
Phys. Fluids 32, 053604 (2020); https://doi.org/10.1063/5.0005423 32, 053604

© 2020 Author(s).

New similarity reductions and exact
solutions for helically symmetric viscous
flows 

Cite as: Phys. Fluids 32, 053604 (2020); https://doi.org/10.1063/5.0005423
Submitted: 02 March 2020 . Accepted: 20 April 2020 . Published Online: 12 May 2020

Dominik Dierkes , Martin Oberlack , and Alexei Cheviakov 

COLLECTIONS

 This paper was selected as an Editor’s Pick

ARTICLES YOU MAY BE INTERESTED IN

Gravel packing: How does it work?
Physics of Fluids 32, 053308 (2020); https://doi.org/10.1063/5.0001607

Vortex shedding characteristics in the wake of circular finned cylinders
Physics of Fluids 32, 045113 (2020); https://doi.org/10.1063/5.0005079

Newtonian and viscoelastic fluid flows through an abrupt 1:4 expansion with slip boundary
conditions
Physics of Fluids 32, 043103 (2020); https://doi.org/10.1063/1.5145092

https://images.scitation.org/redirect.spark?MID=176720&plid=1167512&setID=405127&channelID=0&CID=390544&banID=519902572&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=1f3035dd9c646c4b12aea2366796557c421312ce&location=
https://doi.org/10.1063/5.0005423
https://aip.scitation.org/topic/collections/editors-pick?SeriesKey=phf
https://doi.org/10.1063/5.0005423
https://aip.scitation.org/author/Dierkes%2C+Dominik
http://orcid.org/0000-0001-5541-310X
https://aip.scitation.org/author/Oberlack%2C+Martin
http://orcid.org/0000-0002-5849-3755
https://aip.scitation.org/author/Cheviakov%2C+Alexei
http://orcid.org/0000-0002-9647-3683
https://aip.scitation.org/topic/collections/editors-pick?SeriesKey=phf
https://doi.org/10.1063/5.0005423
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0005423
http://crossmark.crossref.org/dialog/?doi=10.1063%2F5.0005423&domain=aip.scitation.org&date_stamp=2020-05-12
https://aip.scitation.org/doi/10.1063/5.0001607
https://doi.org/10.1063/5.0001607
https://aip.scitation.org/doi/10.1063/5.0005079
https://doi.org/10.1063/5.0005079
https://aip.scitation.org/doi/10.1063/1.5145092
https://aip.scitation.org/doi/10.1063/1.5145092
https://doi.org/10.1063/1.5145092


Physics of Fluids ARTICLE scitation.org/journal/phf

New similarity reductions and exact solutions
for helically symmetric viscous flows

Cite as: Phys. Fluids 32, 053604 (2020); doi: 10.1063/5.0005423
Submitted: 2 March 2020 • Accepted: 20 April 2020 •
Published Online: 12 May 2020

Dominik Dierkes,1 Martin Oberlack,1,a) and Alexei Cheviakov2

AFFILIATIONS
1Chair of Fluid Dynamics, Department of Mechanical Engineering, Technische Universität Darmstadt, Otto-Berndt-Strasse 2,
64287 Darmstadt, Germany and Centre for Computational Engineering, Technische Universität Darmstadt, Dolivostraße 15,
64293 Darmstadt, Germany

2Department of Mathematics and Statistics, University of Saskatchewan, 106 Wiggins Road, Saskatoon, Saskatchewan S7N 5E6,
Canada

a)Author to whom correspondence should be addressed: oberlack@fdy.tu-darmstadt.de

ABSTRACT
In the present paper, we derive exact solutions for the helically invariant Navier–Stokes equations. The approach is based on an invariant
solution ansatz emerging from the Galilean group in helical coordinates, which leads to linear functions in the helical coordinate ξ = az
+ bφ for the two helical velocity components uξ and uη. The variables z and φ are the usual cylinder coordinates. Starting from this approach,
we derive a new equation for the radial velocity component ur in the helical frame, for which we found two special solutions. Moreover, we
present an exact linearization of the Navier–Stokes equations by seeking exact solutions in the form of Beltrami flows. Using separation of
variables, we found exponentially decaying time-dependent solutions, which consist of trigonometric functions in the helical coordinate ξ
and of confluent Heun-type functions in the radial direction.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0005423., s

I. INTRODUCTION

Helical flow structures appear in various natural phenomena
and technological devices, for example, in the wake of windmills,1 as
wing tip vortices,2 in astrophysical plasmas (see, e.g., Ref. 3), and in
laboratory applications, including “straight tokamak” plasma flow
approximations (see, e.g., Refs. 4 and 5) and other experiments. In
particular, helical vortex structures were observed by Sarpkaya6 in
experiments with swirling flows in a cylindrical tube, and as such,
they are part of the various flow structures observed in the known
vortex breakdown.

Various groups have worked on the theoretical description
of helical flows in recent decades. The simplest approach here is
to introduce a helical coordinate ξ = az + bφ, a, b = const ≠ 0,
where z and φ are the cylinder coordinates, and to assume that all
physical quantities depend on the cylinder radius r and the heli-
cal coordinate ξ. Helically invariant flows include translationally
and axially invariant ones as special cases. For the steady Euler
equations describing incompressible fluid flows and for plasma

equilibrium equations in the magnetohydrodynamics (MHD)
framework, the helical invariance requirement allows us to reduce
the governing equations to a single partial differential equation
(PDE) known as the Johnson-Frieman-Kulsrud-Oberman (JFKO)
equation.5 This important equation generalizes the famous Bragg–
Hawthorne–Grad–Rubin–Shafranov equation7–9 describing steady
axisymmetric inviscid flows onto the helically invariant case. Fam-
ilies of exact solutions of JFKO equations are known, including
those derived by Bogoyavlenskij3 (see also Refs. 10 and 11). In the
more general context of helical geometry, several works focused
on twisted pipes following a given spatial curve.12–15 Using non-
orthogonal and local-orthogonal coordinate systems, the effects of
pipe curvature and torsion on the flow were investigated. Special
analytical solutions of steady flows in helically symmetric pipes were
found by Zabielski and Mestel.16 For non-stationary helical flows,
analytical solutions were derived by Ershkov (see Refs. 17 and 18).
Delbende et al.19 developed a direct numerical simulation (DNS)
code for the helical invariant Navier–Stokes equations in a general-
ized vorticity-streamfunction formulation. Dritschel20 reduced the
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three-dimensional (3D) Euler equations to a linear equation, assum-
ing that the flow has a helical symmetry and consists of a rigidly
rotating basic part and a Beltrami disturbance part. Furthermore,
he derived exact solutions for flows in a straight pipe of circular
cross section. Exact solutions for helical flows of a Maxwell fluid con-
strained between two infinite coaxial circular cylinders were derived
by Jamil and Fetecau.21

While no general solution is available for the full time-
dependent nonlinear PDE system of Navier–Stokes equations, mul-
tiple families of exact and approximate solutions describing spe-
cific situations have been derived. Well-known examples of solu-
tions of incompressible Navier–Stokes equations in primitive vari-
ables include the Couette flow and the Hagen–Poiseuille flow in a
cylindrical pipe. Among the most famous solutions for the Navier–
Stokes equations in vorticity formulation are axisymmetric vortex-
type solutions, such as the Oseen–Lamb vortex and the Taylor vor-
tex, which describe columnar vortices without axial stretching. An
example of exact solutions of axisymmetric flows containing axial
vortex stretching is the famous Burgers vortex, which is the first
stretched vortex solution that models turbulent eddies.22

A significant number of exact solutions of Navier–Stokes equa-
tions and related models, as well as of other nonlinear PDEs, have
been derived in recent years with the help of techniques based
on Lie groups, including local and nonlocal symmetries of PDEs,
symmetry-invariant and partially invariant solutions, and their gen-
eralizations (see, e.g., Refs. 23–28 and references therein). For exam-
ple, in Ibragimov,23 several classes of invariant solutions of the
Navier–Stokes equations are presented; in many cases, these solu-
tions can be reduced to previously known solutions by choos-
ing appropriate parameters. In Andreev et al.,24 invariants of the
Navier–Stokes equations in cylindrical coordinates were used to
derive a system of ordinary differential equations (ODEs), for which
exact solutions were obtained. In Sec. III A, we employ a sim-
ilar approach to construct exact helically invariant solutions of
Navier–Stokes equations.

