
Nonlinear Elastodynamic Models of Wave Propagation
and Conservation Laws for Fiber-Reinforced Materials

Alexei Cheviakov, Jean-François Ganghoffer

University of Saskatchewan, Canada / Université de Lorraine, France
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Introduction

Motivation

Interesting mathematics!

Study of fundamental properties of nonlinear elastodynamics equations arising in
applications.

Notation

Dt =
∂u

∂t
≡ ut .
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Conservation Laws 

M 

Global form

Global quantity M ∈ D changes only due to boundary fluxes.

M =

∫
D

Θ dV ;
d

dt
M =

∮
∂D

Ψ · dS.

Θ[u]: conserved density; Ψ: flux vector.
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D

Θ dV ;
d

dt
M =

∮
∂D

Ψ · dS.

Θ[u]: conserved density; Ψ: flux vector.

Local form

A local conservation law: a divergence expression equal to zero, e.g.,

Dt Θ[u] + Di Ψi [u] = 0.
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M 
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Global quantity M ∈ D changes only due to boundary fluxes.

M =

∫
D

Θ dV ;
d

dt
M =

∮
∂D

Ψ · dS.

Θ[u]: conserved density; Ψ: flux vector.

Global conserved quantity:

d

dt
M = Dt

∫
V

Θ dV = 0 when

∮
∂V

Ψ · dS = 0.
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Applications of Conservation Laws

ODEs

Constants of motion.

Integration.

PDEs

Rates of change of physical variables; constants of motion.

Differential constraints.

Analysis: existence, uniqueness, stability, integrability, linearization.

Potentials, stream functions, etc.

Conserved forms for numerical methods (finite volume, etc.).

Numerical method testing.
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Construction of Local Conservation Laws

For equations following from a variational principle:

Can use Noether’s theorem.

Conservation laws are connected with variational symmetries.

Technically difficult.

For the majority of DE systems, classical variational formulation is not available.

For generic models: Direct conservation law construction method

Conservation laws are be sought in the characteristic form ΛσR
σ ≡ Di Φ

i .

Systematically find the multipliers Λσ.

Direct method is complete for a wide class of systems.

Implemented in Maple/GeM: symbolic computations.
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Examples

Size Color Type Time Related images Usage rights More tools Clear

Web Images Shopping News Videos More

tendon fibers sverhpochta@gmail.com

Connective Tissues: Loose, Fib
www.boundless.com - 544 × 540 - Search by image

Fibrous connective tissue

Related images:

Images may be subject to copyright. - Send feedback

tendon fibers - Google Search https://www.google.com/search?tbm=isch&tbs=rimg:CYzPzKtyK3ZyIjh9tU9G1Iw3YMnA8...

1 of 13 07/02/2015 3:54 AM

Collagen fiber in tendons.

Single fiber family.
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Examples

 

 

CLINICAL RESULTS

There are several everStick and Stick product based clinical follow-up studies that prove the credibility
of these fibre reinforcements in daily dentistry.

Professor Özcan, from the University of Zürich, Switzerland, concluded the functional survival rate for
direct, inlay-retained, fibre-reinforced composite restorations to be 95.2% after 6 years.¹

Furthermore Prof Vallittu has his own clinical follow-up case over 10-years (see Case Study for
details).     

everStick and Stick fibres have been available in the UK for several years now.  Clinicians can make
either direct chair side restorations or order indirect restorations from their dental technician.

There are now also a growing number of Laboratories trained in everStick fibre reinforced Xcellence
throughout the UK, where Dentists can work in collaboration with Technicians experienced in the use
and application of everStick fibre reinforced technology. 

 

REFERENCES

1. Özcan M. Inlay-retained FRC Restorations on abutments with existing restorations: 6-year results
presented at IADR 2010, Abstract n. 106

 

CASE STUDY

Courtesy of Professor Pekka Vallittu, Dean of the Institute, Faculty of Medicine, Institute of Dentistry,
Department of Prosthetic Dentistry and Biomaterials Science, University of Turku, Finland

 

A Micro-Invasive Fibre-Reinforced Bridge Using The Direct Technique

The patient is a 33-year-old woman who has lost a first premolar. The loss of the tooth was probably
caused by bruxism and precontact in the retrusive position during lateral movements, which has led to
vertical fracture of the tooth. The fabrication of a traditional bridge was contraindicated due to the
patient’s young age and intact neighbouring teeth. The missing tooth will possibly be replaced with an
implant-retained crown later on.

