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(1) Conservation laws and
nonlocally related PDE systems
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Local conservation laws

A PDE system:  R[u] = Ri(z,u,0u,...,0Fu) =0, i=1,...,N;

r=(x}...,2"), u=u(z)=(ul,. .., u™).

A conservation law:  D;®'[u] = D1 ®u] + ... + Dy ®™[u] = 0.

Time-dependent systems: DU [u] + D2 ®?[u]... + Dyn®™[u] = 0.

For any physical PDE system (in the solved form), look for multipliers

that yield conservation laws: A, [u| R |u] = Di@i[u] = 0.
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Conservation laws and potential equations

Example: wave equation U{z,t;u} : uy = c2(T)Uspy

Potential system: potential equations plus remaining equations

UV{x,t;u,v}: {

Solution set: equivalent to that of the given system.
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Subsystems

Nonlocally related subsystems:
exclude dependent variables using differential relations.

Given:

UVd{x,t;u,v}: {

Nonlocally related subsystems:
Uz, t;u}l: uy = () Uy

Viz,t;v} 1 vy = (2(2)vg)s
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Tree of nonlocally related systems

Construction of the tree of nonlocally related systems:
[Bluman & Cheviakov, JMP 46 (2005);
Bluman, Cheviakov & lvanova, JMP 47 (2006)]

1. For a given PDE system, construct local conservation laws.

2. Construct potential systems.
(include ones with pairs, triplets, quadruplets of potentials,...

N’

3. Construct nonlocally related subsystems.
4. Find further conservation laws.

5. Continue.
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(11') Nonlocally related PDE systems
of Planar Gas Dynamics
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Planar Gas Dynamics equations

Lagrange PDE system of planar gas dynamics:

( qs_vyzoa
L{y,s;v,p,q} : § vs+py, =0,
| ps + B(p,q)vy = 0.

Lagrangian coordinates (initial positions) of fluid particles: y
Time: s
Velocity: v

Density: p =1/q

Local conservation laws: assume A; = A;(y, s, V, P, Q)
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Conservation laws and potential systems

Multiphers Conservation law Potential Potential equations

(Aq, Aa, Ag) variable
(1,0,0) D.(q) — Dy(v)=10 w! I :‘f =q, wi=u
(0,1,0) D.(v)+ Dy(p) =0 w? wy = v, wi = —p
(y,5,0) D,(sv+ygq) + Dy(sp — yv) =0 w® wy = vs + qy, W = —sp+ vy
(Sa(P.Q).0,5p(P,Q)) D.(S(p,q)) =0 w! wy = S(p,q), wi=0
(Kg(P,Q).V,Kp(P.Q)) D, (T} + Ii'-:p.f;}) + Dy(pr) =0 w’ wy = v 24 K(p,q), wl=—pv

Kq(p,q) = B(p,q)K,(p.q) — p

Q.s—”Uy:Oa
L{y,s;v,p,q}: { vs+py =0,
| ps + B(p,q)vy = 0.
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Conservation laws and potential systems

Multiphers Conservation law Potential Potential equations

(Aq, Aa, Ag) variable
(1,0,0) D.(q)—Dyiv)=10 w! u'b =q, wi=u
(0,1,0) D.(v)+ Dy(p) =10 w0 u'ﬁ =, we = —p
(y, 5.0 D.(sv+yq)+ Dy(sp—yv) =1 w u-‘;ﬁ —vs+qy, W =—sp+uy
(Sa(P,Q).0,Sp(P,Q)) D.(5(p,q)) =0 w! wy = S(p,q), wi=0
(Kg(P,Q),V,Kp(P,Q)) D. (T} + H-:p.f;]) + Dy(pv) =0 ' wé =v2/2+ K(p,q), w®=—pv
Kq(p,q) = Blp,q)K,(p,q) —p

[ w, = q,
LWl{y S'quwl}: 4 wizv,
9 ) b} 9 9 /U3+py:0’
. ps + B(p, q)vy = 0;
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Euler system

[ w, =g,
LWl{y S'quwl}: $ wizv,
Y/ ) 9 9 Y ’Us—l_py:(),
. ps + B(p,q)vy = 0;

Change of variables.

