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ABSTRACT

Many composite materials, including biological tissues, are modeled as non-linear elastic materials
reinforced with elastic fibers. In the current paper, the full set of dynamic equations for finite deformations
of incompressible hyperelastic solids containing a single fiber family are considered. Finite-amplitude
wave propagation ansdtze compatible with the incompressibility condition are employed for a generic
fiber family orientation. Corresponding non-linear and linear wave equations are derived. It is shown that
for a certain class of constitutive relations, the fiber contribution vanishes when the displacement is
independent of the fiber direction.

Point symmetries of the derived wave models are classified with respect to the material parameters and
the angle between the fibers and the wave propagation direction. For planar shear waves in materials with a
strong fiber contribution, a special wave propagation direction is found for which the non-linear wave
equations admit an additional symmetry group. Examples of exact time-dependent solutions are provided in

Fully non-linear waves

several physical situations, including the evolution of pre-strained configurations and traveling waves.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The majority of open problems in the theory of elasticity and
related areas and applications stem from the essential non-linearity of
the governing equations. Starting from the landmark work of Har-
amard and Rivlin [19,34], a large number of theoretical results have
been obtained in the field of non-linear elastostatics, especially in the
case of incompressible materials. The study of non-linear wave
propagation in the elastodynamic setting has received significant
attention. Substantial work in the theory of non-linear elastic waves
in pre-stressed solid bodies relies on the linearization of the equations
of non-linear elastodynamics with respect to small perturbations
superimposed on a state of homogeneous or inhomogeneous finite
strain. The propagation of acoustic waves within finitely deformed
elastic materials was first considered in [45], based on the super-
imposition of small-amplitude oscillations on finite initial homoge-
neous deformations. This pioneering work was then followed by other
contributions, including [3,43,44,46]. It was more specifically shown in
those works that pure longitudinal and pure transverse waves can
only propagate in the so-called specific directions, depending on
material symmetries [7]. A formulation of elastic energy density for
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an isotropic medium involving small-but-finite amplitude waves,
relying on certain approximations, has been developed in [20].

In contrast to the approximate treatment of non-linear models
based on the incremental analysis (linear approximation) of the field
equations, the more general situation of finite amplitude waves leads
to fully non-linear models (e.g., [30]). Fewer theoretical results are
available for such models. Fundamental work relevant to this contri-
bution includes that of Carroll [8], where finite-amplitude incom-
pressible elastic waves in non-linear isotropic materials were studied,
and linearly polarized motions in one and two dimensions, and
circularly polarized transverse waves were considered. The topic of
finite amplitude waves in finitely deformed solids is extensively
discussed in [38] and references therein. In the last twenty years,
much attention has been devoted to classes of materials with specific
constitutive relations, such as the neo-Hookean and Mooney-Rivlin
hyperelastic materials. Exact solutions of various non-linear elasticity
models for specific types of motions have been derived in a number
of papers, including [15,36].

The analysis of non-linear wave propagation in pre-strained or
pre-stressed elastic solid bodies is of particular interest in a
number of mechanical and physical areas including geophysics,
electronics, earthquake engineering, composite materials, ultra-
sonic non-destructive analysis of soft biological tissues. Initial
stress and/or strain frequently occurs during the manufacturing
and assembly of structural elements, such as composite materials,
fiber reinforced solids (including dry textiles). Moreover, non-zero
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stress and strain are often naturally present in soft biological
tissues such as veins, arteries, muscles, ligaments and tendons
(see, e.g., [22]); for instance, skin is in a state of natural tension.

The propagation of non-linear waves in many materials, includ-
ing soft tissues, may be further complicated by anisotropy effects
[42]. The anisotropy of the deformation pattern can be induced, for
example, by an initial state of finite deformation, onto which further
motions are superimposed, or by the existence of a fibrous micro-
structure which has preferred directions. Examples of soft biological
tissues which display this type of microstructure are arteries (see
[1,22,23]) and skin (e.g., [2,35]). The analysis of non-linear waves in
soft tissues consisting of a soft matrix reinforced by fibers requires
the theory of fiber-reinforced isotropic hyperelastic materials.
Various constitutive models of fiber-reinforced materials have been
introduced, including models for one and two families of fibers. For
such models, the determination of the elastic constants is more
involved than in the isotropic case due to the presence of additional
anisotropy parameters. Some of these models are reviewed below.

A number of important theoretical results have been obtained
for fiber-reinforced material models. A possibility of singular
behavior of transversely isotropic (single fiber family) incompres-
sible materials under inhomogeneous shear was discovered in
[28]. It was shown that depending on the reinforcement strength,
the static stress field may become discontinuous, which is asso-
ciated with fiber kinking and the loss of ellipticity of the field
equations. In [17], equilibrium states of incompressible materials
with two parallel families of fibers under shear deformations were
considered; it was shown that strain singularities can develop
when mechanical differences between the two fibers families are
sufficiently large. Practical implications of such singular behaviors
in biological and other models have been discussed.

On the side of applications, the topic of non-linear wave
propagation in anisotropic media has received considerable atten-
tion due to its implication in imaging techniques aiming at
accessing mechanical properties or internal visualization of organs
(e.g., [48]). A number of imaging techniques have been developed
to characterize tissue stiffness in vivo by measuring the shear wave
speed propagation [37,40,41].

Invariance properties of the governing equations are an important
aspect of the theoretical understanding of linear and non-linear
physical models. The Lie point symmetry framework and related
methods provide systematic ways of study of invariance properties of
differential equations (DE) with respect to continuous and discrete
symmetry groups. Local symmetries have been widely used to obtain
exact solutions of DEs, as symmetry-invariant solutions, or through
mappings of known solutions into new ones. Many techniques for
exact solution of ordinary and partial differential equations (ODE, PDE),
including superposition principles, integral transforms, existence of
separated solutions, reduction of order for ODEs, construction of
Green's functions, existence of traveling wave solutions, etc, are
directly related to symmetry properties of the equations under study.
In particular, the invariance under space and time translations validates
the traveling wave solution ansatz, which is essential for soliton
equations, such as the Korteweg-de Vries equation, the non-linear
Schrodinger equation, and the Sine-Gordon equation. Most of the wave
equations of physical interest in fact admit larger symmetry groups. For
variational PDE systems, local conservation laws and variational
symmetries are equivalent through Noether's theorem. This is generally
not so for non-variational PDE systems (see, e.g, [4,5,6,31]). An
extensive study of the relationship between symmetries and conserva-
tion laws appears in [31] and references therein. We note that a
number of important equations of mathematical physics, including the
Khokhlov-Zabolotskaya and the integrable Kadomtsev-Petviashvili
and models, arise in non-linear elasticity context (e.g., [13]).