Fibre reinforced composites - Dental Product News - PPD Magazine http://www.ppdentistry.com/dental-product-news/article/fibre-reinforced-composites

4 of 7 07/02/2015 3:52 AM

A fiber-reinforced composite in dentistry.

Single fiber family.
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Examples

Diagrammatic model of the major components of a healthy elastic artery composed of three layers:
intima (I), media (M), adventitia (A). I is the innermost layer consisting of a single layer of endothelial
cells that rests on a thin basal membrane and a subendothelial layer whose thickness varies with
topography, age and disease. M is composed of smooth muscle cells, a network of elastic and collagen
fibrils and elastic laminae which separate M into a number of fiber‐reinforced layers. The primary
constituents of A are thick bundles of collagen fibrils arranged in helical structures; A is the outermost
layer surrounded by loose connective tissue (Holzapfel and Ogen, 2000).

Arterial tissue (Holzapfel, Gasser, and Ogden, 2000).

Two helically arranged fiber families.
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Examples

 

Fabric – two fiber families.
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Examples

Appropriate framework: incompressible hyperelasticity / viscoelasticity.
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Notation; Material Picture

Author's personal copy

A.F. Cheviakov, J.-F. Ganghoffer / J. Math. Anal. Appl. 396 (2012) 625–639 627

Fig. 1. Material and Eulerian coordinates.

The actual position x of a material point labeled by X ∈ Ω0 at time t is given by
x = φ (X, t) , xi = φi (X, t) .

Coordinates X in the reference configuration are commonly referred to as Lagrangian coordinates, and actual coordinates
x as Eulerian coordinates. The deformed body occupies an Eulerian domain Ω = φ(Ω0) ⊂ R3 (Fig. 1). The velocity of a
material point X is given by

v (X, t) =
dx
dt

≡
dφ
dt

.

Themappingφmust be sufficiently smooth (the regularity conditions depending on the particular problem). The Jacobian
matrix of the coordinate transformation is given by the deformation gradient

F(X, t) = ∇φ, (1)
which is an invertible matrix with components

F i
j =

∂φi

∂X j
= Fij. (2)

(Throughout the paper, we use Cartesian coordinates and flat space metric tensor g ij
= δij, therefore indices of all tensors

can be raised or lowered freely as needed.) The transformation satisfies the orientation preserving condition
J = det F > 0.

Forces and stress tensors
By the well-known Cauchy theorem, the force (per unit area) acting on a surface element S within or on the boundary of

the solid body is given in the Eulerian configuration by
t = σn,

where n is a unit normal, and σ = σ(x, t) is Cauchy stress tensor (see Fig. 1). The Cauchy stress tensor is symmetric:
σ = σT , which is a consequence of the conservation of angular momentum. For an elastic medium undergoing a smooth
deformation under the action of prescribed surface and volumetric forces, the existence and uniqueness of the Cauchy stress
σ follows from the conservation ofmomentum (cf. [29, Section 2.2]). The force acting on a surface element S0 in the reference
configuration is given by the stress vector

T = PN,

where P is the first Piola–Kirchhoff tensor, related to the Cauchy stress tensor through

P = JσF−T . (3)
In (3), (F−T )ij ≡ (F−1)ji is the transpose of the inverse of the deformation gradient.

Hyperelastic materials
A hyperelastic (or Green elastic)material is an ideally elasticmaterial forwhich the stress–strain relationship follows from

a strain energy density function; it is the material model most suited to the analysis of elastomers. In general, the response
of an elastic material is given in terms of the first Piola–Kirchhoff stress tensor by P = P (X, F). A hyperelastic material
assumes the existence of a scalar valued volumetric strain energy function W = W (X, F) in the reference configuration,
encapsulating all information regarding the material behavior, and related to the stress tensor through

P = ρ0
∂W
∂F

, P ij
= ρ0

∂W
∂Fij

, (4)

where ρ0 = ρ0(X) is the time-independent body density in the reference configuration. The actual density in Eulerian
coordinates ρ = ρ(X, t) is time-dependent and is given by

ρ = ρ0/J.

Material picture

Material points X ∈ Ω0.

Actual position of a material point: x = φ (X, t) ∈ Ω.

Deformation gradient: F(X, t) = ∇φ, F i
j =

∂x i

∂X j
.
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Governing Equations

Incompressibility:

J = detF =

∣∣∣∣ ∂x i

∂X j

∣∣∣∣ = 1, ρ = ρ0/J = ρ0(X).

Equations of motion:

ρ0xtt = div(X )P + ρ0R, J = 1.

