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Notation; Material Picture

Fig. 1. Material and Eulerian coordinates.

Material picture

@ A solid body occupies the reference (Lagrangian) volume Qo C R®.
o Actual (Eulerian) configuration: Q C R.

@ Material points are labelled by X € Q.

@ The actual position of a material point: x = ¢ (X, t) € Q.
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Notation; Material Picture

Fig. 1. Material and Eulerian coordinates.

Material picture

d
@ Velocity of a material point X: v (X,t) = d—:
@ Jacobian matrix (deformation gradient):
F(X,t) =V¢; J=detF >0;

F={F} = {F}}
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Notation; Material Picture

Fig. 1. Material and Eulerian coordinates.

Material picture

@ Boundary force (per unit area) in Eulerian configuration: t = on.

@ Boundary force (per unit area) in Lagrangian configuration: T = PN.
@ o = o(x,t) is the Cauchy stress tensor.

o P = JoF~ 7 is the first Piola-Kirchhoff tensor.
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Notation; Material Picture

Fig. 1. Material and Eulerian coordinates.

Material picture

@ Density in reference configuration: po = po(X) (time-independent).

@ Density in actual configuration:

p=p(X,t)=po/J.
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Governing Equations for Hyperelastic Materials

Equations of motion (no dissipation, purely elastic setting):

poxs: = divx)P + poR, (1)

o R=R(X, t): total body force per unit mass.
Py
oOXi’

o (diviP) =

Cauchy stress tensor symmetry (conservation of angular momentum):

FP"=PF & o=0". (2)

The first Piola-Kirchhoff stress tensor:

oW i oW
P=rZgr P =mag

| \

o W = W (X,F): a scalar strain energy density function.

v
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Strain Energy Density for Isotropic Homogeneous Hyperelastic Materials

Isotropic Homogeneous Hyperelastic Materials

@ Strain energy density W depends only on certain matrix invariants:
W = U(h, k, I3).
@ For the left Cauchy-Green strain tensor B = FF,
h=TrB=F|F,
k= 1[(TrB)*> — Tx(B%)] = L(1f — B*B"), (4)

I3 = detB = J°.
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Strain Energy Density for Isotropic Homogeneous Hyperelastic Materials

Isotropic Homogeneous Hyperelastic Materials

@ Strain energy density W depends only on certain matrix invariants:

W = U(h, b, ).

Table 1: Neo-Hookean and Mooney-Rivlin constitutive models

“compressible”

M(g)=cq® —dlogg, a,c,d>0

Type Neo-Hookean Mooney-Rivlin
Standard W = ah, W = ah + bh,
a> 0. a,b>0
Generalized W = al + c(J — 1)%, W = aly 4+ bh + c(J — 1)?
a,c>0. a,b,c >0
Generalized (Ciarlet) | W = ah + I'(J), W = ah + bh +T(J)

M(g) =cq” —dlogg, a,b,c,d>0
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Strain Energy Density for Isotropic Homogeneous Hyperelastic Materials

Isotropic Homogeneous Hyperelastic Materials

@ Strain energy density W depends only on certain matrix invariants:

W = U(h, b, ).

| N\

Example: the Neo-Hookean Case
o Strain energy density: W = al, a= const.

@ Equations of motion are linear and decoupled:

. 0 02 o .
- <a<x1)2 o a(X3)2> =
k=1,2,3.

A. Cheviakov (UofS) 2D Nonlinear Elastodynamics CMSC 2014 7/23



Outline

© Ciarlet-Mooney-Rivlin Solids in Two Dimensions
@ Details of the Model
@ Reduction of Number of Parameters
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Ciarlet-Mooney-Rivlin solids in 2D: Governing equations

General equations:

poxs = divix)P 4 poR,

FP” = PF",
P = po OW/OF.

@ Two-dimensional: x? = x»2(X*, X2, t); the third coordinate x> = X3 is fixed.

o Ciarlet-Mooney-Rivlin constitutive relation (4 parameters):

W:al1+blz—clg—%dlog13, 2>0, b,c,d>0, (4)
opP't  9p*?
Fi1 Fi» O po(Xl)tt — W - W - pOR1 =0,
F=| Fa Fx 0 |, P2 op2
o0t Po()e = r — Gxz — PR =0
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Equivalence Transformations. Reduction of Number of Parameters

Ciarlet-Mooney-Rivlin constitutive relation:

W:aI1+bIQ—cI3—%dlogI3, a>0, b,c,d>0.

Equivalence Transformations:

t = et + e, X! = e%2x1, %

2 2

— e2s2X ,
X! = e3 (X1 coser — X2 sin57) + €4, X? = e°3 (X1 sine7 +X2sin{-:7) + €5,

po=e"p, R'=R, R=R?