- Dependent: o', v,p,p=1/q

- Independent: g = w! t =s

(1
Gy —P=VY,
a; + pv =0,

& EAY{z,t;v,p,p,al}: <

| o(pe +vpz) + B(p,1/p)ve = 0.
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Euler system

EAYz,t;v,p,p,a'}:

( ai—p:())
ai + pv =0,

< )O(Ut + UU:U) + pe =0,

Exclude ol => nonlocally related subsystem (Euler system)

2

Pt + (,OfU)x = 0,
p(vt + U'U:U) + pr =0,

| PPt +vpa) + B(p,1/p)va = 0.

. p(pt +vpz) + B(p,1/p)ve = 0.
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Conservation laws and potential systems

Multiphers Conservation law Potential Potential equations

(Aq, Aa, Ag) variable
(1,0,0) D.(q)—Dyiv)=10 w! u'b =q, wi=u
(0,1,0) D.(v)+ Dy(p) =10 w0 u'ﬁ =, we = —p
(y, 5.0 D.(sv+yq)+ Dy(sp—yv) =1 w u-‘;ﬁ —vs+qy, W =—sp+uy
(Sa(P,Q).0,Sp(P,Q)) D.(5(p,q)) =0 w! wy = S(p,q), wi=0
(Kg(P,Q),V,Kp(P,Q)) D. (T} + H-:p.f;]) + Dy(pv) =0 ' wé =v2/2+ K(p,q), w®=—pv
Kq(p,q) = Blp,q)K,(p,q) —p

QS2—’Uy:07
LW2{y.s:v,p,q,w?}: A Wy =Y
{y,s50,p,¢, w7} wh = —p,
. ps + B(p, q)vy = 0;
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Conservation laws and potential systems

Multiphers Conservation law Potential Potential equations

(Aq, Aa, Ag) variable
(1,0,0) D.(q)—Dyiv)=10 w! u'b =q, wi=u
(0,1,0) D.(v)+ Dy(p) =10 w0 u'ﬁ =, we = —p
(y, 5.0 D.(sv+yq)+ Dy(sp—yv) =1 w u-‘;ﬁ —vs+qy, W =—sp+uy
(Sa(P,Q).0,Sp(P,Q)) D.(5(p,q)) =0 w! wy = S(p,q), wi=0
(Kg(P,Q),V,Kp(P,Q)) D. (T} + H-:p.f;]) + Dy(pv) =0 ' wé =v2/2+ K(p,q), w®=—pv
Kq(p,q) = Blp,q)K,(p,q) —p

SU + Yq,
—sp + yv,

Vs + Py = 0,

| ps + B(p,q)vy = 0;

» e W

LW3{y,s;v,p,q,w} : 4
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Conservation laws and potential systems

Multiphers Conservation law Potential Potential equations

(Aq, Aa, Ag) variable
(1,0,0) D.(q)—Dyiv)=10 w! u'b =q, wi=u
(0,1,0) D.(v)+ Dy(p) =10 w0 u'ﬁ =, we = —p
(y, 5.0 D.(sv+yq)+ Dy(sp—yv) =1 w u-‘;ﬁ —vs+qy, W =—sp+uy
(Sa(P,Q).0,Sp(P,Q)) D.(5(p,q)) =0 w! wy = S(p,q), wi=0
(Kg(P,Q),V,Kp(P,Q)) D. (T} + H-:p.f;]) + Dy(pv) =0 ' wé =v2/2+ K(p,q), w®=—pv
Kq(p,q) = Blp,q)K,(p,q) —p

LWy, s;v,p,q,wt} 4
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Conservation laws and potential systems