Moreover, in Kumar and Kumar,29 the strength of Lie group
theory to construct exact solutions is shown for the steady state
incompressible Navier–Stokes equations in two dimensions. The
authors derived seven similarity solutions, using Lie point transfor-
mations, of which three are completely new. In all solutions, the
contained singularities can be removed by setting certain parame-
ters to zero and, in one of these solutions, the Reynolds number
Re to infinity. This implies that for flows with a high Re-number,
the inertial terms are larger than frictional terms which is of great
importance for many fluid flows such as air and water. For the
assumption of irrotational flows, the streamlines are a family of
concentric circles. On top of that, the physical significance of the
new solutions is shown by the fact that although the solution does
not satisfy the no-slip conditions at the boundary, they are useful
since they help to detect the response of atmospheric turbulence
of the aircraft and the vortex free flow of incompressible fluids.
In Moffatt,30 the role of helicity in fluid dynamics, in particular,
its role in depleting nonlinearity in the Navier–Stokes equations is
discussed.

Kelbin et al.31 derived and analyzed the full three-dimensional
system of incompressible constant-density Euler and Navier–Stokes
equations under the assumption of helical symmetry. In particu-
lar, they derived various new conservation laws admitted by the

model, in primitive variables, and using the vorticity formulation.
A general helically symmetric setting was used, where all three
velocity components and the pressure are generally nonzero, and
may depend on the time t, the cylindrical radius r, and the helical
variable

ξ = az + bφ. (1)

In a general helically symmetric setting, no restrictive assumptions
are made concerning the form of the velocity components or the
pressure. The consideration is based exclusively on the indepen-
dence from the third spatial variable which changes along each
helix r = const and ξ = const. Thus, the flow has two spatial
dimensions and is called (2+1)-dimensional in space-time. Since
the spatial dimensions are reduced to two, but all three compo-
nents of the velocity vector are nonzero, helical flows are often
referred to as “2 1

2 -dimensional.” In turbulence research, a flow is
denoted as a two-component flow if one of the velocity components
vanishes.

Helical invariance of the Navier–Stokes equations is a conse-
quence of its admitted Lie group of point symmetries, specifically,
the invariance of the model with respect to rotations and trans-
lations about the z-axis. The helical invariance, thus, generalizes
and includes the axial symmetry (achieved at a = 1, b = 0) and
the z-translation symmetry (corresponding to a = 0, b = 1). In
2017, Dierkes and Oberlack extended the work of Kelbin et al.31 by
introducing a more general, time-dependent helical coordinate sys-
tem, based on rotation and Galilei invariance of the Navier–Stokes
model. The new approach used a time-dependent helical variable
ξ = z/α(t) + bφ, with b = const, and α(t) ≠ 0 is an arbitrary func-
tion of time t. This coordinate system describes helical flows with a
time-dependent helical pitch; both Euler and Navier–Stokes equa-
tions admit a reduced invariant form with respect to this extended
helical coordinate system.

The goal of the current contribution is to seek nontrivial, time-
dependent exact solutions of the full helically invariant Navier–
Stokes model. The study is motivated by the lack of such exact solu-
tions, cf.Ref. 33, and, in particular, the development of specialized
high-precision numerical codes, which require exact solutions for
the code precision testing (see, e.g., Ref. 34).

The paper is organized as follows. In Sec. II, we present the
general helically symmetric Navier–Stokes equations in the primi-
tive variables and in the vorticity formulation. These formulas have
been derived in Kelbin et al.31 and generalize the helically invariant
inviscid model discussed in Alekseenko et al.35

In Sec. III A, we consider the reduction of the helically invariant
Navier–Stokes equations arising from the Galilei symmetry group
admitted in terms of helical coordinates. A new nonlinear PDE (25)
is derived describing such flows, and its particular exact solutions are
constructed, giving rise to two families of time-dependent helically
invariant incompressible viscous flows.

The second exact solution family is obtained in Sec. III B,
where the vorticity formulation and Beltrami flow ansatz (collinear-
ity of the velocity and vorticity) are used to construct global periodic
helically invariant flows with radial dependence given in terms of
confluent Heun functions.

The paper is concluded with discussion in Sec. IV. Computa-
tion details of the v-equation (25) and the periodic solutions (59) are
provided in Appendices A and B, respectively.
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II. HELICALLY INVARIANT NAVIER–STOKES
EQUATIONS

In 2013, Kelbin et al.31 introduced the helical coordinate system
(r, η, ξ), which is given by

ξ = az + bφ, η = aφ − bz/r2, (2)

where a, b = const, a2 + b2 > 0, and (r, φ, z) are the usual cylindrical
coordinates.

On each cylinder r = const, the lines ξ = const and η = const
correspond to two families of helices which are orthogonal to each
other. By choosing the constants a, b, one obtains a specific helical
frame. In the limiting case, if a = 1 and b = 0, the helical coordinates
become cylindrical coordinates with η = φ and ξ = z. Importantly,
the curvilinear helical coordinates (r, η, ξ) do not form an orthogonal
triple. Although the unit direction vectors of the coordinates r, ξ are
orthogonal, it can be shown that there is no third coordinate that is
orthogonal to both r and ξ and that can be consistently introduced
in any open ball B ∈ R3. A locally orthogonal triple of unit vectors,

er =
∇r
∣∇r∣ , eξ =

∇ξ
∣∇ξ∣ , e⊥η =

∇⊥η
∣∇⊥η∣

= eξ × er ,

is defined at every point for the purpose of expansion of vector
quantities in a natural basis (Fig. 1).

We define a helically invariant function as a function which
is independent of η and has the form F(t, r, ξ). We will assume
that all physical variables are η-independent such that we obtain
exact solutions for helically invariant flows. Throughout the paper,
upper indices will refer to the corresponding components of vector
fields (vorticity, velocity, etc.), and lower indices will denote partial
derivatives. For example,

uηξ ≡
∂

∂ξ
uη(t, r, ξ).

FIG. 1. An illustration of the helix ξ = const for a = 1, b = −h/2π, where h is the
z-step over one helical turn. Basis unit vectors in the helical coordinates.

We also assume summation in all repeated indices.
In the nabla-based notation in Cartesian coordinates, the

Navier–Stokes equations of incompressible viscous fluid flows with-
out external forces are given by

∇ ⋅ u = 0, (3a)

ut + (u ⋅ ∇)u +∇p − ν∇2 u = 0, (3b)

where the fluid velocity vector u = u1ex + u2ey + u3ez and fluid pres-
sure p, in which the density has already been absorbed, are functions
of x = (x, y, z) and t. The viscosity coefficient ν = const; the inviscid
case ν = 0 yields the Euler equations.

In order to rewrite Eq. (3) in a helically symmetric setting, one
may write the velocity vector in the cylindrical and the helical basis,

u = urer + uφeφ + uzez = urer + uηe⊥η + uξeξ , (4)

where ur , uφ, uz are the velocity components in cylindrical coordi-
nates. The helical velocity components are related to the cylindrical
velocity components by

uη = u ⋅ e⊥η = B(auφ − b
r

uz), uξ = u ⋅ eξ = B(b
r

uφ + auz), (5)

and backward,

uφ = B(auη +
b
r

uξ), uz = B(−b
r

uη + auξ), (6)

where

B(r) = r√
a2r2 + b2

. (7)

In what follows, for brevity, we will write B(r) = B and dB(r)/dr = B′.
By transforming the PDEs to helical coordinates and assuming

helical invariance ∂/∂η ≡ 0 for all velocity components and the pres-
sure, one obtains the continuity equation and the three components
of the vector momentum equation, which represent the helically
invariant Navier–Stokes system in primitive variables,

1
r

ur + ur
r +

1
B

uξξ = 0, (8a)

ur
t + urur

r +
1
B

uξur
ξ −

B2

r
(b

r
uξ + auη)