Symmetries of the two-dimensional Ciarlet-Mooney-Rivlin
model of compressible isotropic hyperelastic materials have been

analyzed in [9]. A special value of the traveling wave speed has
been found for which the non-linear Ciarlet-Mooney-Rivlin equa-
tions admit an additional infinite set of point symmetries. A family
of essentially two-dimensional traveling wave solutions has been
derived for that case. An overview of related recent results based
on the application of symmetry methods to elastodynamics
equations can also be found in [9].

The current contribution is concerned with the theoretical
study of fully non-linear wave propagation models in fiber-
reinforced hyperelastic incompressible materials, with a specific
goal of finding closed-form time-dependent exact solutions in two
spatial dimensions. In the present work, we restrict our attention
to the case of a single family of fibers. Wave propagation ansatze
compatible with the incompressibility condition, for a general
fiber family orientation, are used. The work is based on the Lie
point symmetry classification of the governing equations. It is
planned to address the more general situation of two families of
fibers, which is necessary, for example, for an adequate description
of biological tissues [22], in subsequent work.

An outline of the present contribution is as follows. The equations
of motion for incompressible hyperelastic solids reinforced with a
single family of fibers are reviewed in Section 2. Several constitutive
relations are discussed. In our work, we restrict our attention to
incompressible Mooney-Rivlin-type materials.

In Section 3, motions with a special orientation with respect to
the fiber family are considered. In particular, in the general fully
non-linear setting, a theorem is proven stating that if the dis-
placement is independent of the fiber direction, then the fiber-
dependent invariant I is a constant. It follows that in models
where a constitutive relation for the fiber-reinforced material
involves a fiber contribution only through I;, motions with the
indicated displacements will not “feel” the presence of fibers.
Examples of such motions are considered in the following sec-
tions. A similar statement in a totally different context of the
incremental analysis and linearized equations has been made in
[29]. There, it is noted that “...the shear wave solution involving
only deformation in the plane of isotropy is not affected by
anisotropic term in the constitutive equation”. In the current
paper, we show that even in the full non-linear setting, motions
with displacements independent of the fiber direction are indeed
not affected by the anisotropic terms if the constitutive relation
only involves the invariant I4. The effect of anisotropy will still be
present if the model involves other fiber-dependent invariants, for
example, Is (see Section 2).

Fully non-linear anti-plane shear motions, with displacements
orthogonal to a plane, are considered in Section 4, for an arbitrary
fiber family orientation. Displacements dependent on one and two
spatial variables are analyzed. Lie point symmetries are computed
in one- and two-dimensional cases. For the two-dimensional case,
the displacement satisfies a non-linear wave equation with a
differential constraint (cf. [21,25,47]). The loss of hyperbolicity in
the model is discussed; a sufficient condition of hyperbolicity is
derived. A single non-linear wave equation is derived for one-
dimensional transverse wave (s-wave) propagation; its sample
numerical solutions are obtained. It is proven that the one-
dimensional model admits an extra symmetry for a special fiber
orientation. The condition for the existence of the extra symmetry
corresponds to the boundary of the domain of model parameters
in which the loss of hyperbolicity of the PDE may occur. The
additional symmetry is used to construct an exact symmetry-
invariant solution describing the degeneration of the parabolic
shear into a simple linear shear as t— co.

Another situation where displacements are orthogonal to an axis
is studied in Section 5, for the general and specific fiber family
orientations. Here displacements in the two transverse directions
and the hydrostatic pressure satisfy a 1+ 1-dimensional non-linear
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PDE system. Point symmetries of that system are classified; an
additional symmetry is again found for the special fiber orientation.
Examples of exact closed-form solutions are obtained for this fully
non-linear model in the traveling wave ansatz. (The existence of the
latter follows from the symmetry classification.) The first solution
example is a bounded deformation traveling in the fiber direction
through a pre-stressed medium. The second example is the travel-
ing shear wave where displacements of Lagrangian points follow
circles in the plane transverse to the direction of wave propagation.

Importantly, the ansédtze considered in the current paper are
not limited to linear or plane waves.

The paper is concluded with a discussion in Section 6.

The symmetry computations were performed using GeM soft-
ware package for Maple [10].

2. Equations of motion and constitutive relations

In order to set the stage, we recall the main ingredients of
hyperelastic models.

Within the paper, boldface notation will be used to denote
vector and tensor quantities. Partial derivatives are often denoted
by subscripts: ou/ox = u.

2.1. Setup and notation

Consider a solid body that at time t=0 occupies the spatial
region 2y c R® (reference, or Lagrange configuration). Here €2 is
an open bounded connected set having a Lipschitz boundary [11].

The actual position x of a material point labeled by X e Qg at
time t is given by

X=X, 1), x=¢'X0.

Coordinates X in the reference configuration are commonly
referred to as Lagrangian coordinates, and actual coordinates x
as Eulerian coordinates. The deformed body occupies an Eulerian
domain 2 =¢@(2) c R3. The velocity of a material point X is
given by

dx _d¢

v(iX,t)= = dr

The mapping ¢ must be sufficiently smooth (the regularity
conditions depending on the particular problem). The Jacobian
matrix of the coordinate transformation is given by the deforma-
tion gradient tensor

FX,t)= V¢, 2.1)

with components

. ad;i

1 —_— - .
Fj_axj_Fu. (2.2)
Throughout the paper, we use Cartesian coordinates and the flat
space metric tensor. The transformation satisfies the orientation
preserving condition

J=detF>0.

We restrict to incompressible materials with J=1.

An essential ingredient of the dynamical equations is the first
Piola-Kirchhoff tensor, given in terms of the Cauchy stress tensor
by

P=JoF T 2.3)

n (2.3), F~";=(F ") is the transpose of the inverse of the
deformation gradient.

For hyperelastic materials, a scalar valued volumetric strain energy
function W =W(X,F) in the reference configuration is defined,
encapsulating all information regarding the material behavior. In

the incompressible case, the stress tensor is
R T W
P=—pF +pop (24)
or, in components,
Pl = —p(F~ 1y + 2, 2.5)
oF;

where p =p(X, ) is the hydrostatic pressure [26], and p, = p(X) is
the time-independent body density in the reference configuration.
The actual density in Eulerian coordinates p=p(X,t) is time-
dependent and is given by

P=po/l.
For the incompressible case considered in the current work,

P =/Po-

2.2. Constitutive relations

Consider the left Cauchy-Green strain tensor B and the right
Cauchy-Green strain tensor C defined by

B=FF', B/=FF

\» C=FF, C;=FF. (2.6)
Tensors B and C have the same sets of eigenvalues, given by the
squares of principal stretches: ﬂf,/l%,/lﬁ. The three principal invar-

iants of the Cauchy-Green tensors B and C are given by

I =Tr B=F,F}

k>

I =1[(TrBY? —Tr(B*)] =1 (12 - B*BY), I;=detB=J>
2.7)

For an isotropic homogeneous hyperelastic material, the strain
energy density function W =W(X,F) is given in terms of the
invariants I, 1,13

Wiso = Wiso(I1, I3, I3). (2.8)

In the current paper, we restrict our attention to Mooney-
Rivlin materials, a subclass of Hadamard materials [18,26], for
which the constitutive relation is commonly written as

Wiso =a(l; —3)+b(>—-3), a,b>0, 2.9)

where the constant “—3” can be omitted without loss of general-
ity. The model (2.9) with b=0 is referred to as the Neo-
Hookean model.