Multiphers Conservation law Potential Potential equations

(Aq, Aa, Ag) variable
(1,0,0) D.(q)—Dyiv)=10 w! u'b =q, wi=u
(0,1,0) D.(v)+ Dy(p) =10 w0 u'ﬁ =, we = —p
(y, 5.0 D.(sv+yq)+ Dy(sp—yv) =1 w u-‘;ﬁ —vs+qy, W =—sp+uy
(Sa(P,Q).0,Sp(P,Q)) D.(5(p,q)) =0 w! wy = S(p,q), wi=0
(Kg(P,Q),V,Kp(P,Q)) D. (T} + H-:p.f;]) + Dy(pv) =0 ' wé =v2/2+ K(p,q), w®=—pv
Kq(p,q) = Blp,q)K,(p,q) —p

¢ . U2
LW5{y,s;v,p,q,w’} { ws = —pu,
Vs + Dy = 0,
. ps + B(p,q)v, = 0;
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Other nonlocally related subsystems

y

ds — Uy =0,
L{y,s;v,p,q} : ¢ vs+py, =0,

i Exclude v

. . dss ‘I‘pyy:07
Liy.sip.a} - { ps + B(p,q)gs = 0.

\ Ps + B(p7 Q)vy = 0.

Symmetry-2009
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Other nonlocally related subsystems

LWy, s;v,p,q,w

LW*y,s;p,q,w

)

4}:

9

wy = S(p,q),
w =0,
Vs 1 Py = 0,

ps + B(p, q)vy = 0;

Exclude v

dss T Dyy = 0,
wy = S(p,q),

w; =0,
Ds + B<p7 Q)QS — 07
SQ(p7 q)
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Tree for the Lagrange PGD system

LW'W*W'W*W>

_

o=

LW'WwW*w* LW'WW*'W° LW'W'W*'W° LW 'W'W*W° LWW'W'W°
LW W>W!|[LW'W*W*|LW'W’W’|[LW'W'W*|[LW'W'W’ | [LW'W*W’ |[LW*W'W* |[LW*W'W’ | LW*W*W’| [ LW W*W°
Lw'w?| |lLw'w' | |lLw'W*| |LW'W | |LWW' | |LW'W'| |LW'W’ | |LW'W*| |LW'W’ | | LW*'W’

EA'< LW

T
L LW’
L
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( 1l ) Nonlocal symmetries for Planar Gas
Dynamics

Symmetry-2009
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Nonlocal symmetries

Given system: R{z,t;u}

Potential system: RV{z,t;u,v}

A symmetry of RV{x,t;u,v}

X =&(x,t,u, U)('a% + 7(z,t, u, v)% + n%(x,t,u,v) 82(, + (P (x,t, u,v) 83”

is a nonlocal symmetry of R{z,t;u},
if one or more of &(x,t,u,v), 7(x, t,u,v),n’(x,t,u,v)

depend on nonlocal variables.

Seek nonlocal symmetries of the Lagrange system L{y,s;v,p,q}

in the polytropic case B(p,q) = vp/q, 7 = const.
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Tree for the Lagrange PGD system

LW 'WW'W*W?°

| =

LW'WwW*w* LW'WW*'W° LW'W'W*'W° LW 'W'W*W° LWW'W'W°

LW W>W!|[LW'W*W*|LW'W’W’|[LW'W'W*|[LW'W'W’ | [LW'W*W’ |[LW*W'W* |[LW*W'W’ | LW*W*W’| [ LW W*W°

LWW' | |LW'W!'| |LW'W’ | | LW'W!| |LW'W’° | | LW*'W’

LW'wW? | |lLW'W' | |[LW'W'| |LW'W

EA'< LW LW LW LW* LW’
—
T
E L LW
L
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Nonlocal symmetries of the Lagrange PGD system