2

= −pr

+ ν[1
r
(rur

r)r +
1

B2 ur
ξξ −

1
r2 ur − 2bB

r2 (auηξ +
b
r

uξξ)], (8b)

uηt + uruηr +
1
B

uξuηξ +
a2B2

r
uruη

= ν[1
r
(ruηr )r +

1
B2 uηξξ +

a2B2(a2B2 − 2)
r2 uη

+
2abB

r2 (u
r
ξ − (Buξ)

r
)], (8c)
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uξt + uruξr +
1
B

uξuξξ +
2abB2

r2 uruη +
b2B2

r3 uruξ = − 1
B

pξ

+ ν[1
r
(ruξr)r +

1
B2 uξξξ +

a4B4 − 1
r2 uξ

+
2bB

r
( b

r2 ur
ξ + (aB

r
uη)

r
)], (8d)

where the velocity components ur , uη, uξ and the pressure p are func-
tions of r, ξ and t, and the geometric factor B is given by (7). Due
to the 2π-periodicity of the cylindrical polar angle φ, in order to be
globally defined, every component of a helically invariant solution
must be periodic in ξ with the period

τξ = 2πb. (9)

The helically invariant reduction (8) of the Navier–Stokes equa-
tions has been extensively investigated in Kelbin et al.,31 where vari-
ous new conservation laws, including families of conservation laws,
have been found for the viscous (ν ≠ 0) and the inviscid (ν = 0) case.
As an example, for the inviscid case, conservation laws of kinetic
energy and z-projections of momentum and angular momentum
have been found to hold, as well as new infinite families of general-
ized momenta/angular momenta conservation laws and the conser-
vation of helicity. For the viscous case, a z-projection of momentum
and an additional momentum-like quantity (r/B)uη are conserved.

The vorticity formulation of the Navier–Stokes equations (3)
consists of the continuity equation, the definition of vorticity, and
the vorticity dynamics equation obtained by taking the curl of the
momentum equation (3b). It has the form

∇ ⋅ u = 0, (10a)

ω = ∇× u, (10b)

ωt +∇× (ω × u) − ν∇2ω = 0, (10c)

where it is worth noting that the latter have a reduced solution space,
compared to (3) (see, e.g., Refs. 17 and 36). In the helical basis, the
vorticity vector ω is given by

ω = ωrer + ωηe⊥η + ωξeξ . (11)

Under the assumption of helical invariance, the respective compo-
nents of ω are given by

ωr = − 1
B

uηξ , (12a)

ωη = 1
B

ur
ξ −

1
r
(ruξ)

r
− 2abB2

r2 uη +
a2B2

r
uξ , (12b)

ωξ = uηr +
a2B2

r
uη. (12c)

At this point, it is worth noting that in three dimensions, the
pseudo-vector ω is itself a conserved quantity [for this type of par-
tial solutions of the Navier–Stokes equations (3)], since all three
components of the vorticity Eq. (10c) are, indeed, divergence expres-
sions, with the components of ω being the conserved densities. For
the helically symmetric Navier–Stokes equations in vorticity for-
mulation, multiple new vorticity-dependent conservation laws have
been derived in the work of Kelbin et al.31 These results have been

extended in the work of Dierkes and Oberlack32 to helically invariant
flows with a time-dependent variable pitch.

III. EXACT SOLUTIONS TO THE HELICALLY INVARIANT
NAVIER–STOKES EQUATIONS

In the current section, we present two different approaches
to obtain exact solutions of the helically invariant Navier–Stokes
equations. First, in Sec. III A, a Galilei-invariant reduction of the
primitive Eq. (8) is considered. In Sec. III B, separated solutions
corresponding to helically invariant Beltrami flows are constructed.

A. A reduction with respect to Galilei group in helical
coordinates

The helically invariant Navier–Stokes equations (8) admit
four independent point symmetry groups: translations in space
ξ and time t, translation of the pressure p, and Galilean invari-
ance in the ξ-direction. If the transformed quantities for each
group Gi, i = 1, 4 are denoted by (r∗, ξ∗, t∗, (ur)∗, (uξ)∗, (uη)∗, p∗)
= Gi(r, ξ, t, ur , uξ , uη, p), one has

G1 = (r, ξ + ε, t, ur , uξ , uη, p), (13a)

G2 = (r, ξ, t + ε, ur , uξ , uη, p), (13b)

G3 = (r, ξ, t, ur , uξ , uη, p + εf (t)), (13c)

G4 = (r, ξ + εt, t, ur , uξ + εB(r), uη − ε b
ar

B(r), p), (13d)

where ε is the group parameter of the point symmetry groups. We
note that no additional symmetries arise for two-component flows,
where the velocity component in the invariant direction vanishes,
uη ≡ 0.

The infinitesimal generators corresponding to the symmetry
groups (13) are given by

X1 =
∂

∂t
, (14a)

X2 =
∂

∂ξ
, (14b)

X3 = f (t) ∂
∂p

, (14c)

X4 = t
∂

∂ξ
− b

ar
B

∂

∂uη
+ B

∂

∂uξ
. (14d)

For the Galilei symmetry G4, X4, we consider an invariant solution
ansatz (see, e.g., Ref. 28). A solution u = Θ(r, t, ξ) with components
u = (ur , uξ , uη, p) and Θ = (Θr ,Θξ ,Θη,Θp) is an invariant solution
of the PDE system (8) with respect to the point symmetry (14d) if
and only if u = Θ(r, t, ξ) satisfies

X4(u −Θ(r, ξ, t))∣u=Θ(r,ξ,t) = 0. (15)
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This leads to the characteristic ODE system given by

dur

0
= − ar

bB
duη = duξ

B
= dξ

t
= dr

0
= dt

0
= dp

0
. (16)

The zeros in the denominators of (16) denote that the corresponding
variable in the numerator is constant. This denotation is frequently
used when the method of characteristics is applied (see, e.g., Ref. 28)
and may not be seen as an algebraic denotation. The invariants for
the independent variables are given by

I1 = r, I2 = t, (17)

and for the dependent variables, (16) leads to a form, which is
slightly generalized to

ur = ur(r, t), (18a)

uξ = Fξ(r, t)ξ + Gξ(r, t), (18b)

uη = Fη(r, t)ξ + Gη(r, t), (18c)

p = p(r, t), (18d)

where ur(r, t), Fξ(r, t), Gξ(r, t), Fη(r, t), Gη(r, t), and p(r, t)
are to be determined. The substitution of (18) into the Navier–
Stokes equations (8) leads to quadratic expressions in ξ, where all
other unknown functions do not depend on ξ. Hence, all coeffi-
cients at independent expressions involving ξ must vanish. Conse-
quently, as it is shown in Appendix A, which contains further details
on the derivation of some subsequent equations, one obtains the
restrictions,

Fη = − b
ar

Fξ (19)

and
Fξ = −B

r
(rur)

r
, (20)

relating the unknown functions Fη, Fξ , and ur . This leads to rewrit-
ing the helically invariant Navier–Stokes equations (8) as a system of
four ξ-independent PDEs for the unknowns ur , Gξ , Gη, and p, given
by

ur
t + urur

r −
B2

r
(b

r
Gη + aGξ)

2

+ pr − ν[ur
rr +

1
r

ur
r −

1
r2 ur] = 0, (21a)

rur
rt + ur

t − urur
r − r(ur

r)
2 + rurur

rr −
2
r
(ur)2

+ ν[−rur
rrr − 2ur

rr −
ur

r2 +
1
r

ur
r] = 0, (21b)

Gη
t + urGη

r +
1
B

GξFη +
a2B2

r
urGη − νB[B′′

B2 Gη +
2B′

B2 Gη
r

− 2abB
r2 Gξ

r − (
2ab
r2 Gξ +

b2 − a2r2

r3 Gη)B′ − B
r3 (b

2 − a2r2)Gη
r

+
1
B

Gη
rr +
(b2 − a2r2)B

r4 Gη
⎤⎥⎥⎥⎦
= 0, (21c)

Gξ
t + urGξ

r +
1
B

GξFξ +
2abB2

r2 urGη +
b2B2

r3 urGξ − νB

× [B′′

B2 Gξ +
2B′

B2 Gξ
r +

2abB
r2 Gη

r + (2ab
r2 Gη − b2 − a2r2

r3 Gξ)B′

− B
r3 (b

2 − a2r2)Gξ
r +

1
B

Gξ
rr −

2abB
r3 Gη] = 0. (21d)

Importantly, the PDE (21b) for ur decouples from the rest of the
system of Eq. (21).