One may consider anisotropic materials involving one or more
sets of fibers. Consider a single fiber bundle, a collection of fibers
oriented along a unit vector A =A(X) in the reference configura-
tion £2o. In the actual configuration, the fiber direction at x,t is
given by unit vectors

a=aX,t)=FA/|FA| =FA//,

where A= |FA| is the fiber stretch.

The reinforcement of an isotropic hyperelastic material by a
fiber bundle is modeled by adding an anisotropic term to the strain
energy density corresponding to the fiber bundle [1,12,22]; that is,
the strain energy density takes the form

W= Wiso + Waniso»

(2.10)

2.11)

where W;s, corresponds to the isotropic matrix, and Wgpiso
captures the anisotropic effects of the fiber bundle.

The anisotropic strain energy is, in general, constructed from
additional invariants corresponding to the fiber behavior,

14 =ATCA, (2.12a)

Is =ATC’A. (2.12b)

Here, I, accounts for deformations that modify the length of the
fiber, with I4 > 1 corresponding to fibers in extension, and I, < 1 to
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fibers in compression. The invariant Is is related to the effect of the
fiber on the shear response in the material [12,27]. The anisotropic
component of the strain energy density is consequently modeled
as a function of the invariants I4 and Is,

Waniso :f(14 -1, Is— 1)>

where the “—1" are normalization constants. One of the simplest
models of the anisotropic strain energy density is given by the
“standard reinforcing model”

f(0,0)=0, (2.13)

W aniso = €4 — 1)2= (2.14)

where ¢ = const > 0 is a material parameter [14,24,42].

The Gasser-Holzapfel-Ogden model is a model of an artery
that is proposed by Holzapfel, Gasser, and Ogden [22] (see also
[23]), in which the isotropic strain energy density is Neo-Hookean,
and the anisotropic strain energy density for a single fiber family is
of the form

k' K2 (1y — 1)
Waniso = (€ -1),

(2.15)
k

where k' and k? are material parameters.

An additional incompressible artery model has been suggested
in [1], where the isotropic component is also Neo-Hookean, and
the anisotropic component has a non-linear polynomial form

n
Waniso = Z Ck(’4_])k~
k=2

(2.16)

In (2.16), ¢k are material constants to be determined, and n is
chosen appropriately for accurate data fitting. The polynomial
form (2.16) has been used with n=6 in [1] to optimize finite
element computations.

Horgan and Saccomandi [24] derive two anisotropic strain
energy densities to account for the limited extensibility of fibers as

I,—1
Waniso = — ik’ ((14—1)+k] 1n(17 418 ))

Ii—1)?
W aniso = _ﬂkz In <1 _(4k2)> >

where y is a shear modulus measuring the degree of anisotropy,
and k' and k? are constants that measure rigidity of the fiber
reinforcement. Note that I, —1 < k', i=1,2, such that the stress P is
finite.

A number of models of shear response in fiber-reinforced
materials involving the invariant Is have been studied in, e.g.,
[27,29]. Namani and Bayly [29] study shear waves in anisotropic
tissue, in which the isotropic strain energy density is that of a
compressible Neo-Hookean material, while the anisotropic strain
energy density is

2.17)

(2.18)

Waniso =c(ls— (14)2)>

where c is a material parameter.

An anisotropic viscoelastic model involving neo-Hookean iso-
tropic and the standard reinforcing model anisotropic energy
density components, (2.9) (b=0) and (2.14), with an additional
anisotropic viscous constitutive term, was considered in [16].

A practically important generalization of the above framework
lies in the consideration of two families of parallel fibers. In this
case, one generally considers anisotropic strain energy density
functions depending on five fiber invariants Iy, ...,Ig [42]. A com-
mon anisotropic constitutive model is given by the standard
quadratic reinforcing model using only a single fiber invariant for
each family (see, e.g., [17]), of which (2.14) is a special case.

(2.19)

2.3. Equations of motion

The full system of equations of motion of an incompressible
hyperelastic material in three dimensions is given by

J=detF=1, (2.20a)
PoXe = diviP+pgR, (2.20b)
P=—pFT4p 0. (2.200)

Eq. (2.20b) expresses the balance of momentum for an infinitesi-
mal volume in the reference configuration; R =R(X, t) is the total
body force per unit mass; divergence is taken with respect to
material coordinates and is given by

ij

. i oP
divygP) = —.
(divP) P

Another necessary equation FPT =PF' is equivalent to the
Cauchy stress tensor symmetry condition ¢ =c” and expresses
the balance of angular momentum in terms of the nominal stress.
For isotropic elastic materials, it can be shown (see, e.g., [9]) that
this symmetry condition is identically satisfied.

The anisotropic constitutive model used in this work is as
follows. We start from a general model

W=Wi50(11912)+Waniso(14,15)- (2.2])

Then we consider in greater detail a model involving Mooney-
Rivlin isotropic strain energy density (2.9), and the quadratic
anisotropic strain energy density (2.14), that is,

W =aly +bly +q(ls— 1), (2.22)

where a, b, q > 0 are constant material parameters. The first two
terms in (2.22) correspond to the classical isotropic behavior given
by Mooney-Rivlin model, which is adequate, for example, for
rubbers. The last term represents the standard quadratic reinfor-
cing model [27].

Remark 1. It is important to note that in the case of zero forcing
or when external forces are conservative, equations of motion
(2.20a), (2.20Db) follow from a variational principle [32].

3. Motions with a special orientation with respect
to the fiber family

Consider the anisotropic part of the strain energy density given
by (2.21). Denote the push-forward of the material vector A by the
transformation gradient and the right Cauchy-Green tensor by
vectors

q=FA, w=CA 3.1)

In particular, q is directed along the fibers in the actual configura-
tion. Due to the symmetry of C, it is easy to see that the invariants
(2.12) are given by

L=q'q=1q?%* Is=w'w=|w (3.2)

The following examples are of importance for the future
analysis.

3.1. Displacement orthogonal to the fiber direction

As a first example, consider now motions
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such that the displacements G=G(X,t) are orthogonal to the
fibers:

G'A=0.
Suppose that fibers are in the direction of X',
A=[1 0 0" (3.4)
Then one has, for the motions indicated above,
0
G=|Cx.X2X |, (3.5)

GCX.X* X% 1)
The vector q in (3.1) becomes
T
aG? aG>
=FA=|1,——| .
4 { X' ax‘]

and hence

aG*\*  (ac*)
14 =1 —+ 1 —+ 1 .
oX oX
A similar but more involved expression follows for the invariant Is.