I=—b+e¥22a+b), b=b  c=—-b+e*2(btc), d=e*2d.
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Equivalence Transformations. Reduction of Number of Parameters

Ciarlet-Mooney-Rivlin constitutive relation:

1
W:al1—|—blg—cl3—§dlogl3, a>0, b,c,d>0.

Principal Result 1:

| \

@ The model essentially depends on three constitutive parameters:
A=2(a+b)>0, B=2(b+c)>0, d.

@ the two-dimensional first Piola-Kirchhoff stress tensor is given by

P2 = o {AFz-I-BJCz—%Cz},

where

F, — Fiy Fh C, — F5 —F3
2 F21 F22 ) 2 _F12 Fl1 )

F2=Vixx, x= [xl(X, t),x2(X, t)]T.

v
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Outline

© C-M-R Elasticity Equations in 2D
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General 2D Case, No Forcing

Governing equations:
@ No forcing: R = R? = 0.

@ Dynamic equations:

opP't 9P
1
pol)e — Bxr ~ gx =0
oP*  9pP*
2 — —_ =
pol>ee = 31~ pxz =

@ C-M-R constitutive relation:

P2 = po |:AF2—|—BJC2—%C2:|,

F, — Fy F% C, — F5 -F3
F21 F22 ) _F12 Fll )

F2=Viogx, x=[x(X,t),x2(X,t)]".
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Specific Forms of Equations
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@ Symmetries of Differential Equations
@ Applications of Symmetries
@ General 2D Case
@ Traveling Wave Coordinates
@ Examples of Exact Solutions
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Symmetries of Differential Equations

Consider a general DE system
R[u] = R°(x,u,0u,...,0"u) =0, o=1,...,N

with variables x = (x!,...,x"), u=u(x) = (u*,...,u™).

Definition

A transformation
x* = f(x, u;a) = x + a&(x, u) + 0(a?),
u* = g(x,u;a) = u+ an(x, u) + 0(a%).

depending on a parameter a is a point symmetry of R?[u] if the equations are the same
in new variables x™*, u*.
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Symmetries of Differential Equations

Consider a general DE system
R[u] = R°(x,u,0u,...,0"u) =0, o=1,...,N

with variables x = (x!,...,x"), u=u(x) = (u*,...,u™).

Definition

A transformation

x* = f(x, u;a) = x + a&(x, u) + 0(a?),

u* = g(x,u;a) = u+ an(x, u) + O(a?).
depending on a parameter a is a point symmetry of R?[u] if the equations are the same
in new variables x™*, u*.

Example 1: translations

The translation
x"=x+C, t'=t, u =u

leaves KdV invariant:

U + Ulx + U = 0 = U:(* o IJ*U:* + u:*x*x*
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Symmetries of Differential Equations

Consider a general DE system
R[u] = R°(x,u,0u,...,0"u) =0, o=1,...,N

with variables x = (x!,...,x"), u=u(x) = (u*,...,u™).

Definition

A transformation
x* = f(x, u;a) = x + a&(x, u) + 0(a?),
u* = g(x,u;a) = u+ an(x, u) + 0(a%).

depending on a parameter a is a point symmetry of R?[u] if the equations are the same
in new variables x™*, u*.

Example 2: scaling

Same for the scaling:

x" =ax, t

One has
* *k * *k
ut+UUX+Uxxx:0:Ut*+U UX*+UX*X*X*.
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Applications of Symmetries to Differential Equations

Nonlinear DEs

o Numerical solutions: resource/time consuming; lack generality.

@ Solution methods for linear DEs do not work.
@ Symmetry analysis: a general systematic framework leading to useful results.
v
Symmetries for ODEs

@ Reduction of order / complete integration.

@ All known methods of solution of specific classes of ODEs follow from symmetries!
v

Symmetries for PDEs

o Exact symmetry-invariant (e.g., self-similar) solutions.

@ Transformations: solutions = new solutions.

@ Mappings relating classes of equations; linearizations.

@ Symmetry-preserving numerical methods.

V.
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Applications of Symmetries to Differential Equations

@ Lie point symmetries and other types are computed systematically for any DE.
o Literature widely available.

@ Symbolic software packages available.