R = R(X, t): total body force per unit mass; ρ0(X): density.

Assumptions: R = 0, ρ0 = const.
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Constitutive Relations

Stress tensor (incompressible):

P ij = −p (F−1)ji + ρ0
∂W

∂Fij
, (1)

W : scalar strain energy density; p: hydrostatic pressure.

Strain Energy Density

W = Wiso + Waniso .

Isotropic Strain Energy Density

Right Cauchy-Green strain tensor: C = FTF,

I1 = TrC, I2 = 1
2
[(TrC)2 − Tr(C2)]. (2)

Mooney-Rivlin materials:

Wiso = a(I1 − 3) + b(I2 − 3), a, b > 0.
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Fiber Directions

Fiber directions

Reference configuration: fibers along A (|A| = 1).

Actual configuration: fibers along a (|a| = 1).

Fiber stretch factor:
λa = FA ⇒ λ2 = AT C A.
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Anisotropic Strain Energy Density

Anisotropic Strain Energy Density

Fiber invariants:
I4 = AT CA, I5 = AT C2A.

General constitutive model:

Waniso = f (I4 − 1, I5 − 1) , f (0, 0) = 0.

Standard reinforcement model: Waniso = q (I4 − 1)2.

Equations of motion:

ρ0xtt = div(X )P, J = det

[
∂x i

∂X j

]
= 1, P ij = −p (F−1)ji + ρ0

∂W

∂Fij
.

Strain energy density, single fiber family:

W = Wiso + Waniso = a(I1 − 3) + b(I2 − 3) + q (I4 − 1)2; a, b, q > 0.

A. Cheviakov (U. Saskatchewan) Nonlinear Wave Models of Fiber-Reinforced Materials May 11, 2016 18 / 48



Anisotropic Strain Energy Density

Anisotropic Strain Energy Density

Fiber invariants:
I4 = AT CA, I5 = AT C2A.

General constitutive model:

Waniso = f (I4 − 1, I5 − 1) , f (0, 0) = 0.

Standard reinforcement model: Waniso = q (I4 − 1)2.

Equations of motion:

ρ0xtt = div(X )P, J = det

[
∂x i

∂X j

]
= 1, P ij = −p (F−1)ji + ρ0

∂W

∂Fij
.

Strain energy density, single fiber family:

W = Wiso + Waniso = a(I1 − 3) + b(I2 − 3) + q (I4 − 1)2; a, b, q > 0.

A. Cheviakov (U. Saskatchewan) Nonlinear Wave Models of Fiber-Reinforced Materials May 11, 2016 18 / 48



Outline

1 Local Conservation Laws

2 Fiber-Reinforced Materials; Governing Equations

3 Single Fiber Family, Ansatz 1 – One-Dimensional Shear Waves

4 Single Fiber Family, Ansatz 2 – 2D Shear Waves

5 Two Fiber Families, Planar Case

6 A Viscoelastic Model, Single Fiber Family, 1D Shear Waves

7 Discussion

A. Cheviakov (U. Saskatchewan) Nonlinear Wave Models of Fiber-Reinforced Materials May 11, 2016 19 / 48



Ansatz 1 Compatible with Incompressibility

Equilibrium and Displacements

Equilibrium/no displacement: x = X, natural state.

Time-dependent, with displacement: x = X + G, G = G(X, t).

No linearization, or assumption of smallness of G, etc.

Motions Transverse to a Plane

x =

 X 1

X 2

X 3 + G
(
X 1, t

)
 , A =


cos γ

0

sin γ

 .

Deformation gradient:

F =

 1 0 0
0 1 0

∂G/∂X1 0 1

 , J = |F| ≡ 1.
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One-Dimensional Shear Waves
A numerical solution

X
1

X
2

X
3

A

  

X
3

X
1

A

Figure 1: One-dimensional hyperelastic anti-plane shear motions: fiber orientation.

x̂
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Ĝ
(x̂
,t̂
)

0
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0.8

1

Figure 2: Right-traveling wave profiles for the dimensionless PDE (3.18) with K = 1 and initial

conditions (3.29), for the times t̂ = 0, 2, 4, 6 (left to right).

32
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One-Dimensional Shear Waves

Reference Configuration Actual Configuration

A. Cheviakov (U. Saskatchewan) Nonlinear Wave Models of Fiber-Reinforced Materials May 11, 2016 22 / 48



One-Dimensional Shear Waves

Equation of motion for one-dimensional displacements:

Denote
X 1 = x , G = G(x , t), α = 2(a + b) > 0, β = 4q > 0.

