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MHD equations

Ideal incompressible magnetohydrodynamics equations

∂ρ

∂t
+ div ρV = 0,

ρ
∂V

∂t
= ρV × curlV +

1

µ
curlB× B− gradP − ρ grad

V2

2
,

∂B

∂t
= curl(V × B),

divB = 0, divV = 0

Notation

1 ρ plasma density

2 B magnetic induction vector

3 V plasma velocity vector

4 P scalar pressure

5 µ magnetic permeability coefficient
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Applications

Messier 87 supergiant elliptical galaxy jet, ∼ 5× 103 light years
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Applications

Centaurus A: a relativistic jet from a supermassive black hole, ∼ 106 light years
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Applications
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Applications

Plasma discharge in the UK JET reactor
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MHD equilibrium systems

Dynamic MHD equilibria in 3D

div ρV = 0,

ρV × curlV +
1

µ
curlB× B− gradP − ρ grad

V2

2
= 0,

curl (V × B) = 0,

divB = divV = 0

Static MHD equilibria

divB = 0,

curlB× B = µ gradP
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MHD equilibrium topology

Magnetic field lines/ streamlines go to infinity

Magnetic field lines/ streamlines are tangent to magnetic flux surfaces

topological tori

constant pressure or flux function
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MHD equilibrium topology

Magnetic field lines/ streamlines go to infinity

Magnetic field lines/ streamlines are tangent to magnetic flux surfaces

topological tori

constant pressure or flux function
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Physical requirements

Bounded kinetic and magnetic energy: total in V, or per-layer∫
V
|V(x)|2 dV ,

∫
V
|B(x)|2 dV < +∞

Pressure asymptotics: vacuum or ambient medium

P → P0 = const as |x| → +∞ or on ∂V

Current sheet for a “truncated” configuration: K =
B

µ
× n on ∂V
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Axial symmetry

Static MHD equilibria

divB = 0,

curlB× B = µ gradP

Rotational symmetry X = ∂/∂φ

Magnetic field and pressure:

B = B r (r , z)er + Bφ(r , z)eφ + Bz(r , z)ez , P = P(r , z)
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Axial symmetry

Static MHD equilibria

divB = 0,

curlB× B = µ gradP

Reduction to one PDE on one dependent variable (magnetic flux function):

B =
ψz

r
er +

I (ψ)

r
eϕ − ψr

r
ez , P = P(ψ)

Grad-Shafranov equation

ψrr −
1

r
ψr + ψzz + I (ψ)I ′(ψ) = −r 2P ′(ψ)

I (ψ), P(ψ) “free”

Linear cases (P(ψ) quadratic, I (ψ) linear) have been considered by Bogoyavlenskij,
Kaiser & Lortz, and others; interesting solutions were obtained
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Linear homogeneous G-S

Grad-Shafranov equation

ψrr −
1

r
ψr + ψzz + I (ψ)I ′(ψ) = −r 2P ′(ψ)

Linear ansatz:

P(ψ) = P0 + bψ +
1

2
aψ2, I (ψ) = αψ

Linear homogeneous case: b = 0,

ψrr −
1

r
ψr + ψzz +

∂2ψ

∂z2
+ (α2 + ar 2)ψ = 0

Separation of variables:

Z ′′ = λZ , R ′′ − 1

r
R ′ + (α2 + ar 2 + λ)R = 0

Z -solutions for stretched configurations:

Z = C3 sin(kz) + C4 cos(kz)
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The first family of axially symmetric solutions

R-ODE:

R ′′ − 1

r
R ′ + (α2 + ar 2 + λ)R = 0

Substitution s = qr 2, R(r) = S(s) gives

S ′′ +

(
−1

4
+
α2 − k2

4qs

)
S = 0,

which is related to the Whittaker ODE

y ′′(s) +

(
−1

4
+
δ

s
+

1/4− ν2

s2

)
y(s) = 0

when δ = α2 − k2/4q, ν = 1/2.
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The first family of axially symmetric solutions

Separated solutions of the GS:

ψk(r , z) =

(
C1WM

(
δ,

1

2
, qr 2

)
+ C2WW

(
δ,

1

2
, qr 2

))
(C3 sin kz + C4 cos kz)

Globally regular if and only if δ ∈ N; regularity is not necessary under proper BCs

A general linear combination: Ψ(r , z) =
∫∞
−∞ ψk(r , z) dk
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The first family of axially symmetric solutions

Example [Bogoyavlenskij solutions]: pressure and magnetic energy

ψ(r , z) = e−βr2

(
aNL

∗
N(2βr

2) +
N−1∑
n=1

an sin(ωnz + bn)L
∗
n(2βr

2)

)
Externally supported
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The first family of axially symmetric solutions