Substituting the ansatz expressions (18b) and (18c) into (6) and
using (19), one finds that for the Galilei-invariant helical flows, the
cylindrical polar angle velocity component uφ reduces to

uφ = B(aGη +
b
r

Gξ) (22)

and is independent of Fξ and Fη. A linear combination of (21c) and
(21d), where (21c) is multiplied by aB and (21d) by bB/r, leads to a
PDE for the uφ-component, which is given by

uφt +
uruφ

r
+ uruφr − ν(uφrr +

uφr
r
− uφ

r2 ) = 0. (23)

Every solution of (21) yields a solution of the helically invari-
ant Navier–Stokes equations (8)–(18). Solutions of the reduced sys-
tem (21), in fact, are related to the solutions of a single PDE (21b).
Indeed, for every solution ur of (21b), one may find Fξ and Fη from
(20) and (19), respectively. In the next step, the solutions for Fξ and
Fη may be used to solve (21c) and (21d) for Gξ and Gη. Interest-
ingly, the PDEs (21c) and (21d) are linear PDEs for Gξ and Gη with
variable coefficients. Finally, one can obtain the pressure p from the
PDE (21a).

The main Eq. (21b) can be brought into a particularly elegant
form using the substitution

v(r, t) = r ur(r, t), (24)

leading to the PDE

vrt + (vvr

r
)

r
− 2

v2
r

r
− ν[vrrr +

vr

r2 −
vrr

r
] = 0, (25)

satisfied by v(r, t). In particular, the following statement holds: every
solution of the PDE (25) yields a solution of the helically invariant
time-dependent Navier–Stokes equations (8).

The v-equation (25) is a third-order nonlinear PDE which does
not belong to any well-studied class of nonlinear PDEs, and for
which, consequently, no exact solutions are known. The PDE (25)
has a scaling symmetry and a translational symmetry in time, given
by the infinitesimal generators,

Y1 = r
∂

∂r
+ 2t

∂

∂t
, (26a)

Y2 =
∂

∂t
. (26b)

From (26), we generate the similarity variable

s = r√
4ν(t + t0)

(27)
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to seek invariant solutions of the PDE (25) in the form v = v(s),
which yields the ODE

s3v′′ + 2 s(v′)2 + s2v′ − 2 svv′′ + 2vv′

+ ν[2 s2v′′′ − 2 sv′′ + 2v′] = 0, (28)

with prime denoting the derivative with respect to s. Two particular
solution families of the ODE (28) can be readily constructed. The
first solution family is obtained by demanding that both the linear
and the nonlinear terms in (25) vanish separately, which leads to a
consistent solution,

v(r, t) = Ae−
r2

4ν(t+t0) , (29)

of the PDE (25), involving free constant parameters A and t0. The
second particular solution family is given by

v(r, t) = g(t) − r2

2(t + t0)
, (30)

where g(t) is an arbitrary time-dependent function.
The next step in obtaining an explicit solution for the helically

invariant flow is the solution of the (quite complex) linear PDEs
(21c) and (21d) for the unknown functions Gξ , Gη. A simple but
explicit solution of the helically invariant Navier–Stokes system (8)
can be immediately obtained if one assumes Gξ = Gη = 0, which
corresponds to a helically symmetric flow where the polar velocity
component uφ vanishes [cf. (22)], but all three helical velocity com-
ponents ur , uη, and uξ remain nonzero. In this case, the solution (29)
can be used to obtain the radial velocity component ur using (24), the
pressure using (21a), and the remaining velocity components (18b)
and (18c) using (19) and (20). The full solution is given by

ur = A
r

e−
r2

4ν(t+t0) , uη = − AbBξ
2νar(t + t0)

e−
r2

4ν(t+t0) , (31a)

uξ = ABξ
2ν(t + t0)

e−
r2

4ν(t+t0) , p = − A2

2r2 e−
r2

2ν(t+t0) + f (t), (31b)

where f (t) is an arbitrary function of time. In a similar manner, for
the solution (30) of (25), one obtains the explicit exact solution,

ur = g(t)
r
− r

2(t + t0)
, uη = − bBξ

ar(t + t0)
, (32a)

uξ = Bξ
t + t0

, p = −3
8

r2

(t + t0)2 −
g(t)2

2r2 − g′(t) ln r + h(t), (32b)

involving an additional pressure gauge given by a function h(t)
which must be chosen such that the value of the pressure p remains
positive. Unlike the first solution family (31), the second solution
family (32) does not involve an arbitrary scaling parameter A.

We note again that both solutions (31) and (32) of the helically
invariant Navier–Stokes equations (8) are neither periodic in ξ nor
regular on the z-axis. These solutions should be understood as essen-
tially local, i.e., defined in some helical annular sector, or in other
words, a rectangle,

0 < r1 ≤ r ≤ r2, 0 ≤ ξ1 ≤ ξ ≤ ξ2 < 2πb,

in the helical coordinates (r, ξ). This means that the solutions (31)
and (32) are bounded in both directions, where r1 is the lower and
r2 is the upper bound for the radial coordinate and ξ1 and ξ2 are the
lower and upper bounds for the ξ-coordinate, respectively. Using the
non-dimensionalization,

r̂ = r/b, ẑ = z/b, ξ̂ = ξ/b = aẑ + ϕ, t̂ = νt/b2,

ûr = ur/u0, ûη = uη/u0, ûξ = uξ/u0, p̂ = p/u2
0,

Â = A/(bu0), u0 = ν/b, B̂ = r̂/
√

a2 r̂2 + 1,

and the corresponding modifications of the arbitrary functions, the
solutions (31) and (32) can be written, respectively, as

ûr = Â
r̂

e−
r̂2

4(t̂+t̂0) , ûη = − ÂB̂ξ̂
2ar̂(t̂ + t̂0)

e−
r̂2

4(t̂+t̂0) , (33a)

ûξ = ÂB̂ξ̂
2(t̂ + t̂0)

e−
r̂2

4(t̂+t̂0) , p̂ = − Â2

2r̂2 e−
r̂2

2(t̂+t̂0) + f̂ (t̂), (33b)

and

ûr = ĝ(t̂)
r
− r̂

2(t̂ + t̂0)
, ûη = − B̂

ar̂ξ̂(t̂ + t̂0)
, (34a)

ûξ = B̂ξ̂
t̂ + t̂0

, p̂ = −3
8

r̂2

(t̂ + t̂0)
2 −

ĝ(t̂)2

2r̂2 − ĝ′(t̂) ln r̂ + ĥ(t̂). (34b)

For a flow with the velocity field u(t, x), the instantaneous
streamlines are defined as parametric curves,

d
dγ

x(γ) = u(t, x(γ)), x(0) = x0, (35)

where γ is a non-negative scalar parameter. For a generic time-
dependent flow, instantaneous streamlines (35) change with time,
and no fluid parcel has to follow any instantaneous streamline. On
the other hand for equilibrium flows that are independent of time,
as well as for special time-dependent flows, streamline curves can be
fixed and, thus, followed by physical fluid parcels (Fig. 1).

For both of the above solutions, streamlines are curves in the
plane ϕ = const. For the first solution family (33), the streamlines
are not fixed but change in time since the time dependence of the
velocity components is different; in particular, as t→∞, the stream-
lines tend to radial curves. For the second solution family (34), the
streamlines are fixed if and only if g(t) = 0.

The dimensionless vorticity is defined as ω̂ = bω/u0, with com-
ponents of ω given by (12), and the dimensionless helicity density of
the flow is computed as ĥ = û ⋅ ω̂.

