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ABSTRACT. It is a classical result in representation theory that the braid group
Ry of a simple Lie algebra g acts on any integrable representation of g via
triple products of exponentials in its Chevalley generators. In this article,
we show that a modification of this construction induces an action of By on
the commutative subalgebra Y,g(g) C Y, (g) of the Yangian by Hopf algebra
automorphisms, which gives rise to a representation of the Hecke algebra of
type g on a flat deformation of the Cartan subalgebra h[t] C g[t]. By dualizing,
we recover a representation of By constructed in the works of Y. Tan and
V. Chari, which was used to obtain sufficient conditions for the cyclicity of any
tensor product of irreducible representations of Y} (g) and the quantum loop
algebra U, (Lg). We apply this dual action to prove that the cyclicity conditions
from the work of Tan are identical to those obtained in the recent work of the
third author and S. Gautam. Finally, we study the U, (Lg)-counterpart of the
braid group action on Y}.? (g), which arises from Lusztig’s braid group operators
and recovers the aforementioned %Bg-action defined by Chari.
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1. INTRODUCTION

1.1. Background. Every simple Lie algebra g over C has an associated braid group
Ry, which in the case of g = sl,, recovers Artin’s braid group B,, on n strands. The
group Ry surjects onto the Weyl group W, and both groups play leading roles
throughout representation theory and related fields. As an elementary but impor-
tant example, it is well-known that %, acts on any integrable representation (V, ¢)
of g, with the generators {T;}ic1 of B4 acting via triple products of exponentials:

(1.1) T; > exp(¢(e;)) exp(o(—fi)) exp(o(e;)) € Aut(V).
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Here e;, f; are Chevalley generators for g, and ¢ € I runs over the nodes of its
Dynkin diagram. Omne standard application of this %Bg-action is to provide iso-
morphisms of weight spaces V), = V,,(,) for elements w € W of the Weyl group.
Many other important applications of 9By occur in the theory of quantum groups.
For example, Lusztig [Lusl0] constructed an action of %4 on the Drinfeld-Jimbo
quantum group U, (g) and its representations, with these actions being essential in
many constructions, such as PBW bases. We refer the reader to the many excellent
standard references on quantum groups, such as [Jan96, §8] or [CP94, §8.1], for
further details.

In the present paper, we study certain actions of %4 on affine quantum groups
and their subalgebras. More precisely, we focus on two cases: the Yangian Y} (g)
and the quantum loop algebra Uq(Lg), which are deformations of the enveloping
algebras of the current algebra g[t] (resp. the loop algebra g[s*!]). The algebras
Y,(g) and U,(Lg) are both important quantum groups originally arising in the
theory of integrable systems, in particular through the groundbreaking work of
Drinfeld [Dri85, Dri88]. These algebras have subsequently been studied by many
others, both for their interesting representation theory and their ties to geometry
and mathematical physics.

As in the main body of this paper, to describe our results in detail we first turn
our attention to Y},(g), and defer the corresponding discussion for U, (Lg) to Section
1.4 at the end of this introduction. As a first inkling of the appearance of % in
the context of the Yangian, we note that there is a natural inclusion U(g) C Y},(g),
and the induced (adjoint) action of g on Y, (g) is integrable. Thus we may define
an action of B, on Y}, (g) via the operators T; from (1.1). This action has appeared
in a number of contexts [GNW18,Kod19, Weel6], and is a primary building block
for this paper; our main results relate to a certain modification of this braid group
action.

1.2. The modified braid group action. The Yangian Y} (g) admits a large com-
mutative subalgebra Y;?(g) which deforms the enveloping algebra of the current
algebra h[t]. It is generated by the coefficients of a family of series {&;(u)}ier C
YP(g)[u"'], and admits a unique Hopf algebra structure for which each &;(u) is
grouplike. By virtue of the triangular decomposition for Y;(g) (see Sections 2.2
and 3.2), there is a natural linear projection

IT: Yy, (g) — Yy (a)

and we may thus introduce {T;};c1 C End(Y?(g)) by setting
T, :=Ilom, (Y2 (g) = Y (g).
Y9 (a) n (9) n(9)
These endomorphisms, which we call the modified braid group operators on Yr?(g),

are the main focus of this article. The following theorem summarizes some of their
key properties, which collectively provide our first main result.

Theorem I. The modified braid group operators T; have the following properties:

(1) They are Hopf algebra automorphisms of Y,'(g) satisfying the defining re-
lations of Bg.
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(2) They are uniquely determined by the following formulas, for each j € I:
laij|—1

, (-1t
TG =60 IT &(u-"Flogl-20) .
k=0

where (aij)icr and (d;)ie1 are the Cartan matriz and symmetrizing integers
of g, respectively.

(3) They restrict to automorphisms of the subspace V spanned by all coefficients
of the series log&;(u), for j € I, which satisfy the defining relations of the
Hecke algebra of type g.

(4) The diagonal factor R°(z) of the universal R-matriz of Y;(g) is a Bgy-
invariant element of Y0 (g)®?[271]:

(T; @ T)(RY(2)) = RY(2).

5) By dualizing the action from (1), one obtains an action of By on the group
9
(C(w=1)*)! by automorphisms. Moreover, this restricts to an action on
(C(u)*)! introduced by Tan in [Tanlb, Prop. 3.1].

The first four parts of this theorem are established in Section 3, in chronolog-
ical order. Part (1) is precisely the statement of Theorem 3.4 — this is the first
crucial property of the operators T; proven after their introduction in Section 3.2.
The formulas for T;(£;(u)) stated in Part (2) are then derived in Section 3.3; see
Corollary 3.9. That the modified braid group operators T; give rise to an action
of the Hecke algebra of type g (see Definition 3.10) on V is proven in Proposition
3.11. Finally, the invariance of R%(z) stated in Part (5) is established in the last
subsection of Section 3 (Section 3.5); see Proposition 3.12.

The final assertion of Theorem I is deduced in Section 4. In more detail, we
first explain in Section 4.1 how to dualize the representation of B4 from Part (1)
of Theorem I to obtain an action of %4 on the group of algebra homomorphisms

Homar, (Y (a),€) 2 (1 + u™'Clu™"])"

Afterwards, we use the elementary theory of formal, additive difference equations to
extend the representation space from (1+u~*C[u=1])! to 4!, where [ is the group
of monic Laurent series in u™!; see Proposition 4.4. The %B4-action on (C((u~1))*)!
referred to in the statement of (5) is then recovered as the product of T and the
torus (C*)!, which admits a natural action of Wy; see Remark 4.5.

Let us now explain the connection between this representation and that con-
structed by Tan in Proposition 3.1 of [Tanl5]. Therein, an action of %y on the
group (C(u)*)! was defined directly, drawing inspiration from the results of Chari
[Cha02] for quantum loop algebras. That this is a subrepresentation of (C((u~1))*)!
with action as described above is an immediate consequence of Part (2) of Theorem
I; see Remarks 4.2 and 4.5. In fact, obtaining this interpretation of Tan’s action
is one of the original inspirations behind this article — we believe that the theory
developed in Sections 3 and 4 provides a natural theoretical framework for under-
standing it. In Section 4.3, we use this theory to provide a simple proof that Tan’s
action computes the eigenvalues of the series {&;(u)};c1 on any extremal weight vec-
tor in a finite-dimensional highest weight module of Y}, (g); see Proposition 4.7. As
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will be explained in Remark 4.9, this provides a different proof, and generalization,
of [Tanl5, Prop. 4.5].

We now give a few auxiliary remarks to complete our discussion of Theorem I and
the results of Sections 3 and 4. We first note that the generating series (A4;(u));er
for Y?(g) introduced by Gerasimov et al. in [GKLOO05] (see Section 2.3) play a
crucial role in our results. For instance, the formulas for T;({;(u)) given in Part (2)
are obtained by first computing the images of each A;(u) under the standard braid
group operators T; on Y, (g), and then using the relation between the series A;(u)
and &k (u); see (2.2). It is worth pointing out that, when g is simply laced, these
formulas agree with those from [DKO00, §8]. This suggests that there is an action of
By on a completion of the Yangian double DY}, (g) which agrees with that defined
by (1) on the subalgebra Y}?(g) C DY, (g).

Next, we note that Section 3.5 also contains an analysis of how the operators T;
and T; interact with the coefficients of the generating matrices Iy (u) arising in the
R-matrix presentation of the Yangian [Dri85, Wen18], and their Y,?(g)-counterparts.
Following [KTW'19] and [Weel6], we call these coefficients lifted minors. In Corol-
lary 3.14 we prove that B4 operates on any lifted minor by permuting its indices. We
then use this result to characterize each of the generating series A;(u), Bj(u), Cj(u)
and D;(u) introduced in [GKLOO5] as lifted minors; see Proposition 3.16. In par-
ticular, this yields a fairly elementary proof of a result from [IR19]; see Remark
3.17.

1.3. Cyeclicity criteria and Baxter polynomials. One of our main motivations
for studying the action of the braid group at the heart of Theorem I stems from a re-
markable phenomenon arising from the finite-dimensional representation theory of
the Yangian Y}, (g): the tensor product V ® W of two finite-dimensional irreducible
representations will almost always be a cyclic module (i.e., a highest weight mod-
ule), and even an irreducible representation of Y;(g). This phenomenon is closely
related to a number of interesting applications of Yangians and quantum loop al-
gebras, and has been studied extensively; see [CP96a, CP96b, GT15, Mol07, NT98,
NTO02, Tan15] and [AK97, Cha02, CP91b, FM01,FR99, Her10, Her19, Kas02, VV02],
for instance.

A connection between this cyclicity property and the %Bg-action from (5) of
Theorem I was established in [Tanl5], using a construction for the quantum loop
algebra U,(Lg) which appeared earlier in [Cha02]. To state this precisely, recall
that the finite-dimensional irreducible representations of Y, (g) are parametrized by
I-tuples P = (P;(u));e1 of monic polynomials — called Drinfeld polynomials. We
will write L(P) for the representation associated to the tuple P. Next, let

Wo = 84,85, 84, € Wy
be a reduced expression for the longest element in the Weyl group ¥, and set

Tw, = Tj4, - - Tj, € By for each 0 < r < p. Then, by Theorem 4.8 of [Tanl15], the
tensor product L(P) ® L(Q) will be cyclic provided one has

2(Qj,(u+hdj,)) € C\ Z(ty, (R);,) V 0<r<p,

where Z(P(u)) is the set of zeroes of P(u), Ty, € By acts on P via (5) of Theorem
I, and Ty, (P);, is the j,-th component of T, (P), which is necessarily a polynomial

(see Corollary 4.8 or Lemma 4.3 and Proposition 4.5 of [Tan15]).
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Another concrete sufficient condition for the cyclicity of L(P) ® L(Q) was ob-
tained in the third author’s recent work [GW20] with S. Gautam, which studied the
sets of poles {0;(L(P))}ier of the generating series of Y}, (g), viewed as End(L(P))-
valued rational functions of u; see (2.10). In Theorem 7.2 of [GW20], it was shown
that the module L(P) ® L(Q) is cyclic provided one has

Z(Qi(u+ hd;))  C\oi(L(R)) ¥V i€l
and, by [GW20, Cor. 7.3], it is irreducible if this condition also holds with the roles
of P and Q interchanged. Moreover, it was proven in Theorem 4.4 of [GW20] that
0;(L(P)) is exactly the set of roots of a distinguished polynomial Qf’ L(P) (u) called
a specialized Baxter polynomial [FH15], which can be understood heuristically as
arising as the eigenvalue of a certain abelian transfer operator on the lowest weight
vector of L(P). The polynomials Q7 , )( u) were then computed in Theorem 5.2
of [GW20] in terms of the Drinfeld polynomlals Pj(u) and the Cartan data of g;

we refer the reader to Sections 5.1 and 5.2 for a more detailed summary of these
results.

In Section 7.4 of [GW20] it was conjectured that the two cyclicity conditions for
L(P) ® L(Q) obtained in [Tan15] and [GW20] are always identical. The following
theorem, which is the second main result of our article, proves this conjecture.

Theorem II. Let P = (P;(u));e1 be any I-tuple of monic polynomials. Then, for
each © € I, the specialized Baxter polynomial Q L ( ) admits the factorization

Q; L(P) H Tw, (

T ]y-—l

Consequently, the sufficient conditions for the cyclicity of any tensor product L(P)®
L(Q) obtained in [Tanl5] and [GW20] are identical.

This theorem is a combination of Theorem 5.2, which establishes the stated for-
mula Qi L(P)(u), and Corollary 5.4, which spells out explicitly the second assertion
of the above theorem. In fact, Theorem 5.2 provides a more general formula which
factorizes the specialized Baxter polynomial associated to any extremal weight
space of L(P) as a product of polynomials arising from the %g4-orbit of P.

1.4. The quantum loop algebra U, (Lg). We now turn to the parallel situation
of the quantum loop algebra U,(Lg), which is the topic of Section 6. In this
setting there is an action of the braid group %4 on Uq(Lg) via Lusztig’s operators
[Lus10]. In fact, the algebra U, (Lg) arises as a subquotient of the quantum affine
algebra U, (g). This larger algebra U, (g) carries an action of the affine braid group
By, which was utilized heavily by Beck [Bec94a,Bec94b] in his works on alternate
presentations of U,(g) and on its Poincaré-Birkhoff-Witt theorem. It is not hard
to see that the action of the subgroup %, C %5 passes to the subquotient Uq(Lg)
(see Remark 6.2 for more details), and this action of %, is our starting point.