@ A popular approach to analyze complicated DEs arising in applied science:

o fluid and solid mechanics,
e rocket science,

o meteorology,

o biological applications, ...
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General 2D Case, No Forcing — Symmetry Classification

Table 1: Point symmetry classification for the 2D Ciarlet-Mooney-Rivlin models with zero
forcing and po = const > 0.

l Case [ Point symmetries ‘
— 9 — _9 ) Ie — 0 — a — a
General Y1 =45,Y2 = W’Y3 = W’Y“ = W’Y5 = W’YG = tm,Y} =tyas
2 _ yl_a 28 _ 18
Yg =X axl Xogxz Yo =X 51 =X 5.2

_ el 1_06 2 9
Yio =t + X 5 + X2 g% + X g + X

A=0, Y1,Y2,Ys,Ys,Ys,Ye, Y7, Ys, Yo, Y10,
. _ 2 p) 1 y2y) _o 1 y2
o | Yo 06 v = (g0 3) s - ()

f(X?), (X, X?) are arbitrary functions

A=d=0 Y1, Y2, Y3, Ya, Y5, Yo, Y7, Ya, Yo, Y10, Y11, Y12,
) 1

B arbitrary Yi3 = tat +X axl

A=B=0 Y1, Y2, Y3, Ys,Ys, Yg, Y7, Yg, Yo, Y10, Y11, Y12,

d arbitrary Y4 = le
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Traveling Wave Ansatz Along X1

Traveling Wave Ansatz

e No forcing: R' = R? =0.

@ Ansatz: . .
(XL X2t =wi(z,X?), z=X'—st, i=1,2

po = po(X?).

@ s is the constant wave speed.
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Symmetry Classification

in Traveling Wave Coordinates

l # [ Case [ Point symmetries
1 General Yl—%7Y27F,Y3:#,Y4:W2T31—W1ﬁ
2 po(X?) = (X* +q1)®2, q1, g2 = const, | Y1,Y2, Y3, Ya,
. 2 1 2
g2 #0, A, B, d, s arbitrary Y5:z%+(X +q1)8;f<2+w ﬁerﬁ
32 | po(X%) = oxp(aXP), @1 = const 20, | Y1, Yz, Ya, Va,
A, B, d, s arbitrary Yo = %
3b | po(X?) = exp(qiX?), 1 = const #0, | Y1,Y2, Y3, Ya,
A, d arbitrary, B =0, Y3 = - (%%ﬂ(z)) Tiz + fi(z)Z
4a | po(X?) > 0 arbitrary, Y1,Y2, Y3, Yy,
p ;) 1_0 2_0 2\ _a
A, B arbitrary, d = 0, Yr=zg5 +w 57 +w m,Yg:(pofpl—odX)m,
YE’;) = fz(z)poﬁ, f2(z) is an arbitrary function
4b | po(X?) > 0 arbitrary, Y1,Y2,Y3,Ys,
A, d arbitrary, B =0, s2=A Yo = z%
5a | po = const Y1,Y2,Y3,Y4s, Ys(q1 = 0), Y,
. — X290 _ _Az__9_
A, B, d, s arbitrary Yo =X%5; - 255
5b | po = const, |s* =A| Y1, Y2, Y3, Y4, Ys(q1 = 0),
A, B, d arbitrary Y&O) = @(z)%, f3(z) is an arbitrary function
5¢ | po = const, [s* = A, Y1,Y2,Ys, Y4, Ys(qu = 0), Yo, Y3,
A, d arbitrary, B =10
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Examples of Exact Solutions

o Case: pp=const, R'=R?’=0, A=s% d=s>+B8B.

@ A basic solution:
wh=z & XX, X%t)= X' - st, w? = XX, X3 t) = X2,

@ A symmetry-transformed solution:

wl =z s xMXL X2 t) = X — st

w =X~ f(z) & X(XLX%t)=X>—f(X' - st)

o Figure:
o (a) A rectangular grid in the reference configuration.
o (b) The propagating deformation, f(z) = — exp(—2z2).
o (c) The propagating deformation, f(z) = —(1 + tanh z)/2.
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Examples of Exact Solutions

Reference configuration Actual configuration
: : [—1 /\\
’ [ /\\
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1 1
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5 ) 5 s 0 5
2 1
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Outline

© Conclusions and Open Problems
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Conclusions and Open Problems

Conclusions

@ Symmetry properties of dynamic equations for 2D planar Ciarlet-Mooney-Rivlin
materials were studied:

e in a general setting;

e in traveling wave coordinates.

@ The number of essential constitutive parameters in the model were reduced through
equivalence transformations.

o New traveling-wave type exact solutions were obtained for the nonlinear model.

Future/ongoing work

o Use computed symmetries to derive new exact solutions in 2D.

o Consider important non-planar two-dimensional reductions (including axial
symmetry), and 3D.

@ Generalize to other constitutive models, in particular, models of anisotropic
materials.
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