v Admitted point symmetries
E{x,t;v,p, p} L{y,s;v,p,q} L{y,s:p q}
Arbitrary | X; = %
Xzigj 21:5)8 211217
X:azfa +‘Tar ZzZJ%%--S‘éi, 222227
X;l:fa—i—dl ZBZC%:
Xs =25y + vy +Pap Py | Za=1 ap+1)ap+qaq' Z3_Pap+qaq
X6 paerpap Z5:y$ +p8—p—qa—q, Ly = 75,
ZG — c)iy Z = Z(;, .
Zo =y 5n +ypgs — 3yq5s
3 X1, Xz, X3, X4, Xs, X, Z1, 22,23, Za, Zs, Ze. 21.22,23,24325,26,
X = wt o d 4 fz d -+ (2 — u‘)d—al 27 = .92 d C)p + SQaq'
= Btp.a—p — tpac—o
—1 Xy, Xa, X3, X4, X5, X6. 21,72,73,74,75, 76, 21,2%2332412““26,
Z?Z%Jrgé;)q ESZZT«
Ls=—sgrtym + 45 | Lo=yz + 43
Zio C?p + %C%

Symmetry-2009
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Nonlocal symmetries of the Lagrange PGD system

y Admitted point symmetries
LW'{y, s;v,p,q.w"} LW?{y,s;v,p,q,w”} LW?{y, s:v,p,q,w’}
Arbitrary | I) = 831, J1 = 032 K| = %
I, =7, Jo =74,
I3 = Zo + w2 au J3 = Zo + w? =25 au Ko = Zo + 2w’ -2 au, ,
14:23+s—’f J4—23+JW 1<3—23+sz
Is =74+ w' W Jo = 74 + w? au K4:Z4+’w
Ie =75, Jo = Zs + w? =25 cm Ky =75 +w® =25 c)u*'
I = Ze. Jr =Y,
s = Zg + (w? — yv) 2 + yw? af]
3 I, 1o, Is, Iy, Is, L6, I~ Ji,Jo, I3, Ja, J5, J6, J7, Js. Ki, Ko, K3, Ky, K5.
—1 I, 1o, 15, 14, Is, Ig, Iy, Ji,Jo, 3, Ja, Is, J6, J7, Js, Ki, Ko, K3, Ky, Ks.
Jo = Zr — 5525,
Jio = 7Zs — SJC)UH
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Nonlocal symmetries of the Lagrange PGD system

Admitted point symmetries

,,
LW {y,s:p,q,w"} LWy, s:v,p, ¢ w'} LW*{y,s;0,p,q,w’}
Arbitrary | L = % L, =L, M, = 835,
Lo = 71, Lo = 74, Mz = 71,
Ly = Zo + wl=ly, Ls = La, Ms = Za +w’ 52,
Ly = Zs,
Lo=pd +afy + (4 Dutsde | To= v + s My = 24+ 20" 52
Ls = Zs + (2 — nw's2s, L = Ls Ms = Zs + w® a’
Le = Zs. L. = Ze. Mg = Ze.
3 L1, Lo, La, Ly, Ly, Le, Li, Lo, La, Ly, Lis, Lg, Lz | My, Mo, Ma, My, M5, Mg.
' i7 = 32% — 3.5])61) + 5qdq
1 Li, Lo, L3, Ly, Ls, Le, Li. Lo, L3, Ly, Ls, Le. Ly, | M, Ma, M3, My, Ms, M.
L. = 77, Ls =77,
Ls = 7y, Lo = Zs.
(ig = 210, ]
ij = 211-
1 L, Lo, L, Ly, Ls, L, Li, Lo, La, L, s, L, Liz. | My, M2, M3, Mg,
Li1 = Zs. Mo — 74 —
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( IV ) Exact solutions arising from
nonlocal symmetries

Symmetry-2009
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The standard algorithm for invariant solutions

Given system: R{x,t;u}, Potential system: RV{z,t;u,v}

(For simplicity: consider scalar u, v.)

Potential symmetry of R{z,t;u}:

X =&(x,t,u, U)a% + T(a:,t,u,’u)% + n(x,t,u,v)% + C(w,t,u,v)%.
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The standard algorithm for invariant solutions

. . d dt d d
(1) Characteristic equations: —— — & = 2% _ %Y

T n C

(2) Solutions (invariants):

z=Z(z,t,u,v), hy = Hi(x,t,u,v), ho = Ho(x,t,u,v)

A

(3) Translation coordinate: 2 = Z(m,t,u,v) : XZ(z,t,u,v) =1

(4) Change variables in the potential system RV{z,t;u,v}:

(z,t,u,v) = (2,2,h1, ho)

(5) Drop dependence on 2: hy = hi(z),he = ha(2).