Single nonlinear PDE:

Gtt =
(
α + β cos2 γ

(
3 cos2 γ (Gx )2 + 6 sin γ cos γGx + 2 sin2 γ

))
Gxx .

Pressure is found explicitly:

p = βρ0 cos3 γ (cos γGx + 2 sin γ)Gx + f (t).
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Ansatz 1: Nonlinear Wave Equation and Its Properties

1D wave model in the case of a single fiber family

Wave equation:

Gtt =
(
α + β cos2 γ

(
3 cos2 γ (Gx )2 + 6 sin γ cos γGx + 2 sin2 γ

))
Gxx .

General PDE class: Gtt =
(
A (Gx )2 + BGx + C

)
Gxx ,

A = 3β cos4 γ > 0,

B = 6β sin γ cos3 γ,

C = α + 1
2
β sin2(2γ) > 0,

0 ≤ γ < π/2.
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Ansatz 1: Nonlinear Wave Equation and Its Properties

1D wave model in the case of a single fiber family

Wave equation:

Gtt =
(
α + β cos2 γ

(
3 cos2 γ (Gx )2 + 6 sin γ cos γGx + 2 sin2 γ

))
Gxx .

General PDE class: Gtt =
(
A (Gx )2 + BGx + C

)
Gxx ,

A = 3β cos4 γ > 0,

B = 6β sin γ cos3 γ,

C = α + 1
2
β sin2(2γ) > 0,

0 ≤ γ < π/2.

Loss of hyperbolicity:

May occur when B2 − 4AC ≥ 0, i.e., sin2(2γ) ≥ 4α

β
.

Can only happen for “strong” fiber contribution: β ≥ 4α

sin2(2γ)
.
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Ansatz 1: Nonlinear Wave Equation and Its Properties

1D wave model in the case of a single fiber family

Wave equation:

Gtt =
(
α + β cos2 γ

(
3 cos2 γ (Gx )2 + 6 sin γ cos γGx + 2 sin2 γ
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General PDE class: Gtt =
(
A (Gx )2 + BGx + C

)
Gxx ,

A = 3β cos4 γ > 0,

B = 6β sin γ cos3 γ,

C = α + 1
2
β sin2(2γ) > 0,

0 ≤ γ < π/2.

Variational structure

Any nonlinear PDE of the above class follows from a variational principle, with the
Lagrangian density (up to equivalence)

L =
1

2
G 2

t +
A

4
GG 2

x Gxx +
B

3
GGxGxx −

C

2
G 2

x .
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Ansatz 1: Nonlinear Wave Equation and Its Properties

1D wave model in the case of a single fiber family

Wave equation:

Gtt =
(
α + β cos2 γ

(
3 cos2 γ (Gx )2 + 6 sin γ cos γGx + 2 sin2 γ

))
Gxx .

General PDE class: Gtt =
(
A (Gx )2 + BGx + C

)
Gxx ,

A = 3β cos4 γ > 0,

B = 6β sin γ cos3 γ,

C = α + 1
2
β sin2(2γ) > 0,

0 ≤ γ < π/2.

Simplification

Depending on the sign of B2 − 4AC , equivalence transformations can be used to
map the wave equation into

utt =
(

(ux )2 + K
)
uxx , K = 0, ±1.
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Ansatz 1: Nonlinear Wave Equation and Its Properties
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)
Gxx ,

A = 3β cos4 γ > 0,

B = 6β sin γ cos3 γ,

C = α + 1
2
β sin2(2γ) > 0,

0 ≤ γ < π/2.

Reduction to the case γ = 0: X 1-aligned fibers

In particular (for the hyperbolic case B2 − 4AC < 0), the wave PDE is equivalent to
the one with γ = 0:

utt =
(
(ux )2 + 1

)
uxx .
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One-Dimensional Shear Waves
A numerical solution

Numerical d’Alembert-type solution of utt =
(
(ux )2 + 1

)
uxx : Gaussian bell IC.

x

G
1

0 8-8

x

p
1

0 8-8

Wave speed dependent on ux .

Numerical instabilities.