For the first solution family (33), the velocity and vorticity
magnitudes and the helicity density are given by

∣û∣2 = Â2e−
r̂2

2(t̂+t̂0)

4a2 r̂2(t̂ + t̂0)2
(4a2(t̂ + t̂0)2 + r̂2ξ̂2), (36a)

∣ω̂∣2 = Â2e−
r̂2

2(t̂+t̂0)

16a2 r̂2(t̂ + t̂0)4
(4(t̂ + t̂0)2 + r̂4ξ̂2), (36b)
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FIG. 2. Dimensionless flow parameters
and the helical surface for the exact heli-
cally invariant solution (33) with t̂ = 1,
t̂0 = 0, and Â = f̂ = 1. (a) The
streamlines emanating from the circle
ẑ = 0, r̂ = 1. (b) The velocity magni-
tude isosurface |û| = 10, plotted for 0 ≤ ϕ
≤ 4π, ξ ≥ 0. (c) The vorticity magni-
tude isosurface ∣ω̂∣ = 2, plotted for 0
≤ ϕ ≤ 4π, ξ ≥ 0. (d) The helical coor-
dinate rectangle η̂ = −6, 0.5 ≤ r̂ ≤ 2,
and 0 ≤ ξ̂ ≤ 2π in the physical space,
with velocity vectors and pressure p̂ color
map.

ĥ = Â2e−
r̂2

2(t̂+t̂0)

2ar̂2(t̂ + t̂0)
. (36c)

Figure 2 shows streamlines, pressure profiles, the helical surface
patch η = const, and examples of velocity and vorticity magnitude
level surfaces |û| = const and ∣ω̂∣ = const for the first solution family
(33), for a sample set of dimensionless parameters.

For the second solution family (34), the velocity and vorticity
magnitudes and the flow helicity density are given by

∣û∣2 = a2(2ĝ(t̂)(t̂ + t̂0) − r̂2)2 + 4r̂2ξ̂2

4a2 r̂2(t̂ + t̂0)2
, (37a)

∣ω̂∣ = 1
ar̂(t̂ + t̂0)

, (37b)

ĥ = ĝ
ar̂2(t̂ + t̂0)

− 1
2a(t̂ + t̂0)2

. (37c)

In particular, in (37), for a fixed time t, the vorticity magnitude
∣ω̂∣ and the helicity density ĥ are constant on circular cylinders
r = const. We do not provide plots for this rather simple solution
family because they are somewhat less physically appealing and can
be obtained in a straightforward way.

B. The exact linearization of the Navier–Stokes
equations; Beltrami-type solutions

The vector momentum equation in the Navier–Stokes model
(3) is often written in the form

ut + (curl u) × u +∇P − ν∇2u = 0, (38)

where the modified pressure is given by

P = p +
1
2
∣u∣2. (39)

The essential nonlinearity is contained in the advection term (curl u)
× u. The linearization idea of Beltrami consisted in setting it to zero,
i.e., seeking exact solutions of the Navier–Stokes system that satisfy
the Beltrami flow ansatz of vorticity and velocity collinearity,

ω ≡ curl u = ϑu, (40)

where ϑ = ϑ(x, t) is an arbitrary scalar function. Beltrami flows have
a deep physical meaning since it is known that every incompress-
ible fluid flow is a superposition of Beltrami flows and every solu-
tion of the Navier–Stokes equations is a superposition of interacting
Beltrami flows; cf. Ref. 37.
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The seven scalar equations made up of the constant-density
Navier–Stokes model (3) and the PDEs (40) make up an overde-
termined linear system in terms of five unknown scalar functions
given by u, P, and ϑ. Even though overdetermined, these equations
are known to have physically meaningful solutions (e.g., Refs. 17,
18, 26, and 38). It should be noted that due to the constraint (40),
vortex stretching is inhibited in most cases, which is always the
case for two-dimensional (2D) flows. Nevertheless, our newly found
Beltrami-type exact solutions contain three nonzero velocity com-
ponents and, hence, essentially differ from two-dimensional flows.
Due to this discrepancy of the number of independent variables (the
two helical coordinates r and ξ) and the three velocity components,
the present flow and, hence, the solutions are still neither two- nor
three-dimensional when the Beltramian restriction is employed. As
before, the flow is placed between 2D and 3D, which we refer to as
“2 1

2 -dimensional” and which is introduced in the first section of this
article.

In the helically invariant setting, the subsequently presented
linear equations (42) describing Beltrami flows follow from (8). They
are given by seven PDEs for the unknowns ur(t, r, ξ), uξ(t, r, ξ),
uη(t, r, ξ), P(t, r, ξ), and ϑ(t, r, ξ). The continuity equation reads

1
r

ur + (ur)r +
1
B
(uξ)ξ = 0, (41)

while the momentum equations reduce to the linear PDEs,

(ur)t = −Pr + ν[1
r
(r(ur)r)r +

1
B2 (u

r)ξξ −
1
r2 ur

− 2bB
r2 (a(uη)ξ +

b
r
(uξ)ξ)], (42a)

(uη)t = ν[
1
r
(r(uη)r)r +

1
B2 (u

η)ξξ +
a2B2(a2B2 − 2)

r2 uη

+
2abB

r2 ((u
r)ξ − (Buξ)

r
)], (42b)

(uξ)t = −
1
B

Pξ + ν[1
r
(r(uξ)r)r +

1
B2 (u

ξ)ξξ +
a4B4 − 1

r2 uξ

+
2bB

r
( b

r2 (u
r)ξ + (aB

r
uη)

r
)], (42c)

and the three Beltrami conditions (40) together with the definition
of the vorticity vector in helical coordinates in (12) are given by

ωr = − 1
B
(uη)ξ = ϑur , (43a)

ωη = 1
B
(ur)ξ −

1
r
(ruξ)

r
− 2abB2

r2 uη +
a2B2

r
uξ = ϑuη, (43b)

ωξ = (uη)r +
a2B2

r
uη = ϑuξ . (43c)

The linear homogeneous model (42) and (43) is autonomous in t and
ξ and, thus, admits the separation of variable ansatz for all dependent
variables,

q(t, r, ξ) = T(t)R(r)Ξ(ξ), (44)

where q stands for each dependent variable: ur , uξ , uη, and P. More-
over, any linear combination of separated solutions (44) yields an
exact solution of the linear homogeneous PDE system (42) and (43)
and, thus, of the helically symmetric Navier–Stokes equations (8).
All these solutions fulfill the Beltrami condition (40).

From the form of the momentum equation (42), consequently,
an admissible form of the time dependence for the velocity com-
ponents (and, hence, for the other unknowns, as it follows from
the remaining PDEs) is given by exponential functions. In partic-
ular, for all velocity components, the time dependence is the same.
Moreover, from the point of view of ξ-periodicity and the nature
of differential relations, where spatial derivatives of the unknowns
and the unknowns themselves are present in the equations, it is
natural to assume the harmonic dependence of the unknowns on
ξ: Ξ(ξ) ∼ exp(iλξ), λ = const ∈ R. For the linear homogeneous
model, both the real and the imaginary part of each solution com-
ponent yield solutions of the Beltrami model. (For simplicity, we
will explicitly consider real functions.) From the form of Beltrami
equations (40), consequently, the only admissible dependence of the
Beltrami parameter ϑ is on the radial variable r. With the above
assumptions, the general real form of the separated solutions is
given by

ur = e−νQ2t(K1 cos λξ + K2 sin λξ)R1(r), (45a)

uξ = e−νQ2t(K3 cos λξ + K4 sin λξ)R2(r), (45b)

uη = e−νQ2t(K5 cos λξ + K6 sin λξ)R3(r), (45c)

ϑ = Ra(r), (45d)

P = e−νQ2t(K7 cos λξ + K8 sin λξ)Rp(r), (45e)

where the parameters K i, for i = 1, . . ., 8, are constant. Their relation
to the radial functions Ri, i = 1, 2, 3, Ra, and Rp in (45) are derived in
Appendix B. The chosen form of the negative time exponent −νQ2

< 0, Q = const ∈ R, is natural for the given parabolic problem (41)
and (42). The exponentially decaying time-dependent term e−νQ2t

makes the solutions (45) similar to the two-dimensional 2D Taylor’s
decaying vortices (e.g., Ref. 39).

Due to the periodicity of the helical variable ξ with its period
given in Eq. (9), consequently, one must have

λ = λn = n/b, n = 0, 1, 2, . . . , (46)

for natural numbers n ∈ N, i.e., only discrete modes in the ξ-direction
satisfy the periodicity conditions.

Furthermore, in Appendix B, it is shown that

ϑ(r) = const = Q, Rp(r) = 0.