Similarly to the case of the Yangian, we use the action of %, to define modified
braid group operators T; on the commutative subalgebra UJ(Lg) C U,(Lg), see
Definition 6.4. We prove many analogous properties to those stated for the Yangian
in Theorem I above, which are summarized in Theorem 6.5 below. In particular,
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we show that these operators {T;}icx define an action of %4 on UY(Lg) over C(q),
and that after dualizing to an action on

HOmAlg(U(?(Lg)’ C(Q))

we recover a braid group action studied by Chari [Cha02]. We also obtain actions
of the Hecke algebra of type g on certain subspaces of U(‘IJ (Lg); see Remark 6.10.

In addition, we show that our modified braid group action on Ug(Lg) is compat-
ible with the restriction ® of the Gautam-Toledano Laredo homomorphism from
[GTL13, Thm. 1.4] to a certain C[g, ¢~ !]-form %S(Lg) of Ug(Lg). More precisely,
® may be viewed as an embedding

©:Ug(Lg) = Yy (9)[v]

and the compatibility asserts that it intertwines our modified braid group actions
on both sides; we refer the reader to Proposition 6.7 for the precise statement. In
fact, our proof proceeds the other way around: we first show by direct calculation
(Proposition 6.7 and Corollary 6.8) that the modified braid group action on Y;?(g)
induces a braid group action on U, g (Lg) by operators T¥. We then use an argument
exploiting Drinfeld polynomials (Lemma 6.14) to show that T; = T. This proves
that the operators T; (defined by modifying Lusztig’s braid group action) actually
define an action of %4 on U (Lg).

Finally, we note that Frenkel and Hernandez [FH23] recently defined an action of
the Weyl group W, on a completion of the space of g-characters for U, (Lg). They
show that their action, after an appropriate truncation, recovers Chari’s [Cha02]
braid group action mentioned above. It would be interesting to understand if there
is a direct link between their Weyl group action and the present paper.

1.5. Acknowledgments. The authors gratefully acknowledge the support of the
Natural Sciences and Engineering Research Council Canada, provided via the CGS
M program (N.F.) and the Discovery Grants program (A.W.: Grant RGPIN-2022-
03135 and DGECR-2022-00437, C.W: Grant RGPIN-2022-03298 and DGECR-
2022-00440).

2. YANGIANS

2.1. The Lie algebra g. Let g be a simple Lie algebra over C, with Cartan matrix
(@ij)ijer. Fix minimal symmetrizing integers d; € {1,2,3} so that d;a;; = d;a;;.
Fix Chevalley generators {e;, h;, f; }ie1 for g, with corresponding triangular decom-
position g=n" @ hdnt.

Let {;}ier be the simple roots for g, and let (-,-) be the non-degenerate sym-
metric bilinear form on h* defined by (ay, ;) = d;as;. Let Q = @,y Za; denote
the root lattice of g and QT = @, Z>o; the positive cone in Q. Define the
fundamental weights w; € b* by w;(h;) = d;; for 4,5 € I, and let A = @), Zw;
denote the weight lattice of g. Let A C @ denote the set of roots of g with pos-
itive/negative roots A*. We denote the root space corresponding to a@ € A by
go C g and, similarly, we write U(g)s C U(g) for the homogeneous component of
U(g) associated to any 8 € @ with respect to the root grading.
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2.2. The Yangian Y, (g). We now turn to recalling the definition of the Yangian
of g, together with some of its basic properties.

Definition 2.1. Let 7 € C* be fixed. The Yangian Y, (g) is the unital associative
algebra over C generated by elements {&; ,, ﬂfﬁ}ielmezzo, subject to the following
relations:

[517“75]3]: 3
[6107 ]9] +d; iQij L j‘?’

d;a;
[5i,r+1, xfg] - [gi’h ‘T;‘fs-&-l} +h Zj (fimx;‘fs + irfsgi,’r‘)v
d a;

i 3 £ ot + .+ +  +
[xi,r-l-lv xj’S] a [:Eiﬂ" xj7s+1} +h lj ( irLjs + Tj 53, T)
[IEZ_T’ Ij_,s] = ijgi,f’+57

y y + + e
Z [$i7rw(1)7 [‘Ti’rw(m’ [ . [xiv“r(m) , xj,s] L. H] —0 ifi 7& j,
TESm

where in the final relation m = 1 — a;; and S,,, denotes the symmetric group of
degree m.

The Yangian admits the structure of a ﬁltered algebra with filtration F,Y}(g)
defined by assigning degree r to &;, and x . for each i € T and r € Z>g. The
Poincaré-Birkhoff-Witt Theorem for Y, (g) asserts that the assignment

r 1/2 5 r /2= r 1
eit” s d; et it e d P, ht” e d7YE,
extends uniquely to an 1somorphlsm of graded algebras
(2.1) U(g[t]) = gr(Yi(g @]’- Yy(9)/Frn-1Y5(9),
n>0

where, for each y € {&,zf}, 7, is the image of y, in F,Y,(g)/Fr_1Y;(g). A
particular consequence of this theorem is that there is an injective homomorphism
of algebras U(g) — Y},(g) defined on Chevalley generators by

1/2 -1 1/2
ez'_>d / j_(]y hi’_>di fi,Oa fz’_>d / L o-

We will henceforth view U(g) C Y;(g), with the above identification understood.
Note that the adjoint action of h on Y}, (g) gives rise to a weight space decomposition

Y;,(9) = Dpeq Yn(9)s, where
Vi(g)s ={y € Yp(g): [yl =B(h)y Vheh} V BeQ.
This decomposition equips Y} (g) with the structure of a Q-graded algebra.
Consider now the subalgebras Y?(g) and Yhi(g) generated by the elements
{&irtictrezs, and {iﬁii,r}iel,rezzm respectively. Note that these are filtered, Q-

graded subalgebras of Y},(g). Moreover, the product on Y, (g) induces an isomor-
phism of vector spaces

Y, () @Yy (9) @ Y, (9) = Yy (a),
while the graded algebra isomorphism (2.1) restricts to yield isomorphisms
U(b[t]) = gr(Yy(g)) and  U(m*[t]) = gr(Y," (9))-
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2.3. Alternate generators. Another important set of generators for Y (g) was
introduced in the work [GKLOO5] of Gerasimov et al. To recall these, let us first
introduce & (u) € Y,2(g)[u'] and 23 (u) € Y;(g)[u~"], for each i € I, by setting
&(u):=1+ hmeu_T_l and  z(u) = thii,ru_r_l.
r>0 r>0

Then, by Lemma 2.1 of [GKLOO05], there is a unique tuple of formal series (A;(u)) c1 €
(1+u1Y2(g)[u])! satisfying

LT Ay — 2 (20 — ay;
(2.2) é_l(u) _ H];&z Hr-l j( 2 ( ]Z))
The coefficients A;(u) = 1+h}, o Aiu~""" of these series generate the subalge-
bra Y;(g) C ¥,(g).

Remark 2.2. For each i € I, let ti(u) = h), 5, tiu""! be the formal series
logarithm of &;(u):

1€l

(~1)"

ti(u) :=log &i(u) = — (&(w) - 1"

n>0
Similarly, set a;(u) := log A;(u) for each ¢ € I. Let q be the shift operator on
Y2 (g)[u™'] defined by q(f(u)) = f(u + h/2). Equivalently, one has q = ez,
Then the defining relation (2.2) for the tuple (A;(u));er is equivalent to
(2.3) ti(u) = =Y _a Yaglee (a;(w) V i€l
j€el
where we follow the standard notation for z-numbers: if m € Z, then

2 — T

(2.4) [m], = — 1 € Z[z,271 C Q(2).

Now let us introduce series B;(u), C;(u) and D;(u), for each ¢ € I, by setting
Bi(w) = d;* Ai(w)af (w),  Ci(u) = d;"%x; (u)Ai(w),

?

Di(u) = Ay(u)&i(u) + Ci(u) Ai(u) ™" Bi(u).

Then the coefficients of A4;(u), B;(u) and C;(u) generate Y} (g) as an algebra. Some
of the commutation relations satisfied by these series are spelled out in the following
proposition, which is a restatement of [GKLOO05, Prop. 2.1].

Proposition 2.3. The series A;(u), B;i(u), Ci(u) and D;(u) satisfy the following
commutation relations:
(1) For each i,j € I, we have
[Ai(u), Aj(v)] =0,
[Bi(u), Bi(v)] = [Ci(u), Ci(v)] =0,
(2) For each i,j € I with i # j, we have
[Ai(w), Bj(v)] = [Ai(u), Cj(v)] = [Bi(u), C;(v)] = 0.
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(3) For each i € I, we have

(u —v)[Ai(u), Bi(v)] = dil (Bi(u)Ai(v) — Bi(v)Ai(u)),
(u—v)[Ai(u), C;(v)] = dih (A;(u)Ci(v) — Ai(v)Ci(u)),
(u—)[Bi(u), C;(v)] = dih (A;(u) D;i(v) — Ai(v)Di(u)) ,
(u—0)[Ci(u), Di(v)] = dih (Di(u)Ci(v) — Di(v)Ci(u))
(u —v)[Ai(u), Di(v)] = dih (B;(u)Ci(v) — Bi(v)Ci(u))

We note that this proposition does not give a presentation of Y} (g), i.e. these
are not a complete set of relations. However, in the parallel quantum loop algebra
setting a complete set of relations is given in [FT19, Thm. 6.6]. We will not need
this presentation for our purposes. Indeed, we shall be primarily interested in the
following weaker set of relations, which follow readily from the above proposition
and encode information about the adjoint action of g on Y;(g).

Corollary 2.4. The series A;(u), Bi(u), C;(u) and D;(u) satisfy the following com-
mutation relations:

(1) For each i,j € T with i # j, we have
lei, Aj(w)] = [fi, Aj(w)] = 0
(2) For each i € I, one has
lei, Ai(uw)] = Bi(u), [ei, Bi(u)] =0,
[es, Ci(u)] = Di(u) — Ai(u),  lei, Di(u)] = —Bi(v).
(3) For each i €1, one has
[fi, Ai(w)] = =Ci(u),  [fi, Bi(u)] = Ai(u) — Di(u),
[fi: Ci(w)] =0, [fi, Di(u)] = Ci(u).

2.4. Hopf structure and universal R-matrix. The Yangian admits a filtered
Hopf algebra structure which deforms the standard graded Hopf algebra structure
on the enveloping algebra U(g[t]) (that is, (2.1) becomes an isomorphism of graded
Hopf algebras). The counit €, coproduct A and antipode S on Y} (g) are uniquely
determined by the requirement that the embedding U(g) C Y (g) from Section 2.2
is a homomorphism of Hopf algebras and that, for each ¢ € I, one has

etin) =0, Alti1)=t101+10¢t1—h Z (as, a)z, @},
acAt
S(tin) = —ti1—h Z (aiya)zg oy,
acAt

where 2 € g1, C Y, (g) are any root vectors satisfying (z},z;) = 1 for all

a € AT and {t;1}ie1 C Y (g) are as in Remark 2.2. Explicitly, one has
h
ti1=6&1— 5520 vV iel

For each a € C, there is a Hopf algebra automorphism 7, of Y (g), called a shift
automorphism, uniquely determined by the formulas

To(éi(u) = &(u—a) and  Tu(zF(u)) =2f(u—a) Viel
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Replacing a by a formal variable z yields instead an algebra embedding

721 Yy (a) = Yi(9)[2].
This homomorphism plays a crucial role in defining the universal R-matrix of the
Yangian, which was first constructed by Drinfeld in [Dri85, Thm. 3]. The following
theorem is a restatement of Drinfeld’s result.

Theorem 2.5. There is a unique element R(z) € 1+ 271V, (g)®%[271], called the
universal R-matriz of Y, (g), satisfying
(2.5) (1. @ IA)AP(z) = R(2) - (1. @ [A)(A(x)) - R(2)™* Va2 € Yy(g)
in Y, (9)%?(271)), in addition to the following identities in Y, (g)®[27']:
(ARId)(R(2)) = Ris(2)Ras(2),
(Id ® A)(R(2)) = Riz(2)R12(2).
Moreover, R(z) satisfies R(2)~! = Ra1(—2) in addition to
(Ta @T)R(2) =R(z+a—-0b) ¥V a,beC.
Remark 2.6. Here we have followed the notation and conventions from [GTLW?21,

Thm. 7.4], where a proof of Drinfeld’s theorem was recently given. The element
R (z) from [Dri85, Thm. 3] is related to R(z) by

(2.6) R(2) = R(—2)"" = Rou(2).

The proof of the above theorem given in [GTLW21] reconstructed the universal
R-matrix R(z) from the components in its Gauss decomposition
(2.7) R(z) = R ()RO(2)R"(2),
where R°(2) € 14+u~ 'Y (g)®?[u~'], RT(2) = R5;(—2) ! and R~ (2) is an element
of (Y, (9) ® Y, (9))[z~] of the form

R(z)= ) Rj(z) with R5(2)€ (Y, (8)-p Y, (0)s)[=7]
BEQT

and Ry (z) = 1. The components R (z) for 8 # 0 were constructed recursively in

the height of 8 in the proof of Theorem 4.1 in [GTLW21]; see Section 4.2 and (4.5)
therein.