Wave breaking.
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One-Dimensional Shear Waves
A numerical solution

Right-traveling wave profiles for the dimensionless wave PDE for a stationary
Gaussian initial displacement

u(x , 0) = exp(−x2), ut(x , 0) = 0.

x̂
0 1 2 3 4 5 6 7 8 9

̂ G
(x̂
,t̂
)

0

0.2

0.4

0.6

0.8

1
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One-Dimensional Shear Waves
A numerical solution

Dimensional plot for the fiber angle γ = 0 and the parameter values

ρ0 = 1.1 · 103 kg/m3, a = 1.5 · 103 Pa, b = 0, q = 1.18 · 103 Pa :

X1

0 2 4 6 8 10

X
3

-2

-1.5

-1

-0.5

0

0.5

1

1.5

x1

0 2 4 6 8 10
x
3

-2

-1.5

-1

-0.5

0

0.5

1

1.5

Material lines X 1 = const (vertical) and the fiber lines X 3 = const (blue, horizontal),
for the Gaussian initial condition, and the time t = 1.82 · 10−3 s (the corresponding
dimensionless time is t̂ = 3). The material configuration (left) and the actual
configuration (right). Spatial coordinates are dimensional, given in millimeters.
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One-Dimensional Shear Waves
A numerical solution
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Direct Construction of Conservation Laws for Ansatz 1

Find local CLs for the nonlinear wave equation

Model: utt =
(
u2

x + 1
)
uxx .

Conserved form: Λ[u]
(
utt −

(
u2

x + 1
)
uxx

)
= Dt Θ + Dx Ψ = 0.

Basic CLs:
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Conserved form: Λ[u]
(
utt −

(
u2

x + 1
)
uxx

)
= Dt Θ + Dx Ψ = 0.

Basic CLs:

Eulerian momentum:

Λ = 1,

Dt(ut)−Dx

[
ux

(
1

3
u2

x + 1

)]
= 0.

Lagrangian momentum:

Λ = ux ,

Dt(uxut)−Dx

(
1

2
(u2

t + u2
x ) +

1

4
u4

x

)
= 0.
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Direct Construction of Conservation Laws for Ansatz 1

Find local CLs for the nonlinear wave equation

Model: utt =
(
u2

x + 1
)
uxx .

Conserved form: Λ[u]
(
utt −

(
u2

x + 1
)
uxx

)
= Dt Θ + Dx Ψ = 0.

Basic CLs:

Energy:

Λ = ut ,

Dt

(
1

2
u2

t +
1

2
u2

x +
1

12
u4

x

)
−Dx

[
utux

(
1

3
u2

x + 1

)]
= 0.

Center of mass theorem:

Λ = t,

Dt(tut − u)−Dx

[
tux

(
1

3
u2

x + 1

)]
= 0.
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)
uxx .

Conserved form: Λ[u]
(
utt −

(
u2

x + 1
)
uxx

)
= Dt Θ + Dx Ψ = 0.

An infinite family of conservation laws

Multiplier: any function Λ(ut , ux ) satisfying

Λux ,ux =
(
u2

x + 1
)

Λut ,ut .

Linearization by a Legendre contact transformation:

y = ux , z = ut , w(y , z) = u(x , t)− xux − tut ;

wyy =
(
y 2 + 1

)
wzz .
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Direct Construction of Conservation Laws for Ansatz 1

Find local CLs for the nonlinear wave equation

Model: utt =
(
u2

x + 1
)
uxx .

Conserved form: Λ[u]
(
utt −

(
u2

x + 1
)
uxx

)
= Dt Θ + Dx Ψ = 0.

A more exotic, 2nd-order CL:

For Λ depending on 3rd derivatives, can have, e.g.,

Dt
uxx

utx − (u2
x + 1)uxx

+ Dx
utx

u2
tx − (u2

x + 1)u2
xx

= 0.
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Ansatz 2 Compatible with Incompressibility

Displacements transverse to an axis:

X =


X 1

X 2 + H
(
X 1, t

)
X 3 + G

(
X 1, t

)
 , A =


cos γ

0

sin γ

 .

Deformation gradient:

F =

 1 0 0
∂H/∂X1 1 0
∂G/∂X1 0 1

 , J = |F| ≡ 1.

Governing PDEs:

Denote X 1 = x , G = G(x , t), H = H(x , t).
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Ansatz 2 Compatible with Incompressibility

Displacements transverse to an axis:

X =


X 1

X 2 + H
(
X 1, t

)
X 3 + G

(
X 1, t

)
 , A =


cos γ

0

sin γ

 .

Coupled nonlinear wave equations:

0 = px − 2βρ0 cos3 γ [(cos γGx + sin γ)Gxx + cos γHxHxx ],

Htt = αHxx + β cos3 γ

[
cos γ

([
G 2

x + H2
x

]
Hxx + 2GxHxGxx

)
+ 2 sin γ

∂

∂x
(GxHx )

]
,

Gtt = αGxx + β cos2 γ
[
2 sin2 γ Gxx + cos2 γ

(
2GxHxHxx +

(
H2

x + 3G 2
x

)
Gxx

)
+ sin 2γ (3GxGxx + HxHxx )].