3.2. Displacement independent of the fiber direction

For the second type of motions of interest, the following simple
yet important theorem holds.

Theorem 1. Consider the motion of the material such that the
displacement from the stress-free equilibrium is independent of the
fiber direction, i.e., it has the form (3.3) with the displacements
independent of the fiber direction A, in the sense that for all X e £2,,

(VGA=0. (3.6)
Then the invariant 1, is constant.

Proof. One has

VG=F-I,

and hence from (3.6),

q=FA=A

In particular, such motions preserve the fiber direction and do not

stretch fibers, since a=A (cf. (2.10)). For such motions, the first
anisotropic invariant I4 given by (2.12a) and (3.2), reduces to

L=AP=1  ©

Remark 2. It is important to note that under the conditions of
Theorem 1, the displacement component in the fiber direction
does not have to vanish.

Example. Without loss of generality, let the fibers be directed in
X'-direction,
A=[1 0 0], 3.7)
and consider (in the compressible or incompressible case) fully
non-linear motions of the form
X'+G'(X%, X3, 0
x= | X*+GCX%L X0 |. (3.8)
XC+GEX:L X530
The displacement in the fiber direction is non-zero; it is given by

G'(X2,X3,t). However the displacements do not depend on X', the
fiber direction. Then by a direct computation,

ILi=q'q=Cy; =1,

i.e., the fibers do not stretch. However, the invariant dependent on
the shear is still of importance: one has w = Vx!, and

2 2
aG! aG!

I5=(Cy =(VxH)Tvx' =1+ | — | +[—] .
5 =(C)q1 =(VX") e o

Corollary 1. For compressible materials, where one has [22]

F—J ’F, C=FF=J %3

and the first fiber invariant (2.12a) is given by

I,=ATCA=]" %3], 3.9

it follows from the proof of Theorem 1 that for motions satisfying (3.6),
the invariant I4 is only a function of J, and is thus not an independent
invariant.

4. Motions transverse to a plane

We consider the solutions of the partial differential equations
(PDEs) (2.20) in the form of fully non-linear perturbations G(X, t)
of the stress-free configuration, i.e.,

X=X+G(X. 1),

which must be compatible with the incompressibility condition
(2.20a). Importantly, the ansdtze considered below are not limited
to linear or plane waves.

The first ansatz considered describes transverse displacements
orthogonal to the (X',X?) plane, and is referred to as linearly
polarized motions in [8], and anti-plane shear in [33]. The coordi-
nate dependence for such displacements is given by

X]
XZ
X= . 4.1)
X3 +G(x1,x2, t)

See Fig. 1 for a sample deformation of this type. We consider the
fiber family directed along a unit orientation vector in the
reference configuration,

cosy
A=| 0 |, (4.2)
siny

where y = const € [0, /2] is the angle with the direction X' in the
X', X3)-plane. Thus generally, the displacements given by (4.1) do
not have a special orientation with respect to the fiber family.

Since the deformation gradient for motions described by (4.1)
takes the form

1 0 0
F=| 0 1 0|,
0G/0X1 0G/oXy 1

one has J=1, and the incompressibility condition is identically
satisfied.

Using the ansatz (4.1) in the dynamic equations (2.20), and
denoting constants a =2(a+b) >0 and f =4q > 0, we obtain the
three PDEs

G 0’G *G

= oy ape)
oG

2
+pcos?(y) (3 cos?(y) <— ) +6cos(y)sin (y)%

ox!
G
a(x1)2’

+2sin 2;/) (4.3)
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Fig. 1. (a) Fiber direction. (b) The reference (Lagrangian) mesh with fibers. (c) A sample deformed mesh (Eulerian configuration) for the ansatz (4.1).

op oG *G oG °G
0=—5 2bp, vl A w22 av2 Ayl ay2
aX X' ax?)?  ax?ax'aX
%G oG
—2fp, cos> —(cos — +sin ) 4.4
Pro ey Y Y (4.4
op oG G oG %G
0="2 12bp,[ == - , 45
ax2 TP °<ax2 oXH?  ox' ax'ax? (4.3)

for the two unknown functions G X1,X2,t> and pgxl,Xz,t). The
PDEs (4.3)-(4.5) involve three constant material parameters:
a,b>0 (the Mooney-Rivlin parameters) and g >0 (the fiber
family parameter). The constant density po can be eliminated by
rescaling the pressure.

The PDEs (4.4) and (4.5) define the pressure p through its
gradient if and only if the compatibility condition is satisfied:

P _ P

oX'ax?  ax?ox"

which takes the form of a differential constraint on the displace-
ment:

G PG oG ¥G
oX!oX'ax? ox? oX')y?

0
X!

3 °G aG .
=2 p cos ya(Xl)Z cos }/67 + siny

(aG PG oG 026>

e i _ 46
X% oX'ax? oX' ax?)? (46)

The displacement G(X', X?, t) thus must satisfy the overdetermined
system of two PDEs given by (4.3) and (4.6).

Special cases of 1+1-dimensional non-linear motions in X!-
and X2- directions are considered in Sections 4.2 and 4.3.

Remark 3. Overdetermined PDE systems similar to (4.3) and (4.6)
arise for incompressible anti-plane shear deformations (4.1) for any
form of the strain energy density W. The classification problem of
determining the forms of strain energy density which admit non-
trivial states of anti-plane shear, that is, for which the compatibility
constraint is identically satisfied for every solution G(X!,X2,t), has
been considered from different viewpoints, and in different physical
settings. (See, e.g., [21,25,47] and references therein.) To our knowl-
edge, however, no similar results are available concerning the aniso-
tropic strain energy density forms used in this work (Section 2.2).

4.1. Symmetry classification of the non-linear two-dimensional PDE
system (4.3) and (4.6)

We now seek Lie groups of point transformations admitted by
the PDEs (4.3) and (4.6), in the form

G*=g(X', X%, t,Ge) =G+enX', X2, t,G)+0(e%),

XN =X, X2, t,G e) =2 +eE' X, X2, £,G)+0(e?), i=1,2,

t* = hX', X%, t, G, &) = v +er(X', X2, t, G)+ O(£%), “4.7)

involving the group parameter . Generalizations of point trans-
formations including higher-order and non-local symmetries are
available but are out of scope of this paper.

The computation of the Lie group of admissible transforma-
tions (4.7) is equivalent to finding the Lie algebra infinitesimal
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Table 1
Lie point symmetry classification for Theorem 2.