The diagonal factor R°(z) was defined in Section 6 of [GTLW21] using the results
of [GTL17]. By definition, it is the unique series in 1+ 2z71Y2(g)®?[2~!] satisfying
the formal difference equation
(2.8) (g™ = 1) log(R(2)) = L(2),

where q is the shift operator e%%: on YP(g)®?[271] (see Remark 2.2) and L(z) €
272Y0(g)®?[271] is the element
L£(z) =0 Y cij(@)Bi(0:) © Bj(=02) - (—27%).
ijel
Here k € 17, ¢;5(2) € Z[z,27"] and B;(u) € Y,2(g)[u] are defined as follows:

1) k = (1/4)c4, where ¢4 is the eigenvalue of the quadratic Casimir element
g g g
C € S%(g) C U(g) on the adjoint representation of g.
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(2) For each i,j € I, cij(2) = [2k/d;] a; vij(2), where v;;(2) is the (i, j)-th
entry of the matrix
E(z) = ([aij).0); )1
It is known that ¢;;(2) is an element of Z[z, 2] satisfying ¢;; (2 7') = ¢;;(2);
see (5.1) and Appendix A of [GTL17], for instance.
(3) For each i € I, B;(u) is the formal Borel transform of ¢;(u). That is,

Bl(u) = B(tl(u)) = hzti,r%.

r>0

To conclude this subsection, we recall that the deformed Drinfeld coproduct AP
on the Yangian Y} (g) (see [GTLW21, §3.3-3.4]) can be recovered as the composite

A? = Ad(R™(2)) o (1. ®1d) 0 A : Yy, (8) = Y(0)** (=)
Its restriction to Y,2(g) has image in Y,2(g)®?[2], and is given explicitly by
AP (G(w) =&(u—2)@ &) ¥V iel
We shall let A? denote the evaluation of this homomorphism at z = 0:
(2.9) A% = evimg 0 AT |vo(g) : Yy (9) = Yy (8) ® Yy (0),

where ev,—q : Y,(g)®?[2] — Y?(g)®? is given by z — 0. This defines a Hopf algebra
structure on Y (g), provided it is equipped with counit e and antipode S° uniquely
determined by

&) =1 and S%&u)=&w)™" V icl
We shall call this the Drinfeld Hopf algebra structure on Y,:?(g).

2.5. Representation theory. We now turn to recalling some basic facts about
finite-dimensional representations of Y}, (g).

A Y, (g)-module V is called a highest weight module of highest weight A =
(Ai(u))ier € (1 +u"tCu~1])! if it is generated by a nonzero vector v € V sat-
isfying

zf(wpp=0 and &uo=X(up V iel
The vector v is then unique up to scalar multiplication and called the highest
weight vector of V. There is a unique, up to isomorphism, highest weight module
associated to any element A € (1 + u~'CJu~1])L.

In [Dri88], Drinfeld used the language of highest weight modules to classify the
finite-dimensional irreducible representations of Y} (g):

Theorem 2.7 ([Dri88]). Let V be a finite-dimensional irreducible representation
of Y, (g). ThenV is a highest weight module, and there is a unique I-tuple of monic
polynomials P = (Pi(u))ic1 € Clu]! satisfying
51 (U)U = W'D
where v € V' is any highest weight vector. Moreover, every I-tuple of monic polyno-

mials P arises in this way, and uniquely determines the underlying representation
up to isomorphism.

vV oiel,
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The monic polynomials P;(u) appearing in the above theorem are referred to as
the Drinfeld polynomials associated to V. Henceforth, we will write L(P) for the
unique, up to isomorphism, finite-dimensional irreducible representation of Y} (g)
with tuple of Drinfeld polynomials P = (P;(u));e1. Given j € I and a € C, the j-th
fundamental representation Lo, (a) of Y, (g) is the module L(P) where

Pi(u)=(u—a)’ V i€l

In the special case where a = 0, we simply write Ly, for L, (0).

Since U(g) C Y;(g), any finite-dimensional Y} (g)-module V' admits a g-weight
space decomposition

V=@V, where V,={veV:hv=p(h)v Vheb}
HEA
If V is a highest weight module with the highest weight A = (\;(w));er, then
the g-weight A € A of any highest weight vector is given by the formula A =
Y et di_l)\i70wi, where \;(u) = 1+h>, oo Aiu~""! for each i € I, and the weight
space V) is one-dimensional. In particular, if V' = L(P), then

A= deg(Pi(u))w; € A.
i€l
Observe that this implies that the g-weight of any highest weight vector in L, (a)
is indeed equal to the j-th fundamental weight A = w; of g.

The generating series & (u) and z7 (u) introduced in Section 2.3 operate on any
finite-dimensional representation V' of Y} (g) as the expansions at infinity of End(V)-
valued rational functions of u; see [GTL16, Prop. 3.6]. For a fixed ¢ € I, the joint
set of poles of these operators will be denoted o;(V):

(2.10) 0;(V) := {Poles of & (u)|v, 2z (u)|v € End(V)(u)} C C.

These sets were the main object of study in [GW20]. They are determined by
their values on the composition factors of V', and the sets o;(L(P)) were computed
explicitly in terms of the the roots of the Drinfeld polynomials P;(u) and the inverse,
normalized ¢-Cartan matrix E(z) of g in Theorem 5.2 of [GW20]. These results,
and their connection with the so-called Baxter polynomials of L(P), will be recalled
in more detail in Section 5.2.

3. BRAID GROUP ACTIONS

In this section we will define an action of the braid group %, corresponding
to g on the algebra Y;?(g) by Hopf algebra automorphisms; see Sections 3.1 and
3.2. We will then establish various basic properties of this action, including explicit
formulas for the action on generators (Section 3.3), a relation to Hecke algebras
(Section 3.4), and finally its interactions with the universal R-matrix (Section 3.5).

3.1. The braid group. Denote the Weyl group of g by W,, generated by the
simple reflections s; for ¢ € I. Recall that the braid group %, associated to g is
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the group with generators T; for ¢ € I, and the following defining relations: for all
i,j € I with i # j,

(31) TiTjT’i ce e — TjT’iTj o
—_—— ———
m; factors m;; factors

Here m;; = my; is defined according to

aijaji\O 1 2 3

There is a surjective map %y — W, onto the Weyl group defined by T; — s;,
whose kernel is generated by the elements t2. There is also a section w — T, of

this surjection, defined by taking any reduced expression w = s;, - - - 5;, and setting

Tw = Tiy = Ty
This is independent of the choice of reduced expression, and these elements satisfy
Tyw = TyTyw Whenever the lengths ¢(vw) = €(v) + £(w) add; see [Lusl0, §2.1.2], for
instance.

Let (V,¢) be an integrable representation of g. Recall that this means that
V = EBue A V. breaks into weight spaces labelled by integral weights, and that

e, fi act locally nilpotently on V. Define operators T} on V by:
vV = exp (gzﬁ(ei)) exp (gb(—fl)) exp (q&(ei)).

These operators are functorial in V', in the natural sense. Note that since ¢(e;) and

@(—fi) are locally nilpotent endomorphisms of V', each 1) is an automorphism of
V.

The following proposition summarizes several well-known, notable properties of
the operators T} . We refer the reader to [Kum02, §1.3] or [Kac90, §3], for example,
for further details.

Proposition 3.1.

(a) The map t; — T/ defines an action of RBg on V. In other words, the
operators T} satisfy the braid relations (3.1).

(b) For any weight i € A, tY intertwines the u and s;(u) weight spaces of V :
TV(VM) = ‘/Sz(lt)

K3

Moreover, for any v € V,, we have (1} )?(v) = (=1)(mei)y,

(c) If V,W are both integrable representations of g, then

/W =1V o1V,

(d) If there is an algebra map U(g) — A, and the corresponding adjoint action
of g on A is integrable, then the maps Tf‘ are algebra automorphisms.

(e) Let A be as in part (d) above, and V' a module for A. If the g actions on
A and V' are both integrable, then

T (a-v) =7/ (a) -1} (v)

foranya € A andv e V.
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3.2. Modified braid group operators. Recall from Section 2.2 that there is an
embedding U(g) — Y} (g), and in particular an adjoint action of g on Y} (g). It is
well-known that this action defines an integrable representation of g:

Lemma 3.2. The action of g on Y;(g) is integrable.

Consequently, we can consider the algebra automorphisms T}»/"(g ) as in the previ-
ous section for ¢ € I. For simplicity, we denote these elements by T;. By Proposition
3.1, they define an action of the braid group %4 on Y} (g).

Consider the subsets N* = {xlir 24 € Lr € Z>o}, and the corresponding left
ideals Y}, (g)N* and right ideals N*Y} (g). The PBW Theorem implies that
Yi(a) = Y3(a) ® (N7 Y5(g) + Ya(g)NT).
Consider the corresponding projection II onto the direct summand Y2 (g):
(3.2) II: Y, (g) — Y;(g).

If 8 € @ is any non-zero weight, then the corresponding weight space Y;(g)s is in
the kernel of II. Meanwhile, the restriction of II to the zero weight space Y} (g)o
coincides with the projection along the direct sum

Yi(g)o = Y3(9) ® (Ya(g)o N N ™Y, (g) N Y, (0) V7).
This restriction is an algebra homomorphism, since Y} (g)o "1 N~Y,(g) N Y, (g)N T
is an ideal in the ring Y} (g)o-

Definition 3.3. The modified braid group operators are the maps
T, :Y(g) — Y2(g) foriel

defined by the composition T; =1l o T; .
Yr?(g)

Our goal in the rest of this section will be to prove the following theorem:

Theorem 3.4. The operators T; define an action of the braid group B4 on Y,(g)
by Hopf algebra automorphisms.

Here it is understood that Y;?(g) is equipped with its Drinfeld Hopf algebra
structure, as defined in Section 2.4 just below equation (2.9). We will prove this
theorem in a sequence of results. In Lemma 3.5, we will show that each T; is
a Hopf algebra automorphism of Y?(g). Afterwards we will prove in Lemma 3.6
that, for each w € W, the modified analogue T,, of the operator T, (see (3.3))
is independent of the choice of reduced expression for w. This will allow us to
conclude in Corollary 3.9 that the operators T; indeed satisfy the defining braid
relations of %R, thus completing the proof of the theorem.

Lemma 3.5. Each T; is a Hopf algebra automorphism of Y (g).
Proof. Since Yy (g)o is preserved by T;, Yy (g) is a subset of Y, (g)o, and |y, (g), is
an algebra homomorphism, we see that T; is an algebra homomorphism.

To see that it is an automorphism, note that t; and II are both filtered maps of
degree zero; that is, they preserve the subspace F,,Y;(g), for each n > 0. Therefore,
T, =1o T,;|Yg(g) is as well, and will thus be invertible provided its associated
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graded map gr(T;) is. Since gr¥(g) = U(h[t]), we may view the latter map as a
homomorphism

gr(T;) = gr(II) o gr(m; ) Ub[t]) — U(b[t]).

Y9 ()
Moreover, since the adjoint action of g on Y, (g) deforms its adjoint action on the
enveloping algebra U(g[t]), the definition of T; yields that

gr(Tilyo(q) = Ty (0l

U(b[t])

Observe that TEJ(E ) restricts to the automorphism of U(h[t]) determined by the
action of the simple reflection s; € W on h[t]. That is, one has

Tij(g[t])(htk) — htk — Oéi(h)hitk = Si(h)tk

for each h € h and non-negative integer k. In particular, the image of ng(g (£ lU (o))
is contained in U(h[t]). As gr(I)|y gy is the identity map, we can conclude that

gr(To) = () o gr(mi| , ) =7 "o € Aut(UH[1]).
h
This completes the proof that T, is invertible.
Finally, that T; is a coalgebra homomorphism commuting with the antipode S°
of Y2(g) follows immediately from the formulas of Proposition 3.8 or Corollary 3.9

established in the next section, using that &;(u) and A;(u) are grouplike series; see
above (2.9). O

Recall that every w € Wy has a lift T, € By, and therefore a corresponding
automorphism of Y, (g) which we also denote by T,,.

Lemma 3.6. Let w =s;, ---s;, be a reduced expression. Then

ITo Tw Y}g(g) = Ti1 H ~Ti2.
In particular, the right-hand side of this equation is independent of the choice of
reduced expression.

For each w € W, we denote the element defined by the lemma by
33 T):H :T“T
(3.3) u © Ty Y9() j i
The following proof is essentially taken from [Weel6, Thm. 5.3.19] in the second

author’s PhD thesis, though the proof there contains a mistake: it only includes
n=1!