Subcase 1: γ = π/2

Htt = αHxx , Gtt = αGxx .
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Ansatz 2 Compatible with Incompressibility

Subcase 2: γ = 0

Htt = αHxx + β
[([

3H2
x + G 2

x

]
Hxx + 2GxHxGxx

)]
,

Gtt = αGxx + β
[(

2GxHxHxx +
(
H2

x + 3G 2
x

)
Gxx

)]
.

Exact traveling wave solutions can be derived [A. C., J.-F. G., S. St.Jean (2015)].

e.g. Carrol-type nonlinear rotational shear waves

(a) (b)

Figure 5: Some material lines for X2 = const, X3 = const in the reference configuration (a).
The same lines in the actual configuration, parameterized by (5.24) (b).

28
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Direct Construction of Conservation Laws for Ansatz 2

Compute local CLs for the coupled model

Htt = αHxx + β
[([

3H2
x + G 2

x

]
Hxx + 2GxHxGxx

)]
,

Gtt = αGxx + β
[(

2GxHxHxx +
(
H2

x + 3G 2
x

)
Gxx

)]
.
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Direct Construction of Conservation Laws for Ansatz 2

Compute local CLs for the coupled model

Htt = αHxx + β
[([

3H2
x + G 2

x

]
Hxx + 2GxHxGxx

)]
,

Gtt = αGxx + β
[(

2GxHxHxx +
(
H2

x + 3G 2
x

)
Gxx

)]
.

Linear momenta:

Θ1 = Ht , Θ2 = Gt ,

x-components of the Lagrangian and the Angular momentum:

Θ3 = GxGt + GxGt , Θ4 = −GHt + HGt ,
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Direct Construction of Conservation Laws for Ansatz 2

Compute local CLs for the coupled model

Htt = αHxx + β
[([

3H2
x + G 2

x

]
Hxx + 2GxHxGxx

)]
,

Gtt = αGxx + β
[(

2GxHxHxx +
(
H2

x + 3G 2
x

)
Gxx

)]
.

Energy:

Θ5 =
1

2
(G 2

t + H2
t ) +

α

2
(G 2

x + H2
x ) +

β

4
(G 2

x + H2
x )2.

Center of mass theorem:

Θ6 = tGt − G , Θ7 = tHt − H.

A. Cheviakov (U. Saskatchewan) Nonlinear Wave Models of Fiber-Reinforced Materials May 11, 2016 33 / 48



Outline

1 Local Conservation Laws

2 Fiber-Reinforced Materials; Governing Equations

3 Single Fiber Family, Ansatz 1 – One-Dimensional Shear Waves

4 Single Fiber Family, Ansatz 2 – 2D Shear Waves

5 Two Fiber Families, Planar Case

6 A Viscoelastic Model, Single Fiber Family, 1D Shear Waves
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A Two-Fiber Planar Model – “Flat Artery”

Remark 4.4. In [64], Lie point symmetries of the PDE model (4.8) (γ = 0) have been computed,

and a family of traveling wave-type exact solutions has been derived. With the help of the

invertible transformations (4.12), these results directly carry over to the planar shear model

(4.3) for an arbitrary fiber angle γ ∈ (0, π/2).

5 A Two-Fiber Anti-plane Shear Model

We now generalize the model of Section 3 onto a more practically realistic case of two fiber fam-

ilies. We suppose that the fibers in the material configuration are straight, parallel respectively

to the unit vectors

A1 =




cos γ1

0

sin γ1


 , A2 =




cos γ2

0

sin γ2


 (5.1)

in the (X1, X3)-plane. The configuration is shown in Figure 4(a). It can be viewed as an

“flat cylinder” approximation of an arterial wall setup [18] with no displacements in the radial

direction, and when displacements are small compared to the radius of curvature (Figure 4(b)).

1>0

2<0

X
3

X
1

A
1

A
2

(a) (b)

Figure 4: (a) Fiber directions. (b) Arterial wall (adventitia or media) setup with two helical

fiber families (cf. [18]).