Parameters Symmetries
Arbitrary 1.9 y2_ 9 39 ya_0 ys_y0 yo_y1 0 20 0 -0
Yi=5Y X Y X2’ Yi=5g V=3 Y'=X X1 +X X2 +5r+05¢
r=n/20rf=4q4=0 YUY VYA Y VS Y = xe i x1 0 ye gl
' ox? T dG
generators (tangent vector fields) linear; they are given by
i U 9 9 ”Q 0Q oP oP
Y =X X266y nX L X2 6 G) (XL X2 8, G 48 ZX_g < -2 o 4.10
aX' at G atz a(XZ)’ 0X] aXZ ( )

The application of Lie algorithm to the PDEs (4.3) and (4.6), and
a classification of symmetries according to the constitutive para-
meters, yields the following result.

Theorem 2. The classification of point symmetries of the PDE system
(4.3) and (4.6) of motions of a non-linear two-dimensional elastic
material perpendicular to a plane is given in Table 1.

The symmetries Y' to Y* correspond to space and time
translations; Y* is the Galilean group in the direction of displace-
ment; Y® is a homogeneous space-time scaling.

The special case arises in the symmetry classification when
qgcosy =0, i.e, fibers are absent, or the fiber bundle is perpendi-
cular to the X' X?-plane, which turns out to be equivalent to the
isotropic Mooney-Rivlin model with no fibers present. This is in
agreement with Theorem 1. The symmetries Y’ (rotation) and Y®
(scaling of G) arise in this special case due to its extra geometrical
symmetry. In particular, the PDEs (4.3) and (4.6) become

*G _ 0*G N 0°G 0 | dG [ G N *G
o\ a(x1)’ o(xe)? )7 LK o Rad')? o0ty
0 |dG [ *G | &G
o oz Too ) | (=%
aXx* [ox' \ax")? ~ a(x*)

i.e.,, a linear wave equation appended by a symmetric non-linear
differential constraint. Due to the non-linear constraint, the
system does not admit infinite symmetries natural to linear PDEs,
unless b=0.

4.2. One-dimensional wave propagation (vertical displacement)
independent of the fiber direction

Consider a special case of the general PDE system (4.3) and
(4.6), when the displacement only depends on the direction X?,
and the fiber direction y is arbitrary. The motion in the vertical
direction is then described by

X]
x= X2 4.9)
X +Q(Xt)
Here the displacements project non-trivially on the fiber direction,
in particular, the angle between the displacement direction and
the fibers equals /2 —y. The hydrostatic pressure is assumed to
have the form p =p(X', X2, t). The following result holds.

Theorem 3. For the fully non-linear anisotropic model of a hyper-
elastic fiber-reinforced material the constitutive law (2.22), equations
governing finite one-dimensional displacements of the form (4.9) are

In this case, for any fiber direction given by the angle y in the
X', X3)-plane, the displacement is independent of the fiber direc-
tion. Consequently, Theorem 1 holds, and the motion will not be
influenced by the fibers.

Remark 4. Generally one might assume a more general depen-
dence of the hydrostatic pressure, p = p(X!, X2, X3, t). One can show
that in such a case, the pressure is at most linear in X°:

p=p1(HX° +QX>, 1)) +pa (1),

and the PDE (4.10) has an extra forcing term —p;(t) on the
right-hand side.

4.3. One-dimensional S-wave propagation dependent on the fiber
direction

We now consider the second one-dimensional reduction of
(4.1), where the displacement G(X', t) of the solid from equilibrium
along the X3-axis is described by

Xl

X — X? . 4.11)
X3 +G(X1, t)

this corresponds to motions in the fiber plane of X! X3, perpendi-
cular to the X' X?-plane. The hydrostatic pressure is given by
p=pX!,t). The incompressibility condition is identically satisfied.

For simplicity of notation, within this subsection, we denote
X' =x and use the subscript notation for derivatives. Accordingly,
the equations of motion (4.3)-(4.5) simplify to

Gy = (a +fcos?y [(3 05 2y)(Gx)? +(6 siny cos )Gy + 2 sin zy] ) Gxxs
(4.12)

0 = p,—2fpy cos 3y (cos yGy+ siny) Gy, 4.13)

where G = G(x,t) and p = p(x, t). The second PDE (4.13) yields an
explicit form of the pressure

p = Ppo cos3y(cosyGy+2siny)Gy+f(t), (4.14)

in terms of the displacement G, for an arbitrary f{(t).

It is clear that since the Mooney-Rivlin parameter b does not
appear in the PDEs (4.12) and (4.13) independently of the neo-
Hookean parameter a, the model is equivalent to a purely neo-
Hookean model depending on the parameter .

Symmetry classification of the non-linear one-dimensional PDE
(4.12), and its applications to finding exact solutions, is considered
in the following section.
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4.3.1. The hyperbolicity condition
We now consider the possibility of the loss of hyperbolicity in
the PDE (4.12), which may lead to singular solution behavior. This
can happen when the coefficient of Gy, vanishes and/or changes
sign. This coefficient
C=a+pcos 2y<3 €05 2y(Gx)* + 6 siny cos yGy +2 sin 2;/) =0,
(4.15)

is a quadratic expression in G,, and has real roots when the
discriminant is non-negative, i.e.,

—3f(a—fsin?ycos?y)) >0,
or

da

IR

The following result is established.

sin?(2y) > (4.16)

Lemma 1. The one-dimensional PDE (4.12) is hyperbolic for any fiber
orientation angle y for all times, provided that

4a > f. 4.17)

A necessary condition of the loss of hyperbolicity is that 4a < 3, and
that the fiber orientation angle y satisfies (4.16).

In particular, if the fiber effects encoded by the material
parameter f are small, equation (4.17) is always satisfied.

When the fiber effects are small, the sufficient condition of
hyperbolicity (4.17) is always satisfied. Considering, for example,
experimentally determined values of the constitutive parameters
a, b, q can be adapted from [22] for the model (2.15) of the rabbit
artery, one would have a~ 1.5kPa, g~ 1.18 kPa for the artery
media layer, and a ~ 0.15 kPa, g ~ 0.28 kPa for the adventitia layer.
(In that model, b = 0.) In both of the listed cases, 4a/f > 1, and the
additional symmetry does not arise for any fiber orientation.

4.4. Symmetry classification and exact solutions of the one-
dimensional wave propagation model (4.12)

We now classify Lie point symmetries in the local form

7] 7] d
Z=£E&x.t, G)a—k‘r(x, t, G)&+n(x, t, G)E (4.18)
of one-dimensional equation (4.12) for an arbitrary fiber direction
y #0,7/2, assuming the non-triviality of material parameters:
a, > 0. The following theorem is proven by direct computation.

Theorem 4. The classification of point symmetries of the non-linear
PDE (4.12) with respect to the parameters y #0,7/2, >0, #>0 is
given in Table 2.

A special “shear” symmetry group given by the generator Z° arises
in the case of the special fiber orientation (4.16).

Symmetries Z',Z?,Z3 correspond to time and space transla-
tions; Z* is the Galilean group in the direction of displacement; Z°
is the space-time scaling.