Proof. We begin by noting that for any a € Y;?(g) we have
(3.4) Ti(a) = Ti(a) + Z Y3,(8)—na; Yi(8)na, -
n>1

This follows from the construction of T;, via the adjoint action of the elements xfo.
Next, recall that for 8 € Q we have 7;(Y,,(g9)3) = Y},(g9)s,3. Using this and (3.4) it
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follows that

14
Tiy Ty (a) =Ti - T, (a) + Z Z Yh(g)—nsil 8y Qi Yh(g)ns,ﬂ,l Sy Qi
b=1n>1

If w= s;---s;, is a reduced expression, then the elements s;, ---s;,_,a;, are
positive roots: they are precisely the elements of the inversion set of w [Kum02,
Lem. 1.3.14]. But for any positive element 3 € Q*, the product Y} (g)_5Y;(9)s is
killed by II. This proves the claim. (I

Since both sides of any braid relation (3.1) are reduced expressions, we conclude
from the previous lemma that:

Corollary 3.7. The operators T; satisfy the braid relations (3.1).

3.3. Computing T, on generators. To compute the action of the modified braid
group operators T; on Y2(g) explicitly, we will use the generating series (A;(u));e1
of Y?(g) from [GKLOO05], whose definition is recalled in Section 2.3. The first
assertion of the following proposition was established for simply-laced types in
[Weel6, Lem. 5.3.16] using a different argument.

Proposition 3.8. For each ¢ € I, we have
D;(u) if j=1,
w4, w) = 0TI
Ajw) i G A
Consequently, the action of T; on Y,?(g) is uniquely determined by the formula
Ti(4;(u) = 4; (&) ¥ jeL
Proof. By Part (1) of Corollary 2.4, t;(A;(u)) = A;(u) if j # i. Moreover, using
the relations of Parts (2) and (3) of that corollary, we obtain
Ti(Ai(u)) = exp(ad(e;)) exp(—ad(f;)) exp(ad(e;)) (Ai(u))
= exp(ad(e;)) exp(—ad(f:))(Ai(u) + Bi(u))
= exp(ad(e;))(Ai(u) + Bi(u) — (Ai(u) — Ci(u) — Di(u)) — Ci(u))
= exp(ad(e;))(Bi(u) + Di(u))
= Bz(u) + Dz(u) — Bz(u) = Di(u),
which completes the proof of the first statement of the proposition. The stated

formula for T;(A;(u)) now follows from the definition of T; (namely, T, = IT o
Ti|YF?(9)) and that

II(D;(u)) = II(A; (u)&(u) + Ci(u) A7 (u) Bi(u)) = Ay(u)&;(u). U

Next, recall from Remark 2.2 that, for each i € I, ;(u) € u=1Y,2(g)[u""] is the

formal series logarithm of & (u): t;(u) = log & (u). We further recall that q = %,
viewed as an operator on Y,0(g)[u"].

Corollary 3.9. Let i,j € I. Then the action of T; on t;(u) and &;(u) is given by
Ti(tj(w) = t;(u) — q~ “[ag]qu (ti(w)),
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\a”| 1 (71)6”’
TG =g 11 o(u- el -20)

Proof. By Proposition 3.8, one has T;(a;j(u)) = a;(u) + d;;t;(u) for each i,j € I,
where we recall from Remark 2.2 that a;(u) = log A;(u). The stated formula for
Ti(t;(u)) is a consequence of this identity and the relation (2.3). One then obtains
the given formula for T;(§;(u)) by exponentiating and using that

laji|—1

(3.5) _q*dj[aji]qdj — 8ij Z q- i (lagi|—20) 0

3.4. Action of the Hecke algebra of type g. In this section we show that the
RBg-action on Y,?(g) from Theorem 3.4 gives rise to an action of the Hecke algebra
associated to g, with parameters encoded by the symmetrizing integers (d;);er, on
a deformation of the space h[t]. We begin by recalling the definition and basic
properties of the relevant Hecke algebra, following [Lus03].

Definition 3.10. The Iwahori-Hecke algebra #.(g) is the unital associative
Clz, 2~ 1]-algebra generated by elements {T;};c1, subject to the relations

T,T,T; - = T;T,T; - - and (T, — z:)(Ti + 2,7 1) = 0,
—_—
m;; factors m; factors

for all 4, j € I with j # 4, where z; = 2% and m;; is as in (3.1).

The second set of relations appearing in the definition of #,(g) are called the
Hecke relations; note that they immediately imply that each generator T; is invert-
ible. Thus, there is a surjective C[z, z~1]-algebra homomorphism

7o : C[Bg] @ Clz, 271 = H.(9), Ty V i€l
with kernel generated by the Hecke relations as an ideal.

The Hecke algebra #.(g) is a flat deformation of the group algebra C[W] over
the ring C[z, z71]: the quotient of %, (g) by the ideal (z — 1)%,(g) coincides with
the group algebra C[;]. The flatness is due to the well-known fact that %.(g) is

a free module over C[z, 271] with basis given by {T,, Ywew,, where Ty, = 79 (Tw).
We refer the reader to [Lus03, §3], for instance, for further details.

Let us now introduce the vector space V = J,~,V, C Y,(g), where

Vv, = @span{tj’k :jell Vo or>0.
k=0

Let z := Tﬁ%|v € End(V), where we recall that, for each a € C, 7, is the shift

automorphism of Y} (g) determined by 7,(y(u)) = y(u — a) for y € {z,&;}. Note
that z is invertible with inverse 75 lv. In what follows, we shall view V as a C|z, 27 ]-

module via the inclusion C[z, 27!] < GL(V) sending z to z.

Proposition 3.11. The assignment T; — z% OTi‘ for each i € I defines a #.(g)-
A

module structure on V for which V. is a submodule for any r > 0.
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Proof. As q?(t;(u)) = t;(u + dh/2) = z%(t;(u)) for any d € Z and i € I, we can
rewrite the first formula of Corollary 3.9 as
(3.6) Ti(tj7k) =tjr— z % [aij]zdi (tiJg) V i,7€l, k>0,

where we recall that z%[a;;],4, is a Laurent polynomial in z; see (3.5). It fol-

z%
lows that the operators T; restrict to linear automorphisms of V which satisfy the
defining braid relations of %,.

The formulas of Corollary 3.9 also imply that T, o7, = 7, o T; for each ¢ € I
and ¢ € C. Thus, T; and z commute, and the assignment T; — z% o T;|v defines
an algebra homomorphism

C[E’Bg} ® Clz, Zﬁl} — Endc[z’zq](V).

Hence, to see that that V is a #.(g)-module, we are left to show that the oper-
ators z% o T,|y satisfy the Hecke relations. Equivalently, we must prove that the
following identity holds on V, for each ¢ € I:

(3.7) T2y + (2724 —1dy) o Tily = z7 2% o Idy.
To see this, first note that we have
T2 (t(w) = Tilt; () — 2~ [agl,a (Ti(ti(w)))
= t(w) + (M 20z " [l — 227 [ag]a) (ti(w),

(2728 = Tdy)(Ti(t; () = (2724 = Idv)(t;(u) — 2~ %[ai;],a (t:(w))
= (2725 = Idv)(t;(u) — (27*% = 1)z~ " [ai;],a; (t:(u))).
Adding together these two expressions yields
(TP lv+(E 2% = 1dv) o Tilv) (t;(w))

=220 (t5(w) + (2 ¥ 2 — 2728 = 1)z B ag]a (8 (w))

= 2724 (t;(u)),
where in the last equality we have used that [2],4, = z% + z~%. This completes
the proof of (3.7), and thus establishes the first assertion of the proposition. That

V., is a #,(g)-submodule of V for any r > 0 now follows immediately from the fact
that it is preserved by z and T; for any i € I; see (3.6). O

d;

3.5. The universal R-matrix and lifted minors. We now turn to studying
how the operators T; and T; interact with the universal R-matrix of the Yangian
as well as the so-called lifted minors (or matrix coefficients) it defines on any finite-
dimensional representation.

Since the shift homomorphism 7, : Y}, (g) — Y;,(g)[2] restricts to the identity map
on U(g), the intertwiner equation (2.5) implies that R(z) is a g-invariant element
of Y} (g)®2[z7']. That is, one has

[A(z),R(2)] =0 V xe€U(g).

It follows that R(z) is fixed by exp(ad(z)) ® exp(ad(x)) for any = € g, and thus by
T,®T; for each i € I. This observation proves the first part of the below proposition.

Proposition 3.12. For each ¢ € I, we have
(i @7)(R(2)) =R(2) and (T; @ T)(R(2)) = R%(2).
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Proof. Tt remains to prove that R°(z) is fixed by T; ® T; for each i € I. To this end,
observe that the restriction of II®II to the weight zero component (Y} (g) @Y} (g))o
is an algebra homomorphism

68 @em| () Yile) > Vi) @ Vi),

Indeed, this follows from the observation above Definition 3.3 applied to the Yangian
Yi(g® g) =Y, (9) ® Y, (g) associated to the semisimple Lie algebra g & g.

Since the universal R-matrix R(z) and its components R*(z) and R°(z) have
weight zero with TI®2(R*(2)) = 1 and I®?(R°(z)) = R°(z), the above observation
implies that

(@ M)(R(2)) = H¥*(R¥(2)) - P (R°(2)) - I¥*(R™ (2)) = R(2).
Therefore, applying IT ® II to both sides of the identity (t; ® 7;)(R(z)) = R(2)
yields

(ITo 1) **(R(2)) = R(2).
We claim that the left-hand side of this relation coincides with (T; ® T;)(R%(2)).
To see this, note that the observation (3.8) implies that

(o) **(R(2)) = (Lo 1:)**(R¥(2)) - T*(R(2)) - (Lo i) **(R™(2)).

Thus, we are left to see that (ITo;)®?(R*(2)) = 1. This follows from the fact that
Y, (g)« is in the kernel of IT for any nonzero o € @, and that

®2(Ri ZT®2 R:I: ( )®2[[Zfl]],
B>0

where the sum is taken over all nonzero 8 € Q% and the coefficients of 752 (’Ri( )
belong to Y} (9)+s,(8) ® Y5 (8)Fs,(8) C Ker(Il ® IT) for each 3. O

Given a finite-dimensional representation V' of Y}, (g) with action homomorphism
my 1 Y, (g) = End(V), we define Iy (u) and ¢ (u) in End(V) ® Y, (g)[u"'] by
Ty (u) == (mv @ Id)(R(—u)) and TP (u) = (v @ Id)(R°(—u))

where we recall that R (u) = Ra1(u) (i.e., it is the universal R-matrix of Y, (g) as
defined in [Dri85, Thm. 3]), and we have set R°(u) = R, (u).

Remark 3.13. Provided V has a non-trivial composition factor, the coefficients
of Fy (u) generate Y;(g) as an algebra, and Y} (g) can be rebuilt from Jy (u) via
generators and relations using the so-called R-matrix formalism for constructing
quantum groups; see [Dri85, Thm. 6] and [Wenl8, Thm. 6.2].

To each pair (v, f) € V x V*, we may associate coefficients Ty, (u) € Y} (g)[u™"]
of Fy (u) and Jﬁv( u) € Y2(g )[[u_l]] of T2(u) by setting
Tro(w) i= (f O 1)@ (o) and  TP,(u) i= (f © 1d)(F(w)o).
Following [KTW™19, §5.3] and [Weel6, §4.3.2], we call these elements lifted minors.
Corollary 3.14. Letv eV and f € V*. Then for each i € I, one has
Ti(Tp0(w) = Tr,(f).mi (0 ()
Moreover, the adjoint action of any x € g on Ty, (u) is given by

[, Tf0(W)] = To 0 (u) + Tp e ().
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Proof. Since T;(f) = 1) (f) = fo (V)7 the first assertion of the corollary is a
consequence of the deﬁmtlon of Jy(u) and the two relations

(t) " (v (@) (v) = T (7 (@),
(7' ©@1d)(R(u) = (1d ® ;) (R (u)),
which are due to the last part of Proposition 3.1 and the first equality of Proposition

3.12, respectively. Similarly, the relation [z, T, (u)] = Ty p0(w) + Tfz0(u) is a
consequence of the definition of J,(u) and the g-invariance of R (u). O

Remark 3.15. Let V be a finite-dimensional representation of Y;(g), let v € V be
a highest weight vector, and let f € V*. Then, for each w € W, we have

To' (Tpo() = T gy oroy ().
This is proven similarly to the first assertion of the previous corollary, using the
second identity of Proposition 3.12.