Consider a specific form of the strain energy density (cf. (2.6), (2.8)) given by

W = a(I1 − 3) + b(I2 − 3) + q1 (I4 − 1)2 + q2 (I6 − 1)2 + K3I
2
8 + K4I8, (5.2)

We assume

γ1 ∈
(
0,

π

2

)
, γ2 ∈

(
− π

2
, 0

)
;

in particular, for arterial wall models, it is common to take

γ2 = −γ1, q2 = q1, (5.3)

21

Fiber invariants:

I4 = λ2
1 = AT

1 CA1, I6 = λ2
2 = AT

2 CA2, I8 = (AT
1 A2)(AT

1 CA2).

Strain energy density:

W = a(I1 − 3) + b(I2 − 3) + q1 (I4 − 1)2 + q2 (I6 − 1)2 + K1I
2
8 + K2I8.
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One-Dimensional Shear Waves

 

1 

2 

X2 

X1 

A1 

A2 

Reference Configuration

Actual Configuration
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A Two-Fiber Planar Model, 1D Shear Waves

Displacements transverse to an axis:

X =

[
X 1

X 2 + G
(
X 1, t

) ] , p = p(X 1, t).

Equations:

Denote X 1 = x .

Incompressibility condition is again identically satisfied.

p(x , t) found explicitly.

Displacement G(x , t) satisfies a PDE from the same general class

Gtt =
(
A (Gx )2 + BGx + C

)
Gxx ,

where the constants A,B,C are rather complicated functions of material parameters:

A = A(K1, q1,2, γ1,2), B = B(K1, q1,2, γ1,2), C = C(K1,2, q1,2, γ1,2),
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A Two-Fiber Planar Model, 1D Shear Waves

Nonlinear wave equation

Gtt =
(
A (Gx )2 + BGx + C

)
Gxx ,

Same conservation laws as found before!
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A Two-Fiber Planar Model, 1D Shear Waves

Nonlinear wave equation

Gtt =
(
A (Gx )2 + BGx + C

)
Gxx ,

Same conservation laws as found before!

Variational structure

Any nonlinear PDE of the above class follows from a variational principle, with the
Lagrangian density (up to equivalence)

L =
1

2
G 2

t +
A

4
GG 2

x Gxx +
B

3
GGxGxx −

C

2
G 2

x
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A Two-Fiber Planar Model, 1D Shear Waves

Nonlinear wave equation

Gtt =
(
A (Gx )2 + BGx + C

)
Gxx ,

Same conservation laws as found before!

Simplification

Depending on the sign of B2 − 4AC , PDE can be transformed to

utt =
(

(ux )2 ± K
)
uxx , K = 0, ±1.
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A Sample Solution Plot, 1D Shear Waves

Dimensional plot for the fiber angles γ1 = −γ2 ' π/6 and same parameters as
before:

When D = 0, the equation (5.6) is equivalent to (3.18) with K = 0.

Due to the equivalence of the two-fiber anti-plane shear model (5.6) to the nonlinear wave

equation (3.18) for some fixed K, the conservation law classification repeats that of Section 3.2.

Similarly, for numerical simulation, it is sufficient to perform computations for (3.18) and use

the transformations inverse to (5.8) to obtain the results for the two-fiber model (5.6). The

Lagrangian density for the PDEs (5.6) is also obtained from the K−family Lagrangian (3.19)

through transformations inverse to (5.8) .

We now present a numerical illustration of an anti-plane shear wave propagating in a material

described by the constitutive model (5.2). We take the numerical parameters corresponding to

the rabbit carotid artery media [18], given by (3.30), with fiber angles

γ1 = −γ2 ≃ π/6,

and sample anisotropy parameters

κ1 = 5 m2/s2, κ2 = 0.

The corresponding constants A,B, C in the wave equation (5.6) are given by

A ≃ 18.70 m2/s2, B = 0, C ≃ 6.88 m2/s2,

and the discriminant D = B2 − 4AC < 0. Figure 5 shows the material lines X1 = const,

X3 = const and the fiber lines X3 − X1 tan γi = const, i = 1, 2, in the Lagrangian and Eulerian

configurations, for the initial conditions given by G(x, 0) = G0 exp(−(kx)2), G0 = 1/k = 1 mm,

with Gt(x, 0) = 0. The d’Alembert-like solution is symmetric with respect to the X3 axis.

X1

0 1 2 3 4 5 6 7

X
3

-1.5

-1

-0.5

0

0.5

1

1.5

x1

0 1 2 3 4 5 6 7

x
3

-1.5

-1

-0.5

0

0.5

1

1.5

Figure 5: Material lines X1 = const, X3 = const (black, vertical and horizontal) and the fiber

lines X3 − X1 tan γi = const, i = 1, 2 (blue, red) for the one-dimensional hyperelastic two-fiber

anti-plane shear model (5.2). The material configuration (left) and the actual configuration

(right) at the time t = 5 · 10−4 s. Spatial coordinates are given in millimeters.