Consequently, the modified pressure P is zero, which in turn leads
to the final expression for the pressure,

p = p0 −
1
2
∣u∣2, p0 = const, (47)

and thus, the level surfaces of pressure and the velocity magni-
tude coincide. For physically meaningful solutions, the condition
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p0 >
1
2
∣u∣2 must hold, which ensures a non-negative pressure. It is

further shown that the nonzero constants K i in (45) are related by

K2

K5
= −K1

K6
,

K3

K5
= K4

K6
,

K7

K8
= −K4

K3
, (48)

and R1(r) is a solution of a second-order ODE,

d2R1

dr2 +
B2

r
(3b2

r2 + a2)dR1

dr

− ( λ
2

B2 +
2a2B2 − 1

r2 − ϑ2 − 2abϑB2

r2 )R1 = 0. (49)

The remaining parameters R2(r) and R3(r) are related to R1(r) by

R3 = −
K1

K6

ϑB
λ

R1, R2 =
K2

K3

B
λr
(R1 + rR′1). (50)

ξ-dependent solutions are obtained for λ ≠ 0, i.e., n = 0 in (46) such
that the denominators in (50) are nonzero. Here and in the follow-
ing, for functions depending on only one variable, we use the prime
to denote the derivative with respect to that variable, e.g., R′1 = dR1

dr .
The general solution of the ODE (49) cannot be written in terms of
elementary functions, but is related to the solution of the confluent
Heun ODE,40

Y ′′(z) +
αz2 + (β − α + γ + 2)z + β + 1

z(z − 1) Y ′(z)

+
((β + γ + 2)α + 2δ)z − (β + 1)α + (γ + 1)β + 2σ + γ

2z(z − 1) Y(z) = 0,

(51)
involving five constant parameters α, β, γ, δ, and σ. Note that in con-
trast to Ref. 40, the fifth parameter in the confluent Heun ODE (51)
is denoted by σ to avoid ambiguity with the third helical coordi-
nate η defined in (2). While the original Heun ODE with an inde-
pendent variable z has four singularities z = 0, z = 1, z = a, and
z = ∞, the confluent Heun equation (51) is obtained from it by
displacing the singularity z = a to infinity, under an appropriate
redefinition of the constant parameters (see, e.g., Ref. 41). Both the
original Heun ODE and its confluent version are relatively well-
studied (e.g., Refs. 41–44 and references therein). Existing literature
includes asymptotic forms, recursion relations, series representa-
tions of Heun functions in terms of powers of z or hypergeometric
functions, and so on. Heun functions are known to arise in vari-
ous physical applications.45 We also note that Heun functions can
be efficiently numerically approximated.46

The solution of the ODE (49) is given by

R1(r) = R1 n(r) = C1rn−1HC+ + C2r−n−1HC− , (52)

where C1, C2 are arbitrary constants, and

HC+ = HC(α,β, γ, δ, σ,−a2r2/b2), (53a)

HC− = HC(α,−β, γ, δ, σ,−a2r2/b2), (53b)

are confluent Heun functions with parameters

α = 0, β = bλn = n, γ = −2, δ = a2n2 − ϑ2b2

4a2 ,

σ = a2(4 − n2) + ϑb(2a + ϑb)
4a2 .

(54)

The remaining radial dependencies are found from (50) and are
given by

R2(r) = R2 n(r) = −
K1Bb

K4
(C1rn−2HC+ − C2r−n−2HC−)

+
2K1Ba2

K4nb
(C1rnH′C+ + C2r−nH′C−), (55a)

R3(r) = R3 n(r) = −
K1bϑB

K6n
(C1rn−1HC+ + C2r−n−1HC−). (55b)

As mentioned before, all constants K i including K4 and K6 are
nonzero such that the radial functions R2, R3 are well-defined.

It is convenient to write the complete solution for the separated
helical velocity components in terms of dimensionless variables,

r̃ = ar
b

, z̃ = az
b

, ξ̃ = z̃ + φ, t̃ = νϑ2t, γ = bϑ
a

,

B̃(r̃) = aB(r̃) = r̃√
r̃2 + 1

, ũ = b
ν
u, p̃ = b2

ν2 p.
(56)

It is given by

ũr
n = e−t̃ (C̃1 n r̃n−1HC+ + C̃2 n r̃−n−1HC−)

× (K1 cos(nξ̃) + K2 sin(nξ̃)), (57a)

ũξn = e−t̃ B̃[C̃1 n(r̃n−2HC+ − 2
n

r̃nH′C+)

−C̃2 n(r̃−n−2HC− +
2
n

r̃−nH′C−)]

× (K2 cos(nξ̃) − K1 sin(nξ̃)), (57b)

ũηn = e−t̃ γB̃
n
(C̃1 n r̃n−1HC+ + C̃2 n r̃−n−1HC−)

× (K2 cos(nξ̃) − K1 sin(nξ̃)), (57c)

and the pressure p̃ is found from (47). In terms of dimensionless
variables (56), the confluent Heun functions are given by

HC± = HC(0,±n,−2,
n2 − γ2

4
, 1 +

γ(γ + 2) − n2

4
,−r̃2). (58)

One may denote K1 = K sinψ and K2 = K cosψ, where K, ψ
is a different pair of arbitrary parameters [K2 = K1 + K2, ψ = arc-
tan(K1/K2)]. Without loss of generality, we set K = 1. Then, (57)
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takes a simpler form,

ũr
n = e−t̃ (C̃1 n r̃n−1HC+ + C̃2 n r̃−n−1HC−) sin(nξ̃ + ψn), (59a)

ũξn = e−t̃ B̃[C̃1 n(r̃n−2HC+ − 2
n

r̃nH′C+)

−C̃2 n(r̃−n−2HC− +
2
n

r̃−nH′C−)] cos(nξ̃ + ψn), (59b)

ũηn = e−t̃ γB̃
n
(C̃1 n r̃n−1HC+ + C̃2 n r̃−n−1HC−) cos(nξ̃ + ψn), (59c)

p̃n = p0 n −
1
2
(∣ũr

n∣2 + ∣ũξn∣2 + ∣ũηn∣2). (59d)

Depending on the choice of the constant parameters n ∈ N and
C1, C2, γ ∈ R, the separated space-time modes (59) may be bounded
or unbounded functions, regular or singular at the origin. For exam-
ple, for the choice C̃2 n = 0, γ < 0, and n = 1, 2, the radial parts of
solution (59) components are bounded functions for all r̃ and are
regular on the z̃-axis; for the same constants when n ≥ 3, the Heun
functions (58) diverge as r̃ → ∞. As an example, radial parts of
the velocity component ũr

n (59a) are shown in Fig. 3 for n = 1, 2, 3,
C1 = 1, C2 = 0, and γ = −3.

While single-mode solutions present physical interest, since the
Beltrami model (42) and (43) is linear and homogeneous, conse-
quently, any linear combination of physical solutions (45),

ũr =∑
n

ũr
n, ũξ =∑

n
ũξn, ũη =∑

n
ũηn, p̃ =∑

n
pn (60)

(involving arbitrary parameter families C̃1 n, C̃2 n, and ψn) yields a
ξ̃-periodic physical exact solution of the helically invariant Navier–
Stokes equations (8). We note that such solutions still have the same
spatial period τξ̃ (9) in the ξ̃-direction.

It is important to remark that the time dependence both for
modes (59) and for the general solution (60) is the same, i.e., all
modes decay at the same rate. The following properties consequently
hold for every solution:

1. The set of constant-pressure surfaces p̃(t̃, r̃, ξ̃) = const [coin-
ciding with level surfaces ∣u(t̃, r̃, ξ̃)∣2 = const and ∣ω(t̃, r̃, ξ̃)∣2

FIG. 3. An illustration of the radial part R1 n(r̃) (52) of the velocity component ũr
n

(59a) of the Beltrami solution (59) for n = 1, 2, 3, C̃1 n = 1, C̃2 n = 0, and γ = −3.

= const] are time-invariant, in the sense that the common time
dependence factors out, and for the given value of p̃ (or |ũ|,
∣ω̃∣), the surfaces at different times t̃ are just different surfaces
within the same set; no shape change occurs.

2. The streamlines (35) for the flow defined by an exact solution
(60) are fixed and are followed by the particles. In particu-
lar, the velocity vector field never changes the direction, only
changing its magnitude exponentially in time.