Table 2
Lie point symmetry classification for Theorem 4.

Parameters Symmetries
Arbitrary 1.0 »_ 0 3 0 4 0 5 0 0 9
z =% Z =3 Z =3 z 7tx, Z 7x&+t&+ca—c
4a<p, 7', 7%, 73, 74, 75,
. 4a 0 a . a
2 6
= Z° =2tCcoSy — +XCOSy — —XSiny —
sin“2y ydt+ 7o i e

The global form of point transformations corresponding to the
special group Z° has the form

tf=e*t, x*=e‘x, G*=G+ tany(l1—e)x. (4.19)

In particular, transformations (4.19) map the equilibrium solution
G=0 corresponding to the unperturbed medium with x'23 =
X'23, p = const into shear equilibrium solutions

x'=X", x2=X%, x}*=X>+AX', A=const.

Remark 5. We note that the angle y between the fiber orientation
and the wave propagation direction giving rise to the special
symmetry group given by Z° satisfies the necessary (but not

sufficient!) condition of the loss of hyperbolicity (4.16):
4a
A
For specific solutions, the coefficient (4.15) may or may not
actually vanish. An example of an exact solution in a situation

when (4.20) is satisfied but the wave equation remains hyperbolic
for all times is given in Section 4.4.2.

sin?2y = (4.20)

4.4.1. Contact symmetries and linearization
Similar to Lie point symmetries, one may seek contact symme-
tries (e.g., [4])

S 7]

Z={(x.t.G.oG) = 4.21)
As it is well-known, PDEs for u(x, t) of the form

A(ux, un)ug + B(uy, Uy + C(ux, Ul =0 (4.22)

admit an infinite number of contact symmetries. The one-
dimensional wave propagation model (4.12) has contact symme-
tries (4.21) with components {(Gy, G;) satisfying a linear PDE

Co6 = [a +pBcos?y [(3 05 2y)G2 +(6 sin y cos )Gy +2 sin zy] ] e
(4.23)

It follows (see, for example, [4]) that the non-linear wave equation
(4.12) can be invertibly mapped into a linear wave equation by a
Legendre contact transformation

u==0Gy, v=G_G;, W(u,v)=_G(X,t)—xGyx—tG;.

The corresponding linear wave equation is given by
Wy = [a +pBcos?y [(3 cos ?y)u? +(6siny cos y)u+2 sin zy] ] Wiy

We also note that the non-linear wave equation (4.12) can be
linearized by a non-local hodograph transformation (cf. [4]).

4.4.2. An example of an exact invariant solution

We now study the invariant reduction of the PDE (4.12) under
the special symmetry Z°, in the case of the special fiber orientation
satisfying (4.20). The two invariants of the symmetry Z° can be
chosen, for example, to be

M(y) = /12 cos2y(G(x, t)+x tan y). (4.24)

-
y= NG
In terms of the invariants (4.24), the reduced equation is a second-
order ODE

. 3M
R
M) -y
which is further reducible to a first-order ODE, but does not admit a
general solution in terms of elementary functions. The ODE (4.25) is
invariant under reflections y— —y and under translations M — M +

const. Sample solutions of Eq. (4.25) can be obtained numerically. As
an example, we compute the dimensionless solution of the ODE

(4.25)
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(4.25) with initial conditions
M@©)=0, M 0)=my.
Asymptotically, for any mg >0, M—y|y| as |y| —oo. We choose

mp = 1. Using the time-translation symmetry Z2, the corresponding
physical solution found from (4.24) can be written as

1 X
G(x, t)= M —xtany, to=const. 4.26
®0 V12f cos 2y <vf+t0> not (.25

The solutions (4.26) represent the degeneration of the para-
bolic shear to the simple linear shear solution G= —xtany
as t—oo.

In Fig. 2, sample dimensionless solutions (4.26) are plotted as
functions of x for y = + 7/4, a=1/12, f=1/3, mg =1, and times
t=0,2,5,20. The coefficient C (4.15) are also shown as functions of
x, t; it is clear that they remain positive, and the loss of hyperbo-
licity of the non-linear wave equation does not occur for this

solution. In general, for solutions (4.26), one has

1 , X . _ My
C(x,t)me (ﬁ) mxlnC(x,t)_C(O,t)_74(t+t0),

4.27)

the latter being strictly positive for the indicated parameters,
independently of the sign of y = + 7/4.

4.5. Special fiber orientations

We now consider specific cases of Eq. (4.12) for special fiber
orientations.

4.5.1. Case 1: y=m/2

When the fibers are directed along X3, ie., y=m/2, the
displacement G(x,t) is independent of the fiber direction. As a
result, according to Theorem 1, the fiber-dependent terms in the
dynamic equation vanish. Indeed, PDEs (4.12) and (4.13) yield a

t=5 ©

t=20 ¢

1= o|

Fig. 2. (a) Sample dimensionless solutions (4.26) as functions of x for a=1/12, p=1/3, mo =1, y =x/4, at times t =0,2,5,20. (b) The same plots for y = —z/4. (c) The

corresponding plots of the wave equation coefficient C (4.15) and (4.27).
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Fig. 3. Plot of numerical solution of the PDEs (4.14) and (4.28) for a=1, p=1/3, po = 1, with initial conditions (4.29). The colors red, magenta, and blue correspond to the
solution at times t = 0, 2, 4, respectively. (For interpretation of the references to color in this figure caption, the reader is referred to the web version of this paper.)

linear wave equation

th = (XGXX, DPx = 0.

4.5.2. Case2: y=0

In an opposite case, when the fibers are directed along X', the
displacement G(x, t) is orthogonal to fibers but propagates in the
fiber direction. The dynamic equation (4.12) reduces to a non-
linear wave equation

Gt = (a+ 3ﬁ(cx)2) Grx.

We are not aware of physically non-trivial closed-form solutions of
the PDE (4.28); in particular, it does not admit traveling wave
solutions of physical interest. We numerically compute a d'Alem-
bert-type numerical solution for the initial value problem consist-
ing of the PDE (4.28) with the initial conditions

G(x,0)=up(x), Gi(x,0)=0,

and the asymptotic requirement G(x,t)—0 as |x| —oco. Without
loss of generality, if @, f # 1, Egs. (4.14) and (4.28) can be re-scaled
into a dimensionless form with a=3#=p,=1. For a specific
initial condition

(4.28)

XeR, (4.29)

Up(X) = exp(—x%),

the evolution of the wave form for G(x,t) and p(x,t)=(1/3)Gy is
shown in Fig. 3. The evolution is symmetric under the reflection x — x
since this symmetry of the equation is respected by the initial
conditions. Unlike the classical d'Alembert solution for the linear
wave equation, in the non-linear situation, the shape of the moving
waves is not time-invariant, which may lead to wave breaking.
Indeed, for the wave speed, one has ¢ = a3Gx?, i.e., the points on
the solution curve corresponding to higher values of the curve slope
|Gx| move faster, which results in a shock formation. Such non-
physical behavior is a result of exceeding the physical applicability
limits of the incompressible non-dissipative model. A similar phe-
nomenon of shock formation has been observed in [39], where a
generalization of Carroll's circularly polarized wave solutions [8] is
developed.