23

Material lines X 1 = const, X 3 = const (black, vertical and horizontal) and the fiber
lines X 3 − X 1 tan γi = const, i = 1, 2 (blue, red) for the one-dimensional
hyperelastic two-fiber anti-plane shear model. The material configuration (left) and
the actual configuration (right) at the time t = 5 · 10−4 s. Spatial coordinates are
given in millimeters.

A. Cheviakov (U. Saskatchewan) Nonlinear Wave Models of Fiber-Reinforced Materials May 11, 2016 39 / 48



Outline

1 Local Conservation Laws

2 Fiber-Reinforced Materials; Governing Equations

3 Single Fiber Family, Ansatz 1 – One-Dimensional Shear Waves

4 Single Fiber Family, Ansatz 2 – 2D Shear Waves

5 Two Fiber Families, Planar Case

6 A Viscoelastic Model, Single Fiber Family, 1D Shear Waves

7 Discussion

A. Cheviakov (U. Saskatchewan) Nonlinear Wave Models of Fiber-Reinforced Materials May 11, 2016 40 / 48



A Viscoelastic Planar Model

A hyper-viscoelastic model:

An extra “invariant”: J2 = Tr(Ċ
2
).

Total potential, one fiber family:

W = a(I1 − 3) + b(I2 − 3) + q1 (I4 − 1)2 +
η

4
J2(I1 − 3).
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One-Dimensional Viscoelastic Shear Waves

Equation of motion:

Case: shear wave propagating along the fibers, X 1.

Single nonlinear PDE:

Gtt = (α + 3βG 2
x )Gxx + η

[
2(1 + 4G 2

x )GxGtxGxx + (1 + 2G 2
x )G 2

x Gtxx

]
.

D’Alembert-type example: no wave breaking...
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One-Dimensional Shear Waves
A numerical solution
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Conservation Laws for the Viscoelastic Shear Waves

Compute local CLs for the coupled model

Gtt = (α + 3βG 2
x )Gxx + η

[
2(1 + 4G 2

x )GxGtxGxx + (1 + 2G 2
x )G 2

x Gtxx

]
.

α = η = 1.

A. Cheviakov (U. Saskatchewan) Nonlinear Wave Models of Fiber-Reinforced Materials May 11, 2016 44 / 48



Conservation Laws for the Viscoelastic Shear Waves

Compute local CLs for the coupled model

Gtt = (α + 3βG 2
x )Gxx + η

[
2(1 + 4G 2

x )GxGtxGxx + (1 + 2G 2
x )G 2

x Gtxx

]
.

α = η = 1.

CL 1:

Dt(ut − (1 + 2u2
x )u2

xuxx )−Dx ((1 + βu2
x )ux ) = 0.

Potential system:

vx = ut − (1 + 2u2
x )u2

xuxx , vt = (1 + βu2
x )ux .

Evolution equations:

ut = vx + (1 + 2u2
x )u2

xuxx ,

vt = (1 + βu2
x )ux .
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Conservation Laws for the Viscoelastic Shear Waves

Compute local CLs for the coupled model

Gtt = (α + 3βG 2
x )Gxx + η

[
2(1 + 4G 2

x )GxGtxGxx + (1 + 2G 2
x )G 2

x Gtxx

]
.

α = η = 1.

CL 2:

Dt(tut − u − t(1 + 2u2
x )u2

xuxx )−Dx

[(
t −

(
1

3
− βt

)
+

2

5
u4

x

)
ux

]
= 0.
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Summary

Incompressible hyperelastic models

Fundamental nonlinear equations for finite-amplitude waves are systematically
obtained.

Anti-plane shear wave equations derived for one- and two-fiber-family cases, as well
as wave equations for motions transverse to an axis.

Variational structure is inherited in all hyperelastic models.

Wave breaking in the one-dimensional case.

Local conservation laws are computed.

Viscoelastic models

A one-dimensional finite-amplitude nonlinear anti-plane shear wave model is derived,
for the two-fiber-family case.

No wave breaking.

No of variational formulation.

Local conservation laws are considered; potential system used for numerical
simulations.
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Future work

Further research

Consider different geometries/curviinear coordinates/symmetric settings of interest
for applications.

Use local conservation laws for further optimization and testing of numerical
methods.
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