In Figs. 4(a) and 5(a), the cross section is periodic in ξ̃ with
the period π, which is a half of the period τξ̃ (9) because the figures
correspond to the isosurfaces of squared velocities. Note that these
isosurfaces coincide with the isosurfaces of helicity density, since for
all Beltrami flows, (40) holds, and the helicity density of such flows
is given by h̃ = ϑ∣ũ∣2, with ϑ = const = Q for the solutions (59).

A sample set of upward-directed streamlines for the separated
solution (59) with n = 2 is shown in Fig. 6. Both the solutions with
n = 1 and n = 2 for the same set of other parameters include lines
that are (on average) directed upward or downward. For some lines,
the z̃-projection of the fluid velocity changes sign once or more per
helical period.

FIG. 4. Level surfaces |ũ|2 = const (equivalently, p̃ = const, ∣ω̃∣2 = const, or
h̃ = const) for the exact dimensionless Beltrami solution (59) for n = 1, C1 = 1, C2
= 0, and ψ = −π/2. (a) A cross section of level surface plot |ũ|2 = const, for one
period 0 ≤ ξ̃ ≤ 2π. (b) A connected component of the level surface |ũ|2 = 0.4. (c)
A connected component of the level surface |ũ|2 = 2.6.
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FIG. 5. Level surfaces |ũ|2 = const (equivalently, p̃ = const, ∣ω̃∣2 = const, or
h̃ = const) for the exact dimensionless Beltrami solution (59) for n = 2, C1 = 1, C2
= 0, and ψ = −π/2. (a) A cross section of level surface plot |ũ|2 = const, for one
period 0 ≤ ξ̃ ≤ 2π. (b) A connected component of the level surface |ũ|2 = 3.54. (c)
A connected component of the level surface |ũ|2 = 0.97.

FIG. 6. Four sample streamlines for the exact dimensionless Beltrami solution (59)
for n = 2, C1 = 1, and C2 = 0, emanating from various points in the plane z = 1. (a)
Perspective view. (b) Top view.

IV. SUMMARY AND CONCLUSIONS
In the present contribution, we provide two types of exact solu-

tions to the helically invariant system of Navier–Stokes equations.
The first type arises from the invariant solution ansatz with respect

to the Galilei group (13d) admitted by the helically invariant Navier–
Stokes equations (8). We derive a new nonlinear PDE of third-order
(25), for which we present two particular solutions, given by (29)
and (30). From that, complete solutions to the Navier–Stokes system
are derived and given by (31) and (32). It remains an open prob-
lem to derive further physically relevant particular solutions, as well
as the general solution, of the v-equation (25). We verified that the
v-equation does not admit nonclassical symmetries; hence, the non-
classical method (e.g., Ref. 28) and the equivalent “direct method” of
Clarkson and Kruskal47 cannot be used to construct additional exact
solutions.

The second type of solutions for the helically invariant system
of Navier–Stokes equations (8) is based on an exact linearization of
the Navier–Stokes equations, where we seek solutions that satisfy
the Beltrami condition (40). We note that for such flows, the most
important mechanism in turbulence, the vortex stretching is not
active since the velocity and the vorticity vectors are parallel. Nev-
ertheless, in order to seek exact solutions, the Beltrami assumption
is extremely helpful, as the PDE system (8) becomes linear. A family
of separated solutions of this system is described by an exponential
decay in time, ξ-periodic ansatz (45), leading to a linear system of
ODEs [(B13) in Appendix B]. Exact solutions (59) were found in
the case of constant Beltrami parameter ϑ. These solutions involve
confluent Heun functions. While all such separated solutions are ξ-
periodic, the radial dependence may be regular or singular on the
z-axis, and the solutions may grow or decay as r → ∞. However,
all solutions (59) are regular in annular domains 0 < r1 ≤ r ≤ r2.
We also note that though the solutions (59) are time-dependent,
all streamlines and level surfaces of helicity density, velocity, and
vorticity magnitude are time-invariant (see Figs. 4–6).

All the newly derived exact solution families (31), (32), and (59)
can be applied as benchmark tests for the development of helically
invariant numerical codes. In particular, one application is the sim-
ulation of a flow between two coaxial cylinders extended by the axial
motion of the inner cylinder.48 The authors conducted simulations
for different ratios of the radii and observed helically shaped turbu-
lent patches. These flows are referred to as annular or sliding Couette
flows. For such geometries, due to the presence of the inner cylin-
der, the centerline axis r = 0 is excluded, i.e., the radial coordinate is
bounded by 0 < R1 ≤ r ≤ R2 and the singular behavior vanishes. The
exact solutions can be used as Dirichlet boundary conditions, which
is the simplest case. In particular, it is possible to set

uD,i = uex(r = R1, ξ) (61)

at the wall of the inner cylinder and

uD,o = uex(r = R2, ξ) (62)

as the no-slip condition at the wall of the outer cylinder. Here,
uex denotes the helical velocity vector of the exact solutions. Simi-
larly, Dirichlet conditions can be assumed in the ξ-direction for the
solutions (31) and (32) and periodic boundary conditions in this
direction for the Beltrami solution (59). Besides the possibility to
formulate boundary conditions, the solutions may be used to deter-
mine the errors and convergence rates of a numerical discretization
of the helically invariant Navier–Stokes equations (8). Especially, the
solution families (31) and (32) offer a great possibility of generating
numerical tests quickly due to their simplicity.
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The exact solutions derived in this paper exhibit different
behaviors when the viscosity ν tends to zero. Indeed, in the limit
ν → 0+, for the solution (31), note that a reduction in length scales
takes place; solutions (32) are independent of the viscosity; for solu-
tions (59), time scales grow in the limit ν→ 0+, whereas length scales
are not affected, as seen from formulas (56).

General local conservation laws of helically invariant Navier–
Stokes equations, including those derived in Kelbin et al.,31 hold
for all solutions of the model. Additional conservation laws holding
for restricted classes of solutions described by additional relations,
such as the Beltrami condition (40), can theoretically arise. Such
additional conservation laws can be found, for example, through
the use of the direct (multiplier) method (see, e.g., Ref. 28) applied
to the extended PDE system given by the original model equa-
tions and the additional relations. A detailed study of this possi-
bility for fluid dynamics equations is a possible direction of future
research.

Both types of exact time-dependent solutions of the Navier–
Stokes equations derived in the current work are given by explicit
closed-form expressions, suitable for further analysis and algebraic
manipulation. For example, one can study the dynamics of points
where the maximum of vorticity or its specific component(s) is
achieved, referred to as the vortex core (e.g., Refs. 49 and 50) as well
as their other local and global characteristics. In particular, for the
exact solution (33), the dimensionless vorticity component in the
invariant direction is given by

ω̂η = ÂB̂r̂ξ̂

4(t̂ + t̂0)
2 e−

r̂2

4(t̂+t̂0) . (63)

If the vortex core is defined as the maximal value of |ωη| as a function
of the cylindrical radius r̂, one readily finds that the radial position
of the vortex core is described by an increasing function,

r̂ηmax(t)

= 1
2a

¿
ÁÁÀ4a2(t̂ + t̂0) + 2(

√
4a4(t̂ + t̂0)

2 + 12a2(t̂ + t̂0) + 1 − 1).