(6) Solve ODEs to get h1 = hi(2), ha = ha(2).

(7) Express u, v.
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The first refinement [Pucci & Saccomandi (1993)]

(4) Change variables in the given system R{x,t;u},

(z,t,u,v) — (2,2, h1, ho)

(5) Drop dependence on 2: hy = hy(z),he = ha(2).

(6) Solve ODEs to get hy = h1(2), hy = ha(2).

(7) Express u, v.

The potential variable is sought in the invariant form,
but is not a solution of the potential equations.

Symmetry-2009
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The second refinement [Sjoberg & Mahomed (2004)]

(4) Change variables in the potential system RV {z,t;u,v}:

(z,t,u,v) — (2,2, h1, ho)

(5) In the expression for u,
drop dependence on Zz: hy = hi(z),hs = ha(2).

(6) Solve ODEs to get hy = h1(2), hy = ha(2).

(7) Express u, v.

The potential variable is not sought in the invariant form.

Symmetry-2009
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The combined approach

Do both:

The potential variable is not sought in the invariant form,

and is not a solution of the potential equations

(i.e., ansatz is substituted into the given system).

Symmetry-2009
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Example: Exact solutions of the Lagrange system

Lagrange polytropic system:

( qs_vy:()?

L{y,s;v,p,q}: { UsTPy=0,
D

Potential system:

LW2{y, s;v,p,q,w?} : 4

Nonlocal symmetry:

Jg = ?ﬁ% - ypagp — Syqé% + (w? — yv)a% + yw? 832

Symmetry-2009
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Exact solutions: Standard algorithm

Nonlocal symmetry:

P R S L SO .
S—y By yp(?p yqaq Yy 90 yw =

Invariants:
w
z=s, hlzga he =y°q¢, hy=—, ha=yv—w
Y Y

Translation coordinate: 2 =1/y.

Invariant form: p(y,s) = yhi(s), q(y,s) = h2y(38),
o(w.9) = 4 ha(), wiys) = yha(s).

Standard invariant solution:

U(y,S) — _C13 =+ 037 p(yv 3) — Clyv Q(yas) - 3
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Exact solutions: Extended (combined) approach ‘

Translation coordinate: 2 =1/y.

ho(s
Invariant form: p(y,s) = yhi(s), q(y,s) = 2(3 )7

Y
M) hg(s), [w2(0,5) = vhstn, )

U(y78) —

Substitute into L{y, s;v,p,q} not LW?#{y, s;v,p,q, w?}.
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Exact solutions: Extended (combined) approach

Solutions:
a2
Fi: v(y,s) =—ais+as, py,s)=a1y, q(y,s)= "
Fa: w(y,s) = i b2, p(y,s) =0, q(y,s)= I
( cin™(—1)r1 C
(y, ) = — =1 (3+C2)1_n—|—c3__§7
n—1
Fa: L ply,s)=cn™(=1)"" (s + c2) "y,
2¢4(s + ¢2)
Ay, s) = =12 (Integer 7 = n # 1.
. Yy
Standard invariant solution:
Co
U(y,S) — _C13 + 037 p(yv 3) — Clyv Q(y,S) — 3

Y
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Exact solutions: Extended (combined) approach

Theorem:

- Families F9 and JF3 do not arise as invariant solutions of the
Lagrange or potential system with respect to any of their point
symmetries.

- Families F5 and JFj3 only arise from the extended (combined)
algorithm and not from first or second refinement.
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Conclusions

* One can systematically seek nonlocal symmetries of
PDE systems;

* If a nonlocal (potential) symmetry of a PDE system
Is found, an extended procedure (presented in this
talk) can yield additional solutions compared to the
classical method.
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Thank you for your attention!
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