One application of Corollary 3.14 is that it can be used to identify each of the
generating series A;(u), Bj(u),C;(u) and Dj(u) of Y, (g) (see Section 2.3) with
lifted minors associated to the j-th fundamental representation L, thus yielding
an alternative proof of [IR19, Prop. 2.29]. To make this precise, for each j € I,
let vj € Ly, be a highest weight vector. Define vj € (L))", C (Lw;)" by
v]( ) =1
Proposition 3.16. For each j € I, we have

ij]’.‘,vj (u) - gv%.‘,vj (u) = Aj (u - hd])
Consequently, the series Bj;(u),C;(u) and D;(u) are recovered as the lifted minors
Bj (u) = gej.ﬂ;’vj (U + hdj),
Cj (U) = _gu;,fjmj (’U, + hdj) and DJ(U) = _gejm;f,fj"uj (u + hdj)

Proof. The equality EJTU;,UJ.( u) = ?70 ( ) follows easily from the Gauss decompo-

sition (2.7). Hence, to prove the ﬁrst assertion of the proposition it suffices to
establish that ?TUO*_M_ (u) = Aj(u — hdj). Let A € Homa;4(Y,(g), C) be the algebra
homomorphism uniquely determined by
A(@(u)) =14+ 5ijhdju_1 Vjel

Then the identity T,% , (u) = A;(u — hd;) is equivalent to

52V

RI(u) == (A®id)(R(w)) = Aj(—u — hd;).
By (2.8), the left-hand side is the unique series in 1 + u='Y,(g)[u™!] satisfying
(3.9) (@™ = 1)log R7 (u) = L;(u),
where £;(u) is given by
Li(u) = A@Id)(La1(w) = 4™ Y cij(@)A (Bj(=0.)) Bi(du) - (—u™?)
i,j€l

with all notation as specified below (2.8). It thus suffices to show that A;(—u—fhd;)
also satisfies the difference equation (3.9). This is the content of the following claim.
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Claim. The series a;(u) = log A;(u) satisfies the relation
(g2 —q*¥)(a5(~u)) = £;(u).

rort1
Proof of claim. Since A(t;,) = (—1)" %, we have
r+1 1 _ efhdju
)\ . — _ r+1hr+1dr+1 u
B () = = So(-1) o = 2

r>0
As —u=2 = -9, (—u‘l) this gives

Lj(u) =q*" D)) ei(@Bi(du) - (w™h) = a* (@ = 1)) cija)(ti(—w)).

i€l i€l
Since ti(u) = Y pcr 4% [arilqa (ar(u)) and e f(2)]|.=_u = e f(—u) , we ob-

tain
L;(u) =q**(q*¥ - 1) Z ¢ij(9)q™ [anilqar (ar(—u)).
ikel
Since ¢;;(q) = [2r/d;] q; vij(q) where v;;(q) is the (4, j)-th entry of ([ai;lq );jlel,
we have
Z q“*cij(a)[anilqu (ax(—u)) = Z q® 26/ d;]qa; [anilqar vij () (an(—u))
i,k€el i,k€l

U (26 /dj] g, (a;(—w)).
Thus, we obtain
Li(2) = a*q*¥(q% —q~¥) [26/d;]q0; (aj(—u)) = (a4 —q*¥)(a;(—u)).

This completes the proof of the claim, and thus the proof that the lifted minors
Tvr 0, (u) and T, U v, (W) coincide with A;(u — hd;) for each j € L. O

The stated formulas for B;(u), Cj(u) and D;(u) now follow from Corollary
2.4 and the commutator relations for [z, J},(u)] given in the second statement
of Corollary 3.14. For example,

B](U) = [6J,AJ(U)} = [ej,ojv;m ( —+ hd)] = Je U U (U+ hd )+gv;,ejvj (U+ hdj)
Since e;jv; = 0, this gives Bj(u) = Je; v v, (u + id;), as desired. O

Remark 3.17. As mentioned above, this gives a new proof of Proposition 2.29
from [IR19]. We note, however, that the statement of [IR19] seems to be slightly
incorrect: it is missing the shifts by Ad; which appear in the statement of Proposi-
tion 3.16.

4. THE DUAL BRAID GROUP ACTION AND WEIGHTS

In this section, we dualize the action of the Braid group %4 on Y;?(g) constructed
in the previous section to obtain a %Bg-action on the group (C(u=1))*) by auto-
morphisms, which preserves the subgroups

(1+u'Clu™'P* and (C(u)*)N.

In particular, this recovers the representation of B4 studied in the work [Tan15] of
Tan, which was inspired by its g-analogue obtained in the earlier work [Cha02] of
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Chari. We then show that this action naturally computes the eigenvalues of the
series {&;(u)};c1 on any extremal vector of any finite-dimensional highest weight rep-
resentation of Y} (g) (see Proposition 4.7), thus generalizing a result from [Tanl15].

4.1. The braid group action on (1+u~'CJu~1])L. We begin by explaining how
the representation Y,?(g) of %, from Theorem 3.4 can be dualized to obtain an
action of By on (1 +u*Clu~!])! by group automorphisms.

Let 9 be the group anti-automorphism of %y uniquely determined by d(t;) = T;
for all ¢ € I. Note that ¥(ty) = T,-1 for w € W an element of the Weyl group.
Using 9, we may define an action of %, on the linear dual Y,?(g)* by

(4.1) a(f)(y) = f(¥(0) -y)
for all 0 € By, y € YP(g) and f € Y2(g)*. Note that this action is uniquely
determined by the requirement that t; operates as the transpose/adjoint of T;:

T(f)=Ti(f)=foT; V i€l and fe€Y(g)"

The Drinfeld coalgebra structure on Y, (g) induces a commutative algebra struc-
ture on Y2(g)* with unit given by the counit on Y(g) and product given by the
transpose of the Drinfeld coproduct A° (see (2.9)). Since each modified braid group
operator T; is a coalgebra homomorphism, %, acts on Y2 (g)* by algebra automor-
phisms. Moreover, as each T; is an algebra automorphism, the space of algebra
homomorphisms

Hom .y, (Y5 (g),C) C Yy (9)"
is a subrepresentation of Y,2(g)*. This is a subgroup of the group of units in Y;2(g)*;
in fact, one has an isomorphism of groups

Homag (Y (9),C) = (1+u™'Clu™ DY, 7= (1(&(w)))ier-

From this point on, we will not distinguish between these two spaces, and the above
identification will always be assumed. The first part of the following corollary
summarizes the above discussion.

Corollary 4.1. The formula (4.1) defines an action of By on (1 + v~ Clu=!])!
by group automorphisms. Moreover, if A = (\;(u))ie1 € (1+u" Clu=1])L, then the
i-th component T;(A); of T;(A) is given by

lajil—1

hd, (-1)%%
i =x [T Ao "Plal-2m)
k=0

Proof. It remains to show that the i-th component T;(A); = (1;(A))(& () of T;(A)
is given by the claimed formula. By definition of T;, we have

laji|—1

| (~1)%
(6 ) = Ty ) =N [T A(u- Pl -20)
k=0

where we have used the formula for T;(§;(u)) obtained in Corollary 3.9 in the last
equality. (Il
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Remark 4.2. The action of B, on (1 + u~!C[u~!])! constructed above is given
by the exact same formulas as the action of By on (C(u)*)! defined by Tan in
Proposition 3.1 of [Tanl5]. This is precisely why we have used the group anti-
automorphism ¥ of %, in its definition as opposed to the standard antipode on %y,
given by inversion. We will explain how to reconcile the underlying representation
spaces in the next subsection.

4.2. Extending the representation space. Let #l C C((u~1))* be the subgroup
consisting of monic Laurent series:
M = U uF(1+u  Clu™1)).

kEZ
We will need the following elementary lemma.
Lemma 4.3. Let A(u) = 141, oo Avu™""! be an arbitrary series in 1+u™'Clu™!]
and suppose that d € C*. Then the formal difference equation

p(u + hd)

pu(w)

has a solution u(u) € M if and only if \g € dZ. In this case, pu(u) is unique and
belongs to u /(1 +u~*Clu~1]).

= Au)

Proof. Write p(u) = u®ji(u), where fi(u) € 1+ u~'CJu~!]. Then the difference

equation becomes

d\"* ji(u+ hd

(1 + h) plut hd) .

u ()

Taking the formal logarithm of both sides, this gives the equivalent relation
klog (1 + h2) 4+ b(u+ hd) — b(u) = log(A(w)),
where b(u) = > ~ob-u”""! = log(ji(u)). The coefficient of u~* on both sides
is khd = hAg. This shows that if a solution exists, we must have \g € dZ and
plw) € w41 +u™ Clu™"]).
Conversely, if Ao € dZ holds then we take k = Ag/d, and solve the above

equation for b(u) recursively in its coefficients; taking the coefficients of u="~!

for r > 0 will allow one to express b,_1 in terms of {b;}o<¢<r—2 and the coefficients
of klog (14 h2) and log(A(u)). O

Recall that A = €D, Zw; denotes the weight lattice of g. We view A as a
representation of %, via the canonical action of the Weyl group on h*. Let us
introduce the group homomorphism

deg: " — A, (Ni(u))icr = Y deg Ai(u)ew;,
icl
where deg \;(u) € Z is the unique integer k for which u=*)\;(u) € 1+ u~'C[u"'].
Next, following the notation of Remark 2.2, let q be the group automorphism of
J given by the translation q = e3%  TFor each a € C, we write q* for e%ha“, SO
that q%(f(u)) = f(u+ak). Given a diagonal matrix A = Diag(a;);e1, we write q*
for the group automorphism of 4! given by

a(Ni(w))ier = (@ Ai(u))ier = (Ai (u+a;)), ;-
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In what follows, we will only be interested in the case where A = 2D, where D
is the diagonal matrix D = (d;);e1 of symmetrizing integers. In addition, we note
that if € ", then the element (q?Pp) =" lies in (1 + w~*C[u~'])%, and hence
we may apply o to it for any o € %B,.
Proposition 4.4. Let 0 € By. Then for each p = (p;(u))ier € MY, there exists a
unique element o(p) € MY satisfying

quH B q2P G(E)
o =
I o(p)

Moreover, the formula o - p = o(p) determines an action of By on MY by group
automorphisms for which (14+u='CJu=1])! is a subrepresentation and deg : M* — A
is a module homomorphism:

dego(p) = o-deg(p).
Proof. Let A = (Ai(u))ier denote the element (q?Pp) p=t € (14w *Clu='])!, and
write A\j(u) =14+ hY5 5o Airu~""". Note that
O'(A) =1 —+ hO' . ()\iwo)ieluil —+ O(Uiz),

where the action of o on C! is inherited via the identification h* == CI, \ —
(A(&i,0))ier = (A, @;)ier. Equivalently, one has

0 (Nio)ier = Z %)\j,O(aia o(w;)) = (a;, 0 - deg(p))ier,

jer iel
where we have used that, by the previous lemma, \; o = d; deg p1(u) for each j € L.
As the action of B4 on h* preserves A, one has (o, 0-deg(u)) € d;Z for each i € I.

The previous lemma therefore implies that o(u) exists, is unique, and has degree
o - deg(p).

The rest of the proposition now follows easily using the uniqueness assertion of
the previous lemma. O

Remark 4.5. Let us now explain how to further extend the underlying repre-
sentation space to (C((u=1))*)I. First note that the group (C*)! can be viewed
as a maximal torus associated to the simply connected Lie group G with Lie al-
gebra g, and therefore admits a natural action of the Weyl group W by group
automorphisms. It is given explicitly by the formulas

si(A)ier = (NiA; “)ier
for all 4,5 € T and (\;)ier € (C*)L. It follows by Proposition 4.4 that %, acts on
the group (C*)! x ! by automorphisms. However, the groups (C*)! x /! and
(C((u=1)*)! are isomorphic, with an isomorphism (C*)I x ! = (C((u=1))*)!
given by componentwise multiplication:
((1a)ier, (Ni(u))ier) = (pidi(u))ier-
Hence, we can conclude that the braid group %, acts on (C((u=1))*)! by group
automorphisms, and that this action is given explicitly by the formulas of Corollary

4.1. Moreover, the space (C(u)*)! is a subrepresentation, and coincides with the
representation of %, obtained in Proposition 3.1 of [Tan15]; see Remark 4.2 above.
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Remark 4.6. Considering the & = 0 limit of the %B,—action on (C((u~1))*)! from
the previous remark, we simply recover the natural action of the Weyl group %, —
Wy on the C((u1))-points of the torus T = (C*)L. Namely, the group W, naturally
acts on the A-points T'(A) for any commutative C-algebra A, since it acts on the
scheme T itself: for (x;);e1 € T(A) this action is given by s;(z;)icr — (xiwj_a'”)iel.
Considering the case of A = C((u™!)), this is easily seen to agree with the h = 0
limit of the formulas from Corollary 4.1. The i = 0 limits of the actions of %4 on

(14w 'Clu=])! and (C(u)*)! arise similarly, by restriction.

4.3. Weights of extremal vectors. Recall from Section 3.1 that the homomor-
phism By — W, admits a canonical set-theoretic section w + T, where T, is
defined by taking any reduced expression w = s;, - - - s;, and setting

Tw = Ty -~ T, € By

The following is the main result of this subsection; it provides a strengthening of
[Tanl5, Prop. 4.5], and is the Yangian analogue of [Cha02, Prop. 4.1].

Proposition 4.7. Let A be the highest weight of an irreducible finite-dimensional
Yi(g) module V, and let A\ € b* be the corresponding g-weight. Then, for each
w € Wy, we have

&i(u)

= Tw(A)i -1dy V el

V) w()
In particular, if V= L(P), then for each i € I one has
2d;
9““Tw(P)i
(4.2) &(Wlv,o = D) Idv, -

Proof. The second assertion is a consequence of the first and that, by Proposition
4.4,if A = (q*PP) - P, then 1, () = (9*P1,(P)) - Tw(P) 1.

To establish the first assertion, note that we have t,,(A); = A(T-1(&(u))) for
all ¢ € I. Hence, it is sufficient to prove that

£i<u)‘Vw(,\) = A(Tuﬁl (gz(u)» . Ide()\) Viel

This is equivalent to establishing that, for each w € Wy, the eigenvalue of y € Yr? (9)
on the one-dimensional weight space V,-1(y) coincides with the eigenvalue of T,, (y)
on the highest weight space V.