Example [Bogoyavlenskij solutions]: pressure and magnetic energy

ψ(r , z) = e−βr2

(
aNL

∗
N(2βr

2) +
N−1∑
n=1

an sin(ωnz + bn)L
∗
n(2βr

2)

)

Magnetic surfaces:
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The first family of axially symmetric solutions

Example 2: Whittaker functions

ψk(r , z) =

(
C1WM

(
δ,

1

2
, qr 2

)
+ C2WW

(
δ,

1

2
, qr 2

))
(C3 sin kz + C4 cos kz)

Also externally supported
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The second family of axially symmetric solutions

Second axial family

Pressure: P(ψ) = P0 +
1
2
q2ψ2, positive inside V, zero outside V

R-ODE:

R ′′ +

(
−1

4
+

k2 − α2

4qx
i

)
R = 0

Whittaker functions of complex index → Coulomb ODE:

y ′′(s) +

(
1− 2σ

s
− L(L+ 1)

s2

)
y(s) = 0

Radial solution component:

R(r) = C1 CF

(
0,−δ, q

2
r 2
)
+ C2 CG

(
0,−δ, q

2
r 2
)

in terms of Coulomb special functions.
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The second family of axially symmetric solutions

Separated solutions of the GS:

ψk(r , z) =
(
C1 CF

(
0,−δ, q

2
r 2
)
+ C2 CG

(
0,−δ, q

2
r 2
))

(C3 sin kz + C4 cos kz)

A general linear combination: Ψ(r , z) =
∫∞
−∞ ψk(r , z) dk

Example: magnetic surfaces
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The second family of axially symmetric solutions

Separated solutions of the GS:

ψk(r , z) =
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C1 CF

(
0,−δ, q
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)
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r 2
))
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The second family of axially symmetric solutions

Configuration with lower external pressure and a current sheet
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Helical symmetry

Static MHD equilibria

divB = 0,

curlB× B = µ gradP

Rotational and translational symmetry X1 = ∂/∂φ, X2 = ∂/∂z

Helical coordinates (r , η, ξ) in terms of cylindrical coordinates (r , φ, z):

r , η = φ+ γz/r 2, ξ = z − γφ

z

x

y

r

h

er

e ´

e»
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Helical symmetry

Static MHD equilibria

divB = 0,

curlB× B = µ gradP

Reduction to one PDE on one dependent variable (magnetic flux function):

B =
ψξ

r
er +

rI (ψ) + γψr

r 2 + γ2
eφ +

γI (ψ)− rψr

r 2 + γ2
ez

Johnson-Frieman-Kulsrud-Oberman (JFKO) equation

ψξξ

r 2
+

1

r

∂

∂r

(
r

r 2 + γ2
ψr

)
+

I (ψ)I ′(ψ)

r 2 + γ2
+

2γI (ψ)

(r 2 + γ2)2
= −µP ′(ψ)

I (ψ), P(ψ) “free”

Consider again the linear homogeneous case: P(ψ) = P0 +
1
2
σψ2, I (ψ) = αψ
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Helical symmetry

Static MHD equilibria

divB = 0,

curlB× B = µ gradP

Linear JFKO:

1

r 2
∂2ψ

∂ξ2
+

1

r

∂

∂r

( r

r 2 + γ2

∂ψ

∂r

)
+

α2ψ

r 2 + γ2
+

2γαψ

(r 2 + γ2)2
+ 4σψ = 0

Separated solutions ψ(r , u) = R(r)Ξ(ξ)

Ξ′′ = λΞ, λ = −ω2 < 0 → Ξ(ξ) = C3 sin(ωξ) + C4 cos(ωξ)

r
( r

r 2 + γ2
R ′
)′

+
( α2r 2

r 2 + γ2
+

2γαr 2

(r 2 + γ2)2
+ 4ar 2

)
R = −λR
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The first family of helically symmetric solutions

σ = −κ2 < 0

R-ODE:

r
( r

r 2 + γ2
R ′
)′

+
( α2r 2

r 2 + γ2
+

2γαr 2

(r 2 + γ2)2
+ 4κ2r 2

)
R = ω2R.

Solution:

R(r) = e−κr2
(
C1r

bHC (a, b,−2, c, d ,−r 2/γ2) + C2r
−bHC (a,−b,−2, c, d ,−r 2/γ2)

)
a = κγ2, b = γω, c =

γ2(γ2κ2 − α2 + ω2)

4
,

d = 1− κ2γ2

4
+
α2 − ω2

4
γ2 +

αγ

2
,

where HC satisfies the confluent Heun ODE

y ′′− (−x2a+ (−b + a)x + b + 1)

x(x − 1)
y ′− ((−ba− 2c)x + (b + 1)a+ b − 2d + 2)

2x(x − 1)
y = 0
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The first family of helically symmetric solutions

Separated solutions of the JFKO:

ψω(r , ξ) = e−κr2 rbHC (a, b,−2, c, d ,−r 2/γ2)(C3 sin(ωξ) + C4 cos(ωξ)).