5. Motions transverse to an axis

5.1. The non-linear equations for general and specific fiber
orientations

We now study another class of displacements for which the
incompressibility condition is identically satisfied: the motions
transverse to the axis of X', given by

X]

X X2+H<X1,t) 5.1)

x3+c:(x1,t)

The hydrostatic pressure p is assumed to have the form p = p(X', t).
The fibers are oriented along the unit vector (4.2) in the same

manner as earlier, without a loss of generality. We again denote
X! = x for simplicity of notation, and use the subscript notation for
derivatives.

Combining the ansatz (5.1) with the dynamic equations (2.20),
one arrives at the three PDEs

0=py—2fp, cos >y[( cos yGy+ sin y)Gy + €0S yHxHy], (5.2)

. [é]
Hyt = aHy +f cos 3y {cos y([Gf +Hf]Hxx +2GxHyGyx)+2 sin y&(GXHX)} ,

(5.3)

Git = aGyx+f cOs 2y [2 sin%y Gy + cos2y (ZGXHXHXX + (H§ +3G§) GXX)

+ sin 2y (3GxGux +HxHy)], (5.4)

where again @ =2(a+b) >0, and ff =4q > 0.

It is clear that the model (5.2)-(5.4) reduces directly to the one-
dimensional PDE system (4.12)-(4.13) when H=0.

Eq. (5.2) again yields an exact general solution for the pressure
as

p=pp, cos3y{cosy (G2+H%)+2siny Gx] +£(t), (5.5)

and the two PDEs (5.3) and (5.4) are pressure-independent.
We note that the PDEs (5.3) and (5.4) can be written in the
conserved form

Hy = % ([a+/j’ cos 3y{(Gf +H?)cos y+2Gysin y}]HX), (5.6)

Git = % (an + cos?y [2 sin?y Gy + cos?y(G2 +H?)Gy
+ siny cos y(BGﬁ+H§)}). (5.7)

We now consider the simplifications of these PDEs for specific
fiber orientations.

5.1.1. Special case 1: y =7 /2

When the fibers are directed along X3, both displacements
H(x, t), G(x,t) are independent of the fiber direction. In agreement
with Theorem 1, such motions are described by independent
linear PDEs

Hy = aHyy, Gup=aGy, (5.8)

with multiple exact solutions available through standard methods.

5.1.2. Special case 2: y =0
When the fibers are directed along X' = x, the displacement is
orthogonal to fibers and propagates in the fiber direction. The
dynamic equations describing such motions are symmetric, and
are given by
7]

He =% <a+ﬁ(G§+H§>HX>, Gt =% (a+ﬁ(G§+H§>Gx), (5.9

with the non-linear terms describing the effect of fibers.
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Table 3
Lie point symmetry classification for Theorem 5.

Parameters Symmetries
Arbitrary Wl:,)%’ 2_& W3 = m W — E Ws—t%,
W6 = aiW W7—x%+t() +H +GaG
wé 7COSy( P Gﬁ) XSIHV()H
da<p, W W2 W3 w4 wWeL W w7 W,
sinZZy:% W9:2tc05y%+xc05y%—x5iny%

5.2. Point symmetry analysis

We now classify the Lie point symmetries
7] a [7] a
W =E&(x,t,H, G)a-m'(x, t.H, G)§+7](x, t.H, G)a—H+C(x, t,H, G)E
of the PDEs (5.3)-(5.4) in the fully non-linear case.

Theorem 5. The Lie point symmetry classification of the system
(5.3)-(5.4) for material parameters a > 0, > 0, and the fiber angle
y €[0,7/2) is given in Table 3.

The proof follows from the application of Lie's algorithm.

Similar to the case of one-dimensional perturbations studied in
Table 2, a special symmetry W? arises when the angle y between
the fiber bundle and the wave propagation direction satisfies (4.20).

The other symmetries additional to the one-dimensional case
of Table 2, holding for an arbitrary set of material parameters, are
the Galilean group W? in the x?-direction, and the fiber-dependent
rotation group W&, The latter has the global form

t*=t,
H* =H cos ¢p+Gsin ¢p+x tany sin ¢,
G*= —Hsing+Gcos ¢ —xtany(1— cos¢),

x* =x,

(5.10)

where ¢ is the group parameter. The transformations (5.10) reduce
to a usual rotation group when y=0, and to the shear transforma-
tion

t*zt, X*ZX, H*ZH—I—(/)X, G*'=G

when y =7x/2.
5.3. Exact solutions in the traveling wave ansatz

We are now interested in using the traveling wave ansatz to
seek exact solutions of Egs. (5.3) and (5.4). Traveling wave
solutions will exist due to the presence of the traveling wave
symmetry

Jd 0
W =Cc—+—

w =t or
holding for an arbitrary constant c. The invariants of W,,, are given
by

r=x—ct, Hx t)=h@), Gx,t)=g(r).

Using the specified ansatz, we obtain the balance of momentum

equations in the form of two ODEs

[a —c2+BcostyB(h)? +(g)%)+2fsin yg/] h'+2pcos3y[cosy g
+sinylh'g =0, 2Bcos3y[cosy g+ sinylhi'h + [a—c?+fcos?y

x ( cos?y [(W')?+3(g')*]+3 sin2y g +2sin 2y>]g” =0, (5.11)

where the prime denotes differentiation d/dr.

Exact solutions can be constructed for the ODEs (5.11). We give
an example of such solutions when the fibers are directed along
the axis of x, i.e., y=0. Eq. (5.11) simplifies to a symmetric form

[a—c+p3N 7+ +2pgh's =0,
2pg W H + [a—c+B(hY +3g))|g =0 (5.12)
The following theorem is proven by a direct computation.

Theorem 6. An infinite-dimensional family of solutions of the system
(5.12) arises from an arbitrary pair of functions g(r), h(r) satisfying an
ODE

@)+ =R

where

(5.13)

is a dimensionless constant.

Thus any two functions whose slopes satisfy the equation of a
circle (5.13) yield a traveling wave solution of the elasticity model
(5.3) and (5.4). For the solution to be non-trivial, the speed c at
which the deformation propagates must satisfy

c>co=+a=+/2(a+Db).

The deformations thus propagate at speeds greater than the wave
speed co of the linearized model. From the relation (5.13) it is
evident that the slopes of the traveling perturbations must stay
bounded.

We note that the relation (5.13) is the same as the one obtained
by Carroll in [8] in a different context.