Fix y € Y2(g), and let u,(y) € C be the eigenvalue of y on V), and let
vy € Vi be a highest weight vector. Set v := T} (TV_,(vy)), where T}, is the
image of T, under the homomorphism 7t; — Tt} from Proposition 3.1. Note that
TV _1(va) € Vi-1(n), while v € Vj is itself a highest weight vector. Therefore

y-Ty_i(va) = pw(2)T) 1 (va) and y - v =1I(z) - v for all y € Y}, (g)o. We thus have

pw ()0 =T (Y- Ty-1(03) = Tw(y) v = (T (y)) - v = Tu(y) - v,
where in the second equality we have applied the last statement of Proposition 3.1,
and in the fourth equality we have applied (3.3). This completes the proof of the
proposition. ([l
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Corollary 4.8. Let P = (P;(u)),er be any tuple of Drinfeld polynomials, and let
w € Wy and i € I. Define P, ,,(u) € M by
Tw(B)i Zf w_l(()(i) e At
Piw(u) == 1 o1 +
@) if w(ag) ¢ A

Then P; ., (u) is a monic polynomial in u.

Proof. By Remark 2.2 of [CP91a], there is a monic polynomial P;w(u) such that

P (u+ hd;)fi)

i, w
Ei(u)‘Vw(A) = pr (u)fi(w) . Ide(A)’

where V' = L(P) and f;(w) is 1 if w™(e;) € AT and —1 otherwise. By Proposition
4.7 and the uniqueness assertion of Lemma 4.3, we can conclude that P;"w (u)fi(w) =
04 (P)i = P p(u)?i(®). Hence, P, ., (u) coincides with the polynomial wa(u) O

Remark 4.9. The statement of [Tanlb, Prop. 4.5 is that if ¢ € I is such that
{(s;w) = £(w) + 1, then the relation (4.2) of Proposition 4.7 is satisfied. This
was proven by induction on the length of w using a technical argument based on
the defining relations of Y;(g). Moreover, in this case one always has w™!(a;) €
A%, and the polynomiality of P;,(u) from Corollary 4.8 can be deduced from
Proposition 4.5 and Lemma 4.3 of [Tanl5] (see also [GT15, Lem. 5.1]) using the
uniqueness assertion of Lemma 4.3.

5. BAXTER POLYNOMIALS AND CYCLICITY

Our goal in this section is to prove a conjecture from [GW20, §7.4] which asserts
that the two sufficient conditions for the cyclicity and irreducibility of any tensor
product L(P) ® L(Q) obtained in [GW20] and [Tan15] are identical; see Corollary
5.4.

We will do this by applying the results of the previous two sections to factorize
the so-called specialized Baxter polynomials associated to the extremal vectors of
L(P) (see Section 5.3) as products of polynomials arising from the %4-orbit of P.
This will be achieved in Theorem 5.2 after recalling some preliminaries on Baxter
polynomials and their relation to the sets of poles of a representation in Sections
5.1 and 5.2.

5.1. The transfer operator T;(u). Suppose that V is any finite-dimensional

highest-weight module of Y, (g). Let A € h* denote the g-weight of any highest-

weight vector in V and, for each i € I, let A}(u) € 1+ u~'CJu~!] denote the

eigenvalue of the series A;(u) on V. We then introduce the normalized operator
AY (u) == 2 (u) 7 Ay (u) ]y € End(V)[u™].

Then, by Theorem 4.4 of [GW20] (see also Corollary 4.7 of [GW20] together with
Propositions 5.7 and 5.8 of [HZ22]), there is a unique monic polynomial T;(u) €
End(V)[u] satisfying

(5.1) Ti(u + hd;) = AY (u)T;(u).
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Remark 5.1. Let us explain how this relates to the i-th abelianized transfer op-
erator J;(u) introduced in [GW20, §4.3]. For each i € I, let of;(u) denote the
product

where we recall that £ € 1Z has been defined below (2.8). The element o;(u)
coincides with the series introduced in (4.2) of [GW20] (see Remark 4.7 therein)
and operates on V' as the expansion at infinity of a rational function of w. In Section
4.3 of [GW20], an End(V)-valued meromorphic function J;(u) was defined as one
of the two canonical fundamental solutions of the difference equation

T (u + 26h) = o (u)|v T (u).
As explained in Remarks 4.3 and 7.5 of [GW20], one may recover J;(u) heuristically

by applying the formal substitution &;(u) — u% to the first tensor factor of the
diagonal component R°(u) of the universal R-matrix of Y} (g).

It was proven in Theorem 4.4 of [GW20] that if AT (u) denotes the eigenvalue of
Ti(u) on Vy, then AI'(u)~1F;(u) is a monic, End(V)-valued polynomial of u. This
can be seen as a weak, rational counterpart of a polynomiality result established for
quantum loop algebras in the work [FH15] of Frenkel and Hernandez. Finally, we
note that by Corollary 4.5 and Remark 4.5 of [GW20], the polynomial AT (u) =1 F; (u)
is precisely T;(u) introduced above.

5.2. Baxter polynomials and poles. The eigenvalues of the polynomial operator
T;(u) defined by (5.1) are called the specialized Bazter polynomials associated to
V. In [GW20], they were applied to compute the sets of poles o;(V) C C of V, as
defined in (2.10).

In order to describe the relation between Baxter polynomials and the sets o;(V),
let Z;(V) denote the set of zeroes of all eigenvalues of Tj(u), and let Q7 y,(u) denote
the eigenvalue of T;(u) on the lowest weight space V,,(x), where wy € W is the
longest element. Then, by Theorem 4.4 of [GW20], one has

(5.2) Z(V)=0i(V)=2(Q}y(u) V i€l

In the case where V' is irreducible, the polynomials Q?’V(u) (and thus the sets
0;(V')) were computed explicitly in Theorem 5.2 of [GW20] in terms of the entries of
the quantum Cartan matrix E(2) = (v;;(2))i jer (see below (2.8)). More precisely,
one has v;;(2) = Zrzdi vg)zr € Z[z] with vg) >0 foralld; <r<2k-—d; and
Q7 (u) is given by

2k—d; A (®
o =T IT »(u-0-a)5) "
Jj€l b=d;
where P = (P;(u));er is the tuple of Drinfeld polynomials associated to V' = L(P).
Consequently, one has
Jel
bh

0i(Le,) = {2 tdi—dj <b< 2k —d; —d; and v Y > o}.
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5.3. Baxter polynomials associated to extremal weights. Let us now fix
V = L(P), where P = (P;(u)),er is any tuple of Drinfeld polynomials. Let A =
> icrdeg(P;)w; € b*; this is the g-weight of any highest weight vector in V. Given
w € Wy, let QFp(u) € Clu] denote the eigenvalue of T;(u) on Vi)

Ti(u)‘Vw(A) = Q;J,)B(u) : Ide(A)'
In particular, if w is the longest element wo, then Qip(u) = QF v/ (u).

The following theorem provides the main result of this section. It gives a fac-
torization of Q'p (u) as a product of polynomials arising from the %By-orbit of P,
starting from any reduced expression of w.

Theorem 5.2. Let P = (P;(u)) er be any tuple of Drinfeld polynomials, and fix
w € Wy. Let w = sj,85, -+ 85, be any reduced expression for w. For each 0 <1 < p,
set wy 1= sj,_,, -+ 8;,, where w, =1Id. Then one has

IT ~w (®)

rije=%

Moreover, Ty, (P);, is a monic polynomial in w for each r.

Proof. We first note that the polynomiality of T, (P);, follows from Corollary 4.8
and that w, () = s; (oj,) € AT for each r, as s, --- s, is a

Sjry15ir
reduced expression.

» ...serrl

Let us now establish the decomposition of Q’p(u) given in the statement of the
theorem. By definition, the polynomial Q}’p(u) satisfies

(5.3) M) T A W)y ) = e Ty, s
i,g(“)

where we recall that A (u) € 1+u~'C[u~!] denotes the eigenvalue of A;(u) on the
highest weight space V. Moreover, by Proposition 4.7, one has

Ai(u)‘Vw(x) =Tw(A) (Ai(u)) - Ide()\)7
where A\ = (q?PP) - P! is the Y} (g)-highest weight of L(P), and we recall that
Tw(A) € (1+u™ Clu™'])! = Homy,(Y})(g), C).

Therefore, by (5.3) and the uniqueness assertion of Lemma 4.3, it suffices to
prove the following claim.

Claim. The series T, (A) (A;(w)) satisfies
Q) (Ai(w) = M) TT 7w s = M) [] =t

rijr=t =1

Proof of claim. The second equality is an immediate consequence of Proposition
4.4. By (4.1), the first equality is equivalent to

(54) To-1(Ai(w) = Ai(w) [ Ty (Gi(w)

riJr=1
This follows by a simple induction on the length p of w using that, by Proposition
3.8, one has t;(A;(u)) = A;(u)&(u)’. Indeed, if p = 1, then (5.4) reduces to
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exactly this identity. Suppose now that (5.4) holds whenever w has length p, and
let w' = ws;, ., € Wy be an element of length p + 1. Then

Twwmmwnszunu&wm
= A0 TT T (T (&)

1<r<p
Jr=1

oT,-1=T —1 = T(yr)-1, the right-hand side of the above can be

Since T, , S3pya

rewritten as

Ai ()& (u)rer H Tiwy-1(&i(uw) = H T wry-1(&i(u)),

1<r<p 1<r<p+1
Jr=t Jr=t
which gives the desired result. [

5.4. Cyclicity criteria for tensor products. One important property of the
discrete invariants o;(V') is that they encode information about when the tensor
product of two irreducible Y} (g)-modules is cyclic (i.e., highest weight) or irre-
ducible. Namely, by Theorem 7.2 of [GW20], L(P) ® L(Q) is cyclic provided

Z(Qi(u+hd;)) cC\oy(L(P)) Viel
and, by Corollary 7.3 of [GW20], it is irreducible provided this condition holds in
addition to Z(P;(u + hd;)) C C\ 0;(L(Q)) for all i € I.

As noted in Section 1.3, another set of sufficient conditions for the cyclicity of
any such tensor product was obtained earlier in [Tanl5, Thm. 4.8], and is given in
terms of the action of %, on (C(u)*)!, following [Cha02] closely. More precisely,
let

Wo = 551555 " 55,
be any reduced expression for the longest element wy € W, and, as in the previous
section, set w, = s;, ., ---s;, for each 0 < r < p. Then by [Tanl5, Thm. 4.8] and
Remark 4.5, L(P) ® L(Q) is cyclic provided

2(Q;, (u+hd;,)) € C\Z(ty, (B);,) ¥ 0<r<p.

It was conjectured in [GW20, §7.5] that the two sets of conditions highlighted
above are identical. In this section, we apply Theorem 5.2 to prove this.

The key result is the following corollary, which is an immediate consequence of

Theorem 4.4 of [GW20] (see (5.2)) and Theorem 5.2.

Corollary 5.3. Let P = (P;(u))jer be any tuple of Drinfeld polynomials. Then,
for each i € 1, the i-th set of poles of V .= L(P) is given by

U Z(ty, (P)i),
rijr=1
where the union is taken over all 0 < r < p for which j,. =i.
By combining Corollary 5.3 with Theorem 7.2 of [GW20] and Theorem 4.8 of

[Tan15], we obtain the following corollary, which in particular establishes that the
cyclicity criteria obtained in [GW20] and [Tanl5] are identical.
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Corollary 5.4. Let P = (Pj(u))jer and Q = (Q;(u))jer be any two tuples of
Drinfeld polynomials. Then the following two conditions are equivalent:

(1) Z(Qi(u+ hd;)) € C\ o;(L(P)) for all i € 1.
(2) For each 0 < r < p, the polynomials T, (P);. and Q;, (u+ hd;.) have no
common roots:

2(Qj, (u+ hd;,)) € C\ Z(ty, (R);,)-

Moreover, if either of these two conditions hold, then the Yy, (g)-module L(P)® L(Q)
is cyclic.

6. QUANTUM LOOP ALGEBRAS

Our goal in this section is to switch from Yangians to the parallel situation of
quantum loop algebras U, (Lg). By Lusztig’s general construction of braid group
actions, there is an action of By on U, (Lg). We define a modification of this
action on the subalgebra Ug(Lg)7 whose dual action on weights recovers an action
of the braid group previously studied by Chari [Cha02]. Finally, we compare these
results to the case of Yangians via the homomorphism constructed by Gautam and
Toledano Laredo in [GTL13].

6.1. Quantum loop algebras. Consider the field C(g). For each ¢ € I we denote
¢ = q%, and use the following conventions for g-numbers (cf. (2.4)):

q"—q n [n]q

— [n]!=[n]¢n — 1], [1],, = .
A =t (7] = e
Denote by U,(g) the (simply-connected) Drinfeld-Jimbo quantum group corre-
sponding to g: the C(g)-algebra with generators E;, Kiil, F; for i € 1, with relations
as in [Lus10] or [Jan96, §4.3].

)y = -

Definition 6.1. The quantum loop algebra Uq(Lg) is the unital associative
algebra over C(q) with generators K:*', H;, and Xf; fori € I, r € Z\ {0} and
s € Z, satisfying relations:

KK '=K 'K, =1, KK;=K;K,
(K, Hj,|=[H;; Hjs| =0,
K XF K = gHene) xF

75T

[Hi,r, X]ﬂ;} = imXi

r J,r+s?