A general linear combination: ψ(r , ξ) =
∫∞
−∞ ψω(r , ξ) dω
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The first family of helically symmetric solutions

First helical family: an example

Magnetic surfaces: global

2.4.2 Examples of the first family of new helical solutions

Two examples of the first family of solutions will be shown. The first is a look at a single separated solution

given by (2.42). Here the parameters in (2.42) are chosen such to not produce polynomials from the confluent

Heun part of the solution. Here the first part of the solution is shown before it starts to grow unboundedly

similar to the Whittaker functions when δ ̸= N. The magnetic surface cross-sections for this solution can be

seen in Figure 2.9.
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Figure 2.9: Helically symmetric magnetic surfaces P = const for Family 1 where c ̸= −a(n+ (b/2)).

Here ψ(r, ξ) is given by (2.42) with α = 5.9, κ = 1, γ = 1, ω = 3, C1 = 1 and C2 = 0.

While globally the above solution is non-physical, it can be truncated to give solutions which satisfy

the physical constraints. The physical solution with the pressure profile, magnetic energy density and the

magnitude of the current density can be seen in Figure 2.10. As expected with the magnetic energy density,

the higher concentration is seen in the center of each of the inner 6 sections.

An interesting linear combination of a non-physical solution can be seen in Figure 2.11.

The second example from this family of solutions is for the case when the confluent Heun function does

produce polynomials. This is a special case when Ψ(r, ξ) from (2.43) can be written as

ΨNmn(r, ξ) = e−κr
2/2
(
aNB0N (κr2) + rmBmn(κr

2)(amn cos(mξ/γ) + bmn sin(mξ/γ))
)
. (2.44)

33
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The first family of helically symmetric solutions

First helical family: an example

Magnetic surfaces (local/bounded), magnetic energy, current density
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The second family of helically symmetric solutions

σ = κ2 > 0

Real-valued separated solutions:

ψω(r , ξ) = e−iκr2 rbHC (ia, b,−2, c, d ,−r 2/γ2) (C1 sin(ωξ) + C2 cos(ωξ))
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The second family of helically symmetric solutions

Second helical family: an example

Magnetic surfaces: global
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The second family of helically symmetric solutions

Second helical family: an example

Magnetic surfaces (bounded), magnetic energy

-2 -1 0 1 2
-2

-1

0

1

2

0

1

2

3

4

5

6

-2 -1 0 1 2
-2

-1

0

1

2

0

0.5

1

1.5

2

2.5

3

A. Shevyakov (UofS, Canada) New symmetric plasma equilibria December 2, 2023 18 / 23



The second family of helically symmetric solutions

Second helical family: an example

A magnetic surface and tangent magnetic field lines:

A. Shevyakov (UofS, Canada) New symmetric plasma equilibria December 2, 2023 18 / 23



Outline

1 MHD equations

2 Exact solutions with axial symmetry

3 Exact solutions with helical symmetry

4 Dynamic solutions

5 Discussion

A. Shevyakov (UofS, Canada) New symmetric plasma equilibria December 2, 2023 19 / 23



Dynamic solutions

Galas-Bogoyavlenskij transformations (potential symmetries of equilibrium MHD):

B1 = b(ψ)B+ c(ψ)
√
µρV,

V1 =
c(ψ)

a(ψ)
√
µρ

B+
b(ψ)

a(ψ)
V,

P1 = CP +
CB2 − B2

1

2µ
,

ρ1 = a2(ψ)ρ

a = a(ψ), b = (
¯
ψ), c = c(ψ) are constant on both magnetic fields lines and

streamlines, and
b2(ψ)− c2(ψ) = C = const.
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Dynamic solutions

Starting from a static equilibrium, get field-aligned solutions

B1 =
√

C + c2(ψ)B,

V1 =
c(ψ)

a(ψ)
√
µρ

B,

P1 = CP +−c2(ψ)B2

2µ
,

ρ1 = a2(ψ)ρ

Can apply to all of the above solutions!
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Dynamic solutions

Second helical family: an example

Before and after: magnetic surfaces (bounded), magnetic energy, kinetic energy
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Discussion

New closed-form exact solutions in terms of special functions, in axial and helical
symmetry, modeling prolonged static and dynamic plasma equilibria

Field lines are not axially (or helically) symmetric

Linear combinations of basic solutions → no z-periodicity

Galas-Bogoyavlenskij symmetries: a rare example of useful nonlocal symmetries in
multi-dimensions

Linear and nonlinear stability? Numerical solutions?

Heun functions are gaining popularity; implemented in numerical software

Any physical invariant solutions from the time-dependent helical system [Dierkes and
Oberlack (2017)]?
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