Example 1 (A traveling shear wave). Consider a Gaussian-shaped
perturbation in the direction of X>, given by

g(r)y=rexp(—r?/¢%), ¢>0. (5.14)

For the perturbation in the direction of X2, one obtains from (5.13),

h(r) = /\/R2 — 5 exp(—2s2/¢£2) ds. (5.15)

It is straightforward to show that for any #, as |r| —»oo, the
function h(r) has an oblique asymptote
h(r)—Rr.

The resulting solution of the elasticity equations, in the common

notation of formula (5.1), has the form
G(x, t) = g(x—ct) = £exp(— (x —ct)? /£2). (5.16)

For the perturbation in the direction of X, one obtains from (5.13),

H(x,t)=h(x—ct)= / \/R2 —5 exp(—2s2/£2) ds. (5.17)
The latter has the asymptotics H(x,t) ~ R(x—ct) as |x—ct| —oo.
Using the symmetry W> = ta/oH admitted by the model, one can
remove the time-dependent part of the asymptotic behavior,
taking

H(x,t)=H(x,t)+Rct.

The latter, for any t, has a time-independent asymptotics of a
simple shear as |x| —oo:

Hx, t)m—> Rx. (5.18)
As such, this can be written as
H(x,t)= Q(x,t)+Rx, (5.19)
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Fig. 4. Planes in the material frame (a), and a corresponding simple shear pre-strained configuration (5.21) in the actual frame (b). Traveling wave displacements (5.22) of
the prestressed configuration (5.21) in the case of the fiber family oriented along the direction of X'. Plots for R=+/10, #=1 (c).

where

X —Cl 2
Qx, )= "R —4i2 exp(—2s2/¢2) ds—R(x—ct)=q(r) (5.20)
0 7

is bounded for all x, t.

Fig. 4 shows the underlying pre-strained configuration

Xl
Xo= | X?+RX! (5.21)
X3
and its traveling bounded perturbation
0
X=X, t)=Xo+ | gX' —ct) (5.22)
gX' —ct)

for a specific choice of parameters R=+10, #=1.

Example 2 (A traveling periodic wave). Another obvious solution
of (5.13) is given by harmonic functions

h(ry=Acos (kr+¢,), g(r)=Asin(kr+¢,), A=R/k. (5.23)

This describes a time-periodic perturbation of the stress-free
steady state, given by

X! 0
X=X, = | x? | +A| cos kX" —ct]+ o) (5.24)
X3 sin (kX! — ct]+ ¢bg)

In this solution, every material point follows a circle. Material lines
along the X! direction, given by X? = const and X° = const, become
helices parameterized by X! (Fig. 5). The solution therefore can be
viewed as a traveling helical shear wave.

6. Conclusions

Anisotropy effects arising in various elastic materials due to the
presence of a fibrous microstructure constitute an active research
topic. Multiple models have been developed to account for the fiber
effects; some of such models have been reviewed in Section 2. Due to
the mathematical complexity of the underlying equations, a substan-
tial part of the modern literature concerned with analysis and solution
of anisotropic non-linear hyperelasticity models relies on the incre-
mental analysis and the linearization of the governing equations. In
this work, non-linear finite-amplitude displacement and wave propa-
gation models in anisotropic hyperelastic Mooney-Rivlin-type materi-
als were studied, assuming the presence of a single unidirectional
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Fig. 5. Some material lines for X? = const, X> = const in the reference configuration (a). The same lines in the actual configuration, parameterized by (5.24) (b).

family of fibers in the material configuration, following the standard
reinforcing model (2.14).

For a general displacement pattern (3.3), a theorem proven in
Section 4 states that for models involving the fiber contribution
through the invariant I, displacements independent of the fiber
direction do not depend on fiber effects. As such, a the well-known
result from the incremental analysis framework has been general-
ized to the fully non-linear setting.

Section 4 considered anti-plane shear motions (4.1) for a general
fiber orientation (4.2). A 2+ 1-dimensional PDE system (4.3)-(4.5)
describing the displacement and the hydrostatic pressure was
derived. In particular, the displacement for such motions has been
shown to satisfy a non-linear wave equation (4.3). The pressure
compatibility condition led to Eq. (4.6), which effectively is a
differential constraint on the displacement function, yielding an
overdetermined PDE system. Lie point symmetries are classified
with respect to constitutive parameters and fiber orientations. It
was shown that displacements independent of the fiber direction,
in the form (4.9), satisfy a linear wave equation (4.10), whereas the
one-dimensional problem for the wave propagation with displace-
ments dependent on the fiber direction yields a non-linear wave
equation (4.12), essentially involving the fiber contribution. Even in
the case of the fibers being orthogonal to the displacement, i.e.,
y=0, one still has a non-linear wave equation (4.28). Sample
numerical solutions of the latter were computed. The condition
for the loss of hyperbolicity of the PDE (4.12) was derived. It was
shown that when the fiber contribution is relatively small, the
equation remains hyperbolic for all fiber orientations.

A special Lie point symmetry has been shown to exist for the
considered model, in the one-dimensional setting (Section 4.4),
and in the more general ansatz (5.1) in Section 5. The extra
symmetry has the global form (4.19), and arises only in models
with sufficiently strong fiber contribution, for specific mutual
orientations of the wave vector and the fiber direction. For the
one-dimensional model, the condition for the existence of the
extra symmetry lies on the boundary of the domain of model
parameters for which the loss of hyperbolicity of the PDE may
occur. Exact solutions (4.26) invariant with respect to the special
symmetry (4.19) describe the degeneration of a parabolic pertur-
bation of a linearly pre-stressed two-dimensional configuration.

Traveling shear waves were considered in Section 5.3. From the
motions of the form (5.1), general ordinary differential equations
(5.11) for the displacements have been derived. In the computa-
tionally simpler case of perturbations propagating in the fiber
direction, two families of exact solutions have been derived. The

solution family (5.22) represents a bounded perturbation traveling
along a pre-strained configuration. The second exact solution
(5.24) describes a traveling helical shear wave. The solutions
presented in Section 5.3 generalize Carrol's circularly polarized
transverse waves for isotropic media [8].

The wave propagation equations and exact solutions derived in
the current contribution for pre-strained and free elastic media are
relevant to the description of waves in rubber-like fiber-reinforced
materials, in both free and pre-stressed/pre-strained settings. In
the future, it is planned to consider the more general situation of
two families of fibers, which is necessary, for example, for an
accurate description of soft biological tissues [22].

Other important directions of future work should include various
realistic extensions of the considered constitutive model, such as
models involving the fiber-dependent invariant Is. For such models,
motions with displacements independent of the fiber direction will
generally be affected by fibers. Compressible models are also of
interest; however, in multiple dimensions, such models are signifi-
cantly more complicated due to the form of the barred invariants I,
k=1,2,3..., which involve the non-constant Jacobian (see, e.g., [9]).
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