+ —
—_ 901',7"—&-3 — Pirts
[Xi—t_r7Xj,s] = 6%] —1
qi — g,

m
R + + + ot _ _
Z( 1) [k-] Xiﬂ"«(m XivTﬂ(k)vain7r7r(k+1) le”(m)_o’
qi

)
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where in the final relation m = 1 — a;; and S, denotes the symmetric group of
degree m. The elements gaii,T for i € I and r € Z are defined by

ei(z) = @i, 2T =K exp (i (@i —q; ") ZHiisﬁS),

r>0 s>0

and @:_T =¢,,=0 for r > 1.

The algebra U, (Lg) has a Poincaré-Birkhoff-Witt theorem due to Beck [Bec94b],
and in particular admits a triangular decomposition
U,(Lg) = U; (Lg) ®c(q) U (Lg) ®c(q) U, (Lg),
where UJ(Lg) is the C(g)-subalgebra generated by the elements K. *and H fr, and
UjE(Lg) are the C(q)-subalgebras generated by the elements Xf;.

We may identify the Drinfeld-Jimbo quantum group U, (g) as the C(g)-subalgebra
(6.1) Uq(g) € Uy(Lg)
generated by the elements E; = X;fw Kiﬂ, Fi=X, for i € 1.

Remark 6.2. The presentation of U, (Lg) given in Definition 6.1 is due to Drinfeld
[Dri88], and was proven by Beck [Bec94a]. More precisely, consider the Drinfeld—
Jimbo quantum group U,(g) associated to the untwisted affine Kac-Moody algebra

9, generated over C(q) by EZ-,Kiil,FZ- forieI=1IU {0} as well as C*1/2 D*!,
satisfying the relations from [Bec94a, §1.3]. Take the C(g)-subalgebra U,(g) C
U,(g) generated by F;, KX', F; for i € T and the (central) elements C*'/2. Then
[Bec94a, Thm. 4.7] provides an explicit isomorphism

U (L) = Uy(g)/(C*/? = 1).

In particular, U, (Lg) also has Drinfeld-Jimbo generators E;, Kiil, F; fori e T, and
this description is compatible with the embedding (6.1) in the obvious way.

Finally, we note that the algebra U, (Lg) admits a Hopf structure, as a subquo-
tient of the Drinfeld-Jimbo quantum group U,(g). But as in the Yangian case, we
will more interested in its deformed Drinfeld coproduct A? defined by Hernandez
[Her05,Her07]. Following the conventions of [GTL17, §4.1], this coproduct restricts
to a homomorphism

AL UJ(Lg) — UJ(La)?1¢, ¢, o (2) = 97 (CT12) @ 9 (2).
Evaluating at ¢ = 1, we obtain a homomorphism
(6.2) Al U (Lg) — Ug(Lg) ®c(q) Uy (Lg).-

This defines a Drinfeld Hopf algebra structure on U(?(Lg)7 provided we equip it with
the counit ! and antipode S uniquely determined by

el(pF(2)) =1 and S'(¢f(z)) =¢i(2)™" V i€l
This is the analogue of the Drinfeld Hopf structure on Y;?(g) from (2.9).
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6.1.1. Representation theory. We will consider representations V' of U, (Lg) over
C(g) which are type 1, in the sense that V' = €D, Vi, where for pp =3, jmw; € A
an integral weight we define
Vo={veV : Ky=¢"v Viel}.
We say that V' is a highest weight module if it is generated by a vector v with all
X;rrv = 0, and such that
+ +
80,*7,«'1) = (I)i,rv
for some elements @fr € C(q). Note that necessarily we must have (I)qu)go =1.
For any such elements we define series

dE(2) = Z @ii’irzp“ € C(g)[zT']
r>0

and encode these as the tuple ® = (<I>zi (2))ier. There is a unique irreducible highest
weight module with this highest weight ®.

Theorem 6.3 ([CP95, Theorem 3.3]). Let V' be the irreducible highest weight rep-
resentation corresponding to ®. Then Vis finite-dimensional over C(q) if and only
if there exist monic polynomials P;(u) € C(q)[u] with constant term 1 such that

2 Pi(q22) _
dF(z) = glee) 0 2 _ -
1 (Z) ql B(Z) K3 (Z)?
in the semse that the left- and right-hand sides are the Laurent expansion of the
middle rational function at z = oo and z = 0, respectively.

In particular, in the above theorem the action of KijEl = <pii70 on the highest

weight vector v € V' is given by &7 = ¢* &P,

>, deg(P)w; € A.

i.e. the highest weight is A =

6.2. Braid group actions. The general results of Lusztig [Lus10] provide actions
of braid groups on quantum groups and on their integrable representations. Two
cases will be most relevant to us:

(1) The affine braid group %; acts on the quantum affine algebra U,(g), via
the operators T}"; for i € T from [Lus10, §37]. Their action on the Drinfeld—
Jimbo generators of U, (g) (cf. Remark 6.2) can be written explicitly, see
[Bec94a, §1.3].

Consider the subgroup %8, C %B3. Using the explicit formulas for the
action of Bg on Uy(g), it is easy to see that the action of By preserves
the subalgebra U, (g) C U,(g) and passes to the quotient U, (Lg). We will
denote the action of its generators on U, (Lg) by T; for i € I, following our
notation from §3.2. For any ¢, j € I, these operators satisfy

Ti(K) = KK
(2) Consider a representation V' of U, (Lg) as in the previous section, which
is finite-dimensional over C(g). Then V is an integrable representation of
Uy(g) C U,(Lg), so the operators T}, for i € I from [Lus10, §5] define an

action of B4 on V. We will denote the action of the generators by TV for
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i € I, following our notation from §3.1. On weight spaces, these operators
satisfy

TZV(V#) =Ven-
Moreover, the identities proven in [Lus10, §37.2] show that

(6.3) ™ (a-v) =1(a) -1/ (v)

for all @ € U, (Lg) and v € V, analogous to Proposition 3.1(e).

Similarly to the Yangian case considered in Section 3.2, consider the subsets
Nqi = {Xf;n ielire Z}7 and the projection
II:U,(Lg) = U (Lg) ® (N; U,(Lg) + U,(Lg)N,) — U (Lg).
Mimicking Definition 3.4, we make the following definition:
Definition 6.4. The modified braid group operators on U, (Lg) are the maps
. 770 0 .
T,:U,(Lg) — U,/(Lg) foriel

defined by the composition T; = Il o Ti’UO(Lg)'

Each T; is a C(g)-linear endomorphism of UY(Lg), and by the same arguments
as used in Lemma 3.5 and Corollary 3.7, one can see that they are algebra homo-
morphisms which satisfy the braid relations of %4. In fact, they are also invertible,
as follows from the next theorem.

To state this theorem precisely, let %2(Lg) denote the C[q, ¢~ !]-subalgebra of
U,(Lg) generated by the elements K and [r];, Hir, for each i € Tand r # 0. The

following result establishes several key properties of the operators T;, and provides
the main result of this section.

Theorem 6.5. The operators {T;};ct define an action of By on Ug(Lg) by C(q)-
Hopf algebra automorphisms. Moreover, we have:

(a) The action of T; on U(?(Lg) is uniquely determined by the formula:
laji|—1 5
Tilei () =9 (2) [[ @) (zqBonl=20) 0™y et
=0
In particular, we have T;(K;) = Kl-Kj_aj".
(b) The dual action of By on Hom a14(U2(Lg), C(q)) generalizes an action pre-
viously studied by Chari [Cha02).
(¢) The homomorphism constructed by Gautam—Toledano Laredo in [GTL13,
Thm. 1.4] restricts to an embedding
® : Uy(Lg) = Y5 (0)[v]

which intertwines the modified braid group actions from Definitions 6.4 and
3.4, respectively.

We will prove this result in several steps, which occupy the remainder of this
paper. More precisely, in Section 6.3 we will show that under the Gautam-Toledano
Laredo map, the B, action of Y,(g) from Definition 3.4 induces an action of %4 on
U,?(Lg)7 by operators we denote T{. By its very definition, this action satisfies the
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analogue of Theorem 6.5(c); see Corollary 6.8. We will then show explicitly that
this braid group action dualizes Chari’s action on weights, and thus satisfies Part
(b) of Theorem 6.5; see Remark 6.9 and Proposition 6.12. Finally, in Section 6.5
we will compare these operators and show that T; = T, which will complete the
proof of the above theorem.

Remark 6.6. In [FT19, §6], Finkelberg and Tsymbaliuk introduced U, (Lg) ver-
sions of the GKLO generators from Section 2.3. It seems plausible that one could
prove Part (a) of the above theorem by a similar calculation to Proposition 3.8,
though we will not study this question here.

6.3. From Yangians to quantum loop algebras. In this section, we let v be a
formal variable and define Y, (g) to be the Rees algebra of Y, (g) over C[v]. That
is, it is the graded Clv ]—algebra

@U FnYy(g) C Yy(0)[v],

n>0
where deg(v) = 1. Similarly, we let Y9(g) denote the Rees algebra of Y,)(g) — this
is precisely the subalgebra of Y, (g) generated by {v"& , }icrr>0-

Note that, for each j € I, the operator T, extends naturally to a C[v]-algebra
automorphism of Y;’(g)[v] which preserves each component Y%(g),, = v"F,Y,(g)
of YO(g) as T; is a filtered map of degree zero. These operators define an action of
Ry on Y9(g) by graded algebra automorphisms, and thus an action of RBg on the

formal completion
H Y9 (0)n C Yy (9)[v]

n>0

by (C[[v]] algebra automorphisms. In what follows, we shall also view m as a
Clq, ¢ ']-algebra via the embedding C[q, ¢'] < C[v] given by ¢+ e?.

Recall from above the statement of Theorem 6.5 that UJ(Lg) is the Clg,q~']-
subalgebra of Uy(Lg) generated by K iil for each ¢ € I, together with the elements
Hi,r
[r]q;
for all ¢ € I and nonzero r € Z. By Theorem 1.4 of [GTL13], there is an embedding
of Clq, ¢~ ']-algebras

hi,r =

—

. 90
®: UG (Lg) — Yi(g)
uniquely determined by the formulas
(64)  B(K;) =exp ((v/2)&0) and  B(h,) = ——B;(rv/h)
q; —4;
for all ¢ € T and nonzero r € Z, where we recall that B;(u) is the Borel transform of
t;(u); see below (2.8). More precisely, ® is obtained by restricting the embedding

U,(Lg) < Y,(g) constructed in [GTL13, Thm. 1.4] to UJ(Lg) C U,(Lg), where
U,(Lg) is the v-adic analogue of Uy(Lg); see [GTL13, §2. 3]

The homomorphism & is easily seen to intertwine Drinfeld Hopf algebra struc-
tures on both sides. Indeed, on the one hand, the subalgebra UJ(Lg) C U (Lg)
inherits a Hopf algebra structure over C|gq, ¢~ !] by restricting the Drinfeld Hopf
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structure (6.2) from UJ(Lg). On the other hand, Y/?)@ is naturally a topological
Hopf algebra over C[v] under the Drinfeld Hopf algebra structure determined by
(2.9). These two structures are intertwined by @ since this is true on all generators
in equation (6.4): K; is grouplike and &; ¢ is primitive, while the elements h; , and
t;.s are all primitive. (Similarly, the counits and antipodes are intertwined.)

Proposition 6.7. Let j € 1. Then there is a unique Clq,q~*|-Hopf algebra auto-

morphism T;I’ of %S(Lg) satisfying ® o T;I’ =T; o0®. It is given explicitly by the

formulas

[raijlq,
[r]q:

TH(EK) = Ky (a) = KK, and  T5(hiy) =hip —qf i

for alli € I and nonzero r € Z.

Proof. Let j € I. Since ® is injective, to establish the existence of a (necessarily
unique) Cl[q, ¢~ !]-Hopf algebra automorphism T;I’ of %g(Lg) satisfying ® o T;? =
T; o @, it is sufficient to show that, for each i € I and r € Z \ {0}, one has

—a - [raijlg,
(65) Tj((I)(KZ)) = @(KlKj K ) and Tj((p(hiﬂa)) = (hiﬂn — qj [ [T]J](I th«) .
qi
Note that a proof of these relations will simultaneously prove the second assertion
of the proposition. The first relation of (6.5) follows from the fact that, for each
i € I, we have

Tj(®(Ki)) = exp ( i(&, 0)) = exp (g(fz',o - ajzfj,@)) = O(K,K; ).