(64)

Another possible direction of future research is to study the
confluent Heun-type solutions (59) in more detail. Further physical
solutions can possibly be found through equivalence transforma-
tions, other parameter choices, and linear combinations of various
modes that may describe specific situations of interest.
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APPENDIX A: DETAILS OF THE DERIVATION
OF THE v-EQUATION (25)

The substitution of the ansatz (18) into the Navier–Stokes
equations (8) yields

1
r
(rur)

r
+

1
B

Fξ = 0, (A1a)

− B2

r
(b

r
Fξ + aFη)

2

ξ2 − 2B2

r
(b

r
Fξ + aFη)(b

r
Gη + aGξ)ξ

+ ur
t + urur

r −
B2

r
(b

r
Gη + aGξ)

2

+ pr − ν[ur
rr +

1
r

ur
r −

1
r2 (ur +

2Bb2

r
Fξ + 2abBFη)] = 0,

(A1b)

⎡⎢⎢⎢⎢⎣
Fηt + urFηr +

FξFη

B
+

urFηa2B2

r
− νB
⎛
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FηB′′

B2 −
⎛
⎝

2ab
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b2
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r
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⎠

B′ +
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B2 Fηr −
2abB

r2 Fξr −
B
r
(b2

r2 − a2)Fηr

+
1
B

Fηrr +
B
r2 (

b2

r2 − a2)Fη)]ξ + Gη
t + urGη

r +
GξFη

B
+

a2B2

r
urGη − νB

⎡⎢⎢⎢⎢⎣

B′′

B2 Gη −
⎛
⎝

2ab
r2 Gξ +

b2

r2 − a2

r
Gη⎞
⎠

B′

+
2B′

B2 Gη
r −

2abB
r2 Gξ

r −
B
r
(b2

r2 − a2)Gη
r +

1
B

Gη
rr +

B
r2 (

b2

r2 − a2)Gη] = 0, (A1c)

⎡⎢⎢⎢⎢⎣
Fξt + urFξr +

1
B
(Fξ)

2
+

2abB2

r2 urFη +
b2B2

r3 Fξur − νB
⎛
⎝

B′′

B2 Fξ +
⎛
⎝

2ab
r2 Fη −

b2

r2 − a2

r
Fξ
⎞
⎠

B′ +
2B′

B2 Fξr +
2abB

r2 Fηr

− B
r
(b2

r2 − a2)Fξr +
1
B

Fξrr −
2abB

r3 Fη)]ξ + Gξ
t + urGξ

r +
1
B

GξFξ +
2abB2

r2 urGη +
b2B2

r3 urGξ − νB

×
⎡⎢⎢⎢⎢⎣

B′′

B2 Gξ +
⎛
⎝

2ab
r2 Gη −

b2

r2 − a2

r
Gξ⎞
⎠

B′ +
2B′

B2 Gξ
r +

2abB
r2 Gη

r −
B
r
(b2

r2 − a2)Gξ
r +

1
B

Gξ
rr −

2abB
r3 Gη

⎤⎥⎥⎥⎥⎦
= 0, (A1d)
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where (A1a) is the continuity equation, (A1b) is the r-momentum
equation, (A1c) is the η-momentum equation, and (A1d) is the
ξ-momentum equation. In (A1), the coefficients of the powers ξ2,
ξ1, and ξ0 must vanish independently. The condition of a vanishing
coefficient of the ξ2-term of (A1b) leads to the relation (19),

Fη = − b
ar

Fξ .

Furthermore, the determining equations which arise from
vanishing coefficients of the first-order terms [O(ξ)] of the ξ-
momentum and η-momentum are equivalent. Using the vanishing
coefficient of the O(ξ0)-terms of the continuity equation, we obtain
condition (20), given by

Fξ = −B
r
(rur)

r
,

and relating the unknown functions Fξ and ur . By substitution of
this relation into the remaining helically invariant Navier–Stokes
equations (8), one obtains a set of four determining PDEs for the
unknowns ur , Gξ , Gη, and p, which is given by (21). Its second PDE is
a decoupled equation for ur , from which the v-equation (25) follows
after the substitution (24).

APPENDIX B: DERIVATION OF THE PARAMETERS
IN THE BELTRAMI FLOW ANSATZ (45)

The derivation of the parameters K1 − K8, R1 − R3, and Rp
in (45) proceeds as follows: Employing the solution (45) into (43a)
yields

e−νQ2t

B
(K5λ sin(λξ) − K6 cos(λξ))R3

= ϑ(r)e−νQ2t(K1 cos(λξ) + K2 sin(λξ))R1, (B1)

which may be simplified to

(K5λ
B

R3 − K2ϑR1) sin(λξ) − (K6λ
B

R3 + K1ϑR1) cos(λξ) = 0. (B2)

For vanishing coefficients of (B2), we obtain

K2 =
K5λ
ϑB

R3

R1
, K1 = −

K6λ
ϑB

R3

R1
, (B3)

which leads to
K2

K5
= −K1

K6
. (B4)

Employing (45) into (43c), we obtain

(K6(R′3 +
a2B2

r
R3) − K4ϑR2) sin(λξ)

+ (K5(R′3 +
a2B2

r
R3) − K3ϑR2) cos(λξ) = 0. (B5)

As before, vanishing coefficients yield

K3 =
K5

ϑR2
(R′3 +

a2B2

r
R3), K4 =

K6

ϑR2
(R′3 +

a2B2

r
R3), (B6)

where
K3

K5
= −K4

K6
. (B7)

Finally, employing (45) into (43b) leads to

(−K1λ
B

R1 −
K4

r
(rR2)′ −

2K6abB2

r2 R3 +
K4a2B2

r
R2 − K6ϑR3) sin(λξ)

+ (−K2λ
B

R1 −
K3

r
(rR2)′ −

2K5abB2

r2 R3 +
K3a2B2

r
R2 − K5ϑR3)

× cos(λξ) = 0. (B8)

For vanishing coefficients of (B8), we obtain

K5 =
r2

(2abB2 + ϑr2)R3
(−K2λ

B
R1 −

K3

r
(rR2)′ +

K3a2B2

r
R2), (B9a)

K6 =
r2

(2abB2 + ϑr2)R3
(−K1λ

B
R1 −

K4

r
(rR2)′ +

K4a2B2

r
R2). (B9b)

Employing (45) into the continuity equation (41) leads to

(K2R1 + K2rR′1 − K3λ
r
B

R2) sin(λξ)

+ (K1R1 + K1rR′1 − K4λ
r
B

R2) cos(λξ) = 0. (B10)

The coefficients yield

K1 = −K4λ
r
B

R2

R1 + rR′1
, K2 = K3λ

r
B

R2

R1 + rR′1
, (B11)

which leads to
K1

K4
= −K2

K3
. (B12)

The condition (B12) is a combination of (B4) and (B7). We now con-
sider the system of linear ODE’s, stemming from (B3), (B6), (B9b),
and (B11) with nonlinear coefficients, given by

R1 = −
K6

K1

λ
ϑB

R3, (B13a)

R2 =
K6

ϑK4
(R′3 +

a2B2

r
R3), (B13b)

R3 =
r2

K6(2abB2 + ϑr2)(−
K1λ

B
R1 −

K4

r
(rR2)′ +

K4a2B2

r
R2),

(B13c)

R2 =
K2

K3

B
λr
(R1 + rR′1), (B13d)

which is a system for the unknowns R1, R2, R3, and ϑ. The constraints
for the parameters K1, . . ., K6 are given by (B4) and (B7). Employing
(B13a) and (B13d) into (B13b) and using the constraints (B4) and
(B7) leads to ϑ′ = 0 and, hence, ϑ = const. The second-order ODE
(49) may be derived by employing (B13a), (B13d), (B4), and (B7)
into (B13c). As before, for the Beltrami equation (40), we employ the
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ansatz (45) into the momentum equations (42). From the momen-
tum equation in the radial direction (42a), we obtain one additional
constraint for the parameters, which is given by

K7

K8
= −K4

K3
. (B14)

The solution of the ODE (49) is related to that of the conflu-
ent Heun ODE40 with parameters (54), in which a and b are the
helix pitch parameters [cf. (2)], n ∈ N is the ξ-mode number, and
ϑ = const is the Beltrami parameter in (40). Here, we use the notation
of the MAPLE-Software51 package for the Confluent Heun function.

Specifically, the general solution of the ODE (49) is given by
(52). From Eq. (B13), we obtain the exact solutions (55) for R2(r)
and R3(r). A condition for the Beltrami parameter ϑ can be found by
substitution of (45) and the derived solutions for R1(r), R2(r), and
R3(r) into the η-projection of momentum (42b) and results in

ϑ = Q. (B15)

Furthermore, employing (45) and R1(r), R2(r), and R3(r) into the ξ-
projection of momentum (42c) leads to the following equation for
Rp(r), given by

K8λr(a2r2 + b2)3
Rp(r) = 0, (B16)

which has the solution Rp(r) = 0. Hence, from (45e), consequently,
the modified pressure P is zero, which in turn leads to the final
solution for the pressure, given by (47). Finally, (B14) may be
written as

K7 = −K8
K4

K3
. (B17)

Assuming that K8 = 0, it follows from (B17) that K7 = 0. This also
leads to the result that P = 0, which can be seen from (45e).
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