely determined by f,(y) = 6.,
for all ,y € B*. Here we note if z is of degree k, then it follows automatically
that f, € Yng*, = Hom(g[];i] (Yn(g),C[A]). This implies that the right-hand side of
the above expression defines a unique element in Y,g ®Yg", which coincides with
RE as its image under ©4 o (1®7) L is Lytg; see (9.5) and Section 9.3.

In the special case where g = sl,, there are two closed-form expressions for RE
(equivalently, R*(z)) which have arisen from these two separate viewpoints; see
[32, Thm. 5.1] and [17, Thm. 5.5]. For g of arbitrary rank, no such expressions are
known, though an infinite-product formula for RE was conjectured in [32, (5.43)],
motivated by the earlier works [28-31].

9.5. On the blocks of R*. To conclude, we wish to highlight that the dual bases
approach discussed in the previous subsection provides a natural interpretation of
some of the basic properties of R*(z) discovered in [17].

Given 8 € @, let m3 : DYpg — DYrgs denote the C[i]-linear projection as-
sociated to the topological @Q-grading on DYjg defined in Section 4.2, and let
g : th — Yﬁgg denote its restriction to th Consider the element

7TB o 1Yi = 1Yi o 77,3 S End(c[[h]] (th),

where we view Endc[[n]]( s g) C Endgp) (Yrg), as in Section 9.2. Note that under
the identification provided by the natural inclusion

End(c[[h]]( I3 gﬁ) — HomC[[h]]( n9 th:g), Y= poTpg,
it coincides with the identity transformation of Endcp (Y,:it gs). For each 8 € Q,
we may therefore define R;BE = @71(15), where 1? = 1yzg, - By (94) and the
reasoning used in (R2) of Section 9.3, we have

(9.6) Ry = (fp @ 1)(RF) = (1®7ri5)(Ri) and R} = (w@w')(R]),

where we note that, for each a € Q, 7, is just the projection Yrg" — Yrgt o a8S0-
ciated to the topological @-grading on th ; see Corollary 6.5. In the topological
tensor product Y%g @Yzhtg*, we have the equality R* = ZﬁeQ+ Rg.

For the sake of the below discussion, it is worth pointing out that the convergence
of the infinite sum > Beq, R; is also clear from the point of view of dual bases.
Indeed, by Corollary 5.5 we have Y;f(g)iﬁ C h"(ﬁ)Yhi (9)+p, where we recall that
v(8) € N is defined by (3.17). Hence, any homogeneous element in Y (g)+s with
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respect to the underlying N-grading belongs to Yﬁ(g)y(ﬁ)_;’_é for some ¢ € N. It
follows that the dual set to any homogeneous basis of the N-graded C[h]-module
Y£(g)1s belongs to
S ST
@ Yﬁ 0k C Yﬁ 8oy
k>v(8)
where the space on the right-hand side is the closure of the C[A]-module generated
by the left-hand side; see Section 9.2. This implies the convergence of > Beq, Rg
in Y%g é}Ygg* while establishing that R§ € h’/(ﬂ)yhig ® Y%g*. Next, following the
procedure from Section 9.3, let us set
R; = (@) (RE) VBEQy.
The relations of (9.6) then translate to
Ry = (mep @ 1)(RY) = (1@ 725)(RT)  and R = (w @ w)(R]),
where w is the Chevalley involution on DYjg; see Section 4.2. Now recall that
R (2) is the Yi(g)- @Y (g) s component of R~ (z), characterized by the recurrence
relation (3.18). The Y (g)s ® Yr(g)—p block of RT(2) is then

Ri(2) = (e w)R;(:) V6eQ,
and we have the following corollary of Theorem 9.6.
Corollary 9.9. For each f € Q4, the element IR?; satisfies
(Pu & ©.)(RF) € (h/2)"DYn(g)*[w][=7"]
in addition to the relation (®,, ®<I>Z)(iR£BE) = R?g[(w —2).

Of course, the second assertion is immediate from Theorem 9.6 as ®,, is the
identity on g and thus satisfies 74 0 @,y = @, 0 T4y, g for all a € Q. The first
statement then follows from the properties of R~ (z) established in [17] and recalled
in Section 3.6. However, we wish to point out that this assertion is a natural
consequence of the above discussion on dual bases. Indeed, we have seen that any
homogeneous basis of Y (g)s lies in h*(?)Y}(g), and that the image of its dual set
under 7 is contained in EBkZV(ﬁ) DYrg_ k. As @, is graded, we have

O, (DYng_k) C 2 *Vag, C 2"PYi(g)[z7'] Yk > v(B),
which yields the first statement of the corollary.