Hence, we are left to verify the second relation of (6.5). To this end, recall from
Corollary 3.9 that T;(t; x) is uniquely determined by the formula

Tj(ti(w) = ti(u) — q~ Y ajilqe; (t; (w)),
)

where q = €29 viewed as an operator on Y (g)[u']. From this and the formula
(3.5), we deduce that T,(¢; ) is given explicitly by

lajil-1 &
Tj(tzﬁk)* zk+ %ij Z Z( ) 3,0 a]zi kib,

£=0 b=0

where we have set a0 := %ﬂam —2¢). Using the definition of ®, we then obtain

v(—1)% TV gl Tt
(T — id)®(h;,) = f_l)_rZ( ,i,h) > Z()ww

4% — 4 k>0 : £=0 b=0

k:—b

_ Z rv/h)b las Z rv/h aﬂg
= —r 3.b B A E—

qz—qz b>0 =0 k>b

—’r‘ |a71| 1

q ir(laji
( 1 04j qj - q—T Z q (laji|—2¢) . é(hj,r)
? v b=0
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where in the last equality we have used the definition of a;;, and ¢ = e2. Next,

i|—1
jil— g (lagil =20 — =q [

observe that since Zl |ajillgy, we have

—r |aji|—1 r —r
4G —q" 2 4G — 4 [raijlg;
(—1)0 2L gir(lail =260 — —L T ajily = —q) L
Qz - qz ;) qz —q; TR TN / [T]Qi

Combining this with the above expression for (T; — id)®(h;,) yields the second
relation of (6.5) and thus completes the proof of the proposition. O

Corollary 6.8. For each j € 1, the operator T? uniquely extends to a C(q)-Hopf
algebra automorphism of Ufl)(Lg) satisfying

|a‘]7/‘ 1

T (0F(2) H pE(zg~ B lanl 20Dy e
Moreover, the assignment T; — Tj defines an action of By on UY(Lg).

Proof. That the T% uniquely extend to C(¢)-Hopf algebra automorphisms of U (Lg)
satisfying the defining braid relations of 9By follows from the tensor decomposition
U(Lg) = U (L) Oclg,q-1] (C( ), Prop051t1on 6.7, and that the operators {T,}er

define an action of %y on Yo(g). Hence, we are left to check that T?(gai (2)) is
given as claimed in the statement of the corollary. To this end, observe that by
Proposition 6.7, we have

-1

T3 (i) = Hiy — @ [T[iﬁ]rqi o = Hip = 2L il .
It follows that J '
THt ) = T s 400 ) T 2057 )
>0
=¥ ( )KjF " exp( Z a’j’b irHj :I:rZ:FT> .
>0

Substituting the equality —q]-ir[aji]qi7- = (=1)% Zlea:jé‘il qFr%i (il =20) into this
J
formula outputs the claimed expression for T (pE(2)). O

Remark 6.9. Following [Cha02], define h;(u) = >
the formulas of Proposition 6.7 yield

»>0 hiru” for each ¢ € I. Then

lai;|—1
T (hi(w) = hi(w) + (=1)% 37 (g™ gu) ¥ i el
b=0
Equivalently, one has T7 (h;(u)) = h;(u) if a;; = 0, T (h;(u)) = —h;(¢u), while

J
T;b(hZ(u)) = hz(U) + hj(q?’u) + hj(qu) if ai; = —9,
hi(w) +hj(@®u) + hy(qPu) + hj(qu) i ai; = =3,
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We note that these are exactly the formulas from [Cha02, (3.4)], up to a missing
subscript j in [Cha02] in the case where a;; = —1. More precisely, the action of %,
constructed therein is realized on the space

A™ = Hom a4 (U (Lg)*, C(q)) = {(ni(u))ier € C(@)[u] : ps(0) =0 VieT},
where UJ(Lg)" is the subalgebra of U (Lg) generated by {h; , }icr,r>0. The relation

between the two actions will be discussed in more detail in the next section below.

Remark 6.10. Similarly to Section 3.4, the action of B on Ug(Lg) from Corollary
6.8 gives rise to an action of the Hecke algebra #.(g). To see this, define a C(q)-
algebra automorphism z of Ug(Lg) by z(K;) = K; and z(h;,) = ¢; "h; . Next,
similarly to Proposition 3.11, define operators T; = z% o TP on Ug(Lg), for each
i € I. Explicitly, using the formulas from Proposition 6.7 and Corollary 6.8, these
algebra automorphisms are determined by:

Ti(hiy) = q; "hir — [aijlgrhjr
For any non-zero integer r € Z, consider the finite-dimensional C(q)-vector space
U, = spangq){hi : i € I} = spang( { Hir : i € I}.

Then the operators {T; };c1 define an action of %, (g) on U,., where z acts by z. This
can be proven by explicit calculations similar to the proof of Proposition 3.11.

6.4. Dual action on weights. By Corollary 6.8, there is an action of %4 on
UY(Lg) defined by the operators {T{ }ier. For 0 € %y, let us denote the corre-
sponding operator on Ug (Lg) by o®. Analogously to Ssection 4.1, we dualize to
obtain an action of B4 on Hom 414(UZ (Lg), C(q)), via the rule

(6.6) o(M(y) =v(3(0)* -y)

for any o € By, y € UY(Lg), and v € Hom 14(U (Lg),C(g)). In other words, this
action is determined by the requirement that T; € %, acts by the transpose/adjoint
of T?, so that T;(y) = (TE)*(y) = yo TE.

Each homomorphism ~ € HomAlg(Ug(Lg),(C(q)) may be encoded by a tuple
& = (OF(2))ier, where ®F(2) = y(¢F(z)). This correspondence allows us to
identify Hom 14(UY(Lg), C(g)) with the following space of tuples of formal series:

(@;t(z))iel e C()[zF* : VieT, of @, =1 where dF(2) = Z @ii’irzp“
r>0
The Drinfeld Hopf algebra structure (6.2) on Ug(Lg) induces a group structure

on this set, which is a subgroup of the group (C(g)[z~']* x (C(q)[[z]]x)I under
componentwise multiplication.

With this identification in mind, we have the following analogue of Corollary 4.1,
which follows by an analogous proof:

Corollary 6.11. The formula (6.6) defines an action of the braid group By on
Hom a4 (U (Lg),C(q)) by group automorphisms. Moreover, for any element ® =
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(®E(2))ier € Hom 414(UJ (Lg),C(q)), the components T,(®)F of T;(®) are given by
lajil—1
7 (®)F = dF(2) H q>j:(qudj(\ajilfzé))(ﬂ)““_
=0

By restricting to the subalgebra U_(Lg)™ C UJ(Lg) from Remark 6.9, we also
obtain an induced action of %4 on

A" = Homay, (U (L) ", C(q)) = {(ni(u))ier € C(9)[u] : ps(0) =0 VieT}.
More explicitly, for any v € Homa;4(UY(Lg),C(q)) we consider the images

pi(u) = y(hi(u)) € C(q)[u]
of the series h;(u) = Y _,hi,u", and encode these as a tuple u = (u;(u))ic1 €
A™. Recall that the action of By on the generating series h;(u) for UJ(Lg)" was
described in Remark 6.9. We immediately deduce expressions for the components
T;(p); of the image T;(1) € A™ under any generator T; € By: we have T;(p); =

pi(u) if ag; = 0, Tj(p); = —p;(qiu), and finally
pi(w) + 1 (gju) if ai; = —1,
()i = § pa(w) + 5 (@°w) + p(qu) if ai; = =2,
pi(w) + wi(Pu) + pi(®u) + pi(qu)  if a;; = —3.
This exactly recovers Chari’s braid group action on A" from [Cha02, (3.4)], up to
a missing subscript j in [Cha02] in the case a;; = —1.
This discussion puts us in place to apply Chari’s result [Cha02, Prop. 4.1] on
the weights of extremal vectors in representations of Uq(Lg), which provides the

quantum loop analogue of Proposition 4.7. We summarize this as follows:

Proposition 6.12. The action of By on A" = Homayy (U (Lg)",C(q)) agrees
with Chari’s action [Cha02, (3.4)]. Consequently, for any finite-dimensional irre-
ducible representation V' of U,(Lg) with highest weight space Vy, the following two
assertions hold:

(a) Suppose that the action of h;(u) on the highest weight space V) is encoded

by the tuple p = (pi(u))ic1 € A™. Then for any w € Wy, we have
hi(u)|Vw()\) = Tw(ﬁ)i : Ide(A)’
where T, (1) € A™ is the image of p under T,, € By.

(b) Suppose that the action of the series cpf(z) on the highest weight space is
encoded by the tuple ® = (P (2))ie1 € Hom a4 (U7 (Lg),C(q)). Then, for
each w € Wy, we have

901:“:(2)“/1”@) =Ty (P); 'Ide(x)?
where T;(®) € Hom 1y (UY(Lg), C(q)) is the image of ® under T, € By.

Proof. We have already seen above that the action of %4 on A™ agrees with Chari’s.
Therefore, Part (a) of the proposition follows immediately from [Cha02, §4.1]. For
Part (b), we first observe that Chari’s proof applies equally well to the elements
h;  for r < 0. By taking exponentials and using the fact that 7;(K;) = KiK;aji,
we deduce that Part (b) holds.
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6.5. Completing the proof of Theorem 6.5. Recall that in Definition 6.4 we
introduced modified braid group operators T; on Ug (Lg), defined via Lusztig’s
braid group operators t; on U, (Lg). Recall also that By acts on any irreducible
finite-dimensional representation V' of U, (Lg), via operators TV

7
Lemma 6.13. Let V' be as above. Then for any ¢ € 1 and any a € Ug(Lg), the
eigenvalue of a acting on Vi, () is the same as the eigenvalue of T;(a) on Vy.

Proof. This follows from the same argument as Proposition 4.7:

Choose a highest weight vector v € V. Then the vector T} (v) € Vs,(n), while
/

v o= (1Y) (v) € Viz(ny = Vi is a highest weight vector. By the compatibility
condition (6.3), we have:

T (a7 (v) = Ti(a) - (17)*(v) = Ti(a) - v' = Ti(a) - .

The left-hand side reflects the eigenvalue of a on Vj, (), and the right-hand side the
eigenvalue of T;(a) on V), proving the claim. O

On the other hand, in the previous two sections we used the Gautam—Toledano
Laredo homomorphism to obtain an action of %z on Ul? (Lg) by operators T¢
(Proposition 6.7 and Corollary 6.8), and dualized this to an action of %y on
Hom a4 (U (Lg),C(q)). We have seen that this dual action extends an action of
By on A" = Hom 4 (U)(Lg) ", C(q)) studied by Chari, and thereby allows us to
express the action of Ug (Lg) on extremal weight spaces V,,(x) (Proposition 6.12).

In particular, this shows that the operators T satisfy the same property from
the previous lemma: for any finite-dimensional irreducible representation V' with
highest weight space V), and for any a € Ug(Lg)7 the eigenvalue of a acting on
Vs, is equal to the eigenvalue of Tf’(a) on Vy. Indeed, this is an immediate
consequence of Proposition 6.12 and the definition of (Chari’s) dual action on
Horm ui, (U2(Lg), C(q)).

Proof of Theorem 6.5. We claim that, for each i € I, the operators T; and T{ on
UY(Lg) coincide:

(6.7) T,=T¢ V iel

Assuming this claim for the moment, we can complete the proof of Theorem 6.5.
First of all, the operators T® define an action of Ry on Ug(Lg) by Corollary 6.8,
and therefore the operators T; do as well. (In particular, the operators T, are
invertible.) Part (a) of the theorem follows from Corollary 6.8, Part (b) follows
from Proposition 6.12, and Part (c) is precisely Proposition 6.7 and Corollary 6.8.

Finally, to prove the claim (6.7), we assume towards a contradiction that there
exists an element a € UJ(Lg) such that T;(a) # TF(a). Then by Lemma 6.14
below, there exists a representation V such that the difference T;(a) — T®(a) acts
non-trivially on its highest weight space V). But by Lemma 6.13 and the discussion
afterwards, the action of T;(a)—T&(a) on V) is given by the same scalar as a—a = 0
acting on Vj,(y), a contradiction. It follows that T; = T® on Ug(Lg), completing
the proof. O
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Lemma 6.14. For any non-zero element a € Ug(Lg), there exists an irreducible
finite-dimensional representation V' of U,(Lg) such that a acts non-trivially on its
highest weight space V.

Proof. Let V' be an irreducible finite-dimensional representation of U, (Lg), with
Drinfeld polynomials P;(z), ¢f. Theorem 6.3. For any ¢ € I and nonzero r € Z, the
action of the element H; , € Uq(Lg) on the highest weight space V) is given (up to
rescaling by a constant independent of V') by the power sum symmetric function
pr=>_,a;, intheroots {a;1,...,a;4,} of Pi(2), see [Cha02, Thm. 2.4]. Therefore,
the lemma is a consequence of the following result about rings of symmetric Laurent
polynomials. (I

Lemma 6.15. Let k be a field of characteristic 0, and consider the ring A =
klzfl, ... 2E)5 of symmetric Laurent polynomials in n variables. For each inte-

ger r > 1, consider its elements:
pf=ai+...+a2l, pr=x 4. .+,
If n > r + s, then the following elements are algebraically independent:

p??"'?l)j?pl_?"'?p;

Proof. Consider the subrings A* = k[p{,...,p}] and A~ = k[p,...,p;]. By
standard results about symmetric polynomials, these are both polynomial rings
with alternative generators

At =klef,... el A” =kle],...,e; ],

S

where ez (resp. e, ) denotes the (-th elementary symmetric polynomial in the vari-

ables x1,...,x, (resp. the variables z',... x;1).

Now, note that e, =e, ,/ef. Thus A~ is generated by e, _;/e},... el /e,
So long as 7 + s < n, it is easily seen that the elements
ef, er e,f_s/e:, ce eiﬁl/e:{

1YY

are algebraically independent in A, so the claim follows. O
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