APPENDIX A. HOMOGENIZATION OF THE R-MATRIX

In this appendix, we show that the results of [17, §7.4] imply Theorem 3.8,
as promised in Remark 3.9. Let Y(g) denote the Yangian defined over C with A
specialized to 1:

Y(g) := Yu(g)/(h—1)Yn(g)-
Slightly abusing notation, we shall denote the images of zi and h;, again by zi
and h;,., respectively. The graded Hopf algebra structure on Y} (g) induces on Y (g)
the structure of an N-filtered Hopf algebra over the complex numbers with filtration
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IF, defined by letting Iy, denote the image of €, <, Yn(g)x. The Yangian Y(g) is
then a filtered deformation of the graded Hopf algebra U (t,):

grpY (g) = U(t,).

One can recover Y;(g) from Y(g) using the Rees algebra formalism; see [22,
Prop. 2.2] and [23, Thm. 6.10], for example. In more detail, there is an isomorphism
of N-graded Hopf algebras

en: Ya(g) = R(Y (9)) = D WFi(Y (9)) C Y(9)[H]
keN
zi s B'aE,  hy e BThy Vi€ reN.
Here the Hopf algebra structure on R;(Y(g)) is obtained by extending that
of Y(g) by C[h]-linearity, and we note that Rx(Y(g) ®c Y (g)) = Ra(Y(9)) ®cr
Ra(Y (g))-

In [17], the universal R-matrix R(z) of the Yangian Y'(g) is constructed as a

product
R(z) = R*(2) R%(z) R™(2) € 1+ 27 'Y (9)** [ 7],
where R¥(2) = Ry;(—2) 7! and the factors R™(z) and R°(z) are as in Sections 4.1
and 6.6 of [17], respectively. In particular, R*(z) — 1, R%(2) — 1 and R(z) — 1 lay
in the subspace
A Fa(Y (@°2): € V(@) =]
neN
and hence R*(z/h), R°(z/h) and R(z/h) are elements of Ry(Y (g))®2[2~!]. The
definitions of R*(2), R°(z) and R(z) given in Section 3.6 are such that one has the
equalities
02 (R¥(2)) =R*(2/h),  @f*(R(2)) = R%(z/h),
@52 (R(2)) = R(z/h).

Using this fact and the results of [17], we can recover the below proposition, which
is a restatement of Theorem 3.8.

(A1)

Proposition A.1. R(z) is the unique formal series in 1+ 2~ Yy (g)®?[2 7] satis-
fying the intertwiner equation

7. @10 A(z)=R(2) T.®10A(z) - R(2)™' Va e Yug)
in Yi(g)®2[2; 27 Y], in addition to the cabling identities
A ®1(R(z)) = Ri3(2)Ras(2)
1® A(R(2)) = Rus(2)R12(2)
in Yn(g)®3[27Y]. Moreover, R(z) satisfies the properties (1)—(3) of Theorem 3.8.

Proof. That R(z) satisfies the properties (1)—(3) of Theorem 3.8 follows from (A.1)
and the corresponding properties of R(z) established in (3)—(5) of [17, Thm. 7.4].
Similarly, that R(z) satisfies the cabling identities in Y}, (g)®3[2~!] follows from the
equality @?(R(2)) = R(z/h) and Theorem 7.4 (2) of [17], which asserts that R(z)
satisfies the cabling identities in Y (g)®3[27!]. As for the intertwiner equation,
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upon applying the isomorphism (p§2 we deduce that it will hold provided R(z)
satisfies

TP®1lo (’{}(g)(a:) =R(z/h) - 7% @ 1o Ay(g () ‘R(z/h)™' VzeRy(Y(g))

in Rp(Y(9))®2[2; 271 C (Y (9)®?)[A][2; 27 1], where 7% = @j 07, 0 @} . Since 72
is determined by

P (xf (u/h) = 2F ((u = 2)/h), 78 (hi(u/h)) = hi((u—2)/h) Vi€l
the above equality will hold provided that, for each = € Y'(g), and ¢ € C*, one has
(A2) Fopc @ 1o AP () () = R(2/() - Foyc @ Lo Ay(g)(2) - R(2/¢) 7,

where 7, : Y(g) — Y(g)[2] is obtained by specializing the algebra homomorphism
T, defined in (3.8). This equality is immediate from Part (1) of [17, Thm. 7.4].

As for the uniqueness assertion; the argument given in Appendix B of [17] trans-
lates naturally to the formal setting. Alternatively, one can see this as conse-
quence of the uniqueness of R(z) itself, as proven therein. Indeed, if R(z) €
1+ 27 Y5(g)®2[27!] is another solution of the intertwiner equation satisfying
the cabling identities, then to see that R(z) = R(z), it suffices to show that
X(2)|r=¢ = R(z/() for each ¢ € C*, where

X(2) = 95 *(%(2)) € Y (g)[n][=""].

This follows from the fact that X(2)|s=¢ and R(z/{) both satisfy the cabling iden-
tities in Y (g)®3[27!] and the intertwiner equation (A.2), and so coincide by the
uniqueness of R(z), as established in Appendix B of [17]. O
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