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Variables:

2

o Independent: x = (x*,x?,...,x") or (t,x*,x?,...) or (t,X,y,...).

o Dependent: u = (u'(x), t*(x), ..., u™(x)) or (u(x), v(x),...).
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Variables:

2

o Independent: x = (x*,x?,...,x") or (t,x*,x?,...) or (t,X,y,...).

o Dependent: u = (u'(x), t*(x), ..., u™(x)) or (u(x), v(x),...).

Partial derivatives:

@ Notation:

k
Bu _ k. k
oxi — T

o Eg.,
gu(x t) = ur = Oru
ot ) = U = Wilo
o All first-order partial derivatives of u: du.

o Eg,

u= (ul(Xv t)7 UZ(X7 t))v Ou = {u>1(7 utl» u>2(7 U?}
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Definitions

Higher-order partial derivatives

@ Notation: for example,

2

%u(x,y, Z) = U = 2u.

o All pt"-order partial derivatives:

p, — [,» _ . .
oPu —{uilmip| w=1....m; /1,..‘71,,—1,...,n}

_ [ 0°ut(x) |
T 9xn ... Oxle
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Definitions

Higher-order partial derivatives

@ Notation: for example,

2

ﬁu(x,y, Z) = U = 2u.

o All pt"-order partial derivatives:

p, — [,» _ . .
oPu —{“i1.4.i,,| w=1....m; /1,.‘.71,,—1,...,n}

_ [ 0°ut(x) |
T 9xn ... Oxle

,u:1,...,m;l1,...,l,,:1,...,n}

Jet spaces

o We wish to work with differential equations as with algebraic equations.

o Jet space of order p: linear space JP(x|u) with coordinates x, u, du, ..., 9°u.
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Differential functions

o A differential function defined on a subset of JP(x|u) is an expression that may
involve independent and dependent variables, and derivatives of dependent variables
to some order < p.

Flu] = F(x,u,0du,...,0"u).
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Differential functions

o A differential function defined on a subset of JP(x|u) is an expression that may
involve independent and dependent variables, and derivatives of dependent variables
to some order < p.

Flu] = F(x,u,0du,...,0"u).

v

Differential equations

@ A system of differential equations (PDE, ODE) of order k:

R°[u] = R°(x,u,du,...,0"u) =0, o=1,...,N.
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Differential functions

o A differential function defined on a subset of JP(x|u) is an expression that may
involve independent and dependent variables, and derivatives of dependent variables
to some order < p.

Flu] = F(x,u,0du,...,0"u).

v

Differential equations

@ A system of differential equations (PDE, ODE) of order k:

R°[u] = R°(x,u,du,...,0"u) =0, o=1,...,N.

@ The 1D diffusion equation for u(x, t) can be written as

0 = ur—uxx = H(u,u, uw) = H[u],

that is, an algebraic equation in J?(x, t|u).
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The total derivative of a differential function:

@ A basic chain rule for u = u(x,y):

_ ig %g, . 9¢ 98
E g(x Y, U, Uy, Uy) = + B0 «+ 0, Us + o0, Usy

o The total derivative does the same for differential functions on the jet space:

Jdg Og Jg og
Xg[]_ +au +aux XX+ayqu7

where X, y, U, Uy, Uy, Ux, Uy, are coordinates in J?(x, y|u).
v

General case

o Independent variables: x = (x}, x?, ..., x"); dependent: u(x) = (u*,...u™).

o The total derivative operator with respect to x':

0

D; = -
T Ox

+...7

o d o
ut g+ “15,—+u,‘,‘1,za o
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Equivalence transformations — basic idea

Given:

o A family Fx of DEs/systems R{x; u; K}
R%(x,u,0u,...,0"u,K) =0, o=1,...,N.
@ Arbitrary elements (constitutive functions and/or parameters):

K= (K',..., K".

| N\

Equivalence transformations:
An equivalence transformation of a DE family Fk is a change of variables and arbitrary
elements (x, u, K) — (x*, u™, K*) which maps every DE system R{x; u; K} € Fx into a
DE system R{x";u™; K*} € Fk.
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Equivalence transformations — basic idea

o A family of diffusion equations

ur = (K(u)ux)x.

o Arbitrary element: K(u).

@ Scaling and translation-type equivalence transformations
* * A% * * * * *
x* = Asx+A;, t= A—t—l—Az, ut(x*,t7) = Asu(x, t)+As, K (u") = AsK(u).
4

@ Then
ufe = (K™ (U™ )uge )x= -
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Equivalence transformations — Lie groups

@ There are various kinds of equivalence transformations. Generally they cannot be

systematically computed.

A one-parameter Lie group of point equivalence transformations:

@ equivalence transformations of the form

(K*)f

fi(x,u;e) = x' 4 e€(x, u) + O(£?),
g"(x, uie) = u" +en(x, u) + O(?),

GY(Q%¢e) = K! + ex*(Q) + 0(£?),

which form a Lie group.

@ Q° depend on the nature of the arbitrary element K*.

i=1,..

nw=1 ...

{=1,...

-y N,

, m,

>L>

o If K* is a constant parameter, Q“ may be the set of all constant parameters

e If K% is a constitutive function, Q% may involve variables on which K* depends, and

other constitutive functions with compatible dependencies.
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Equivalence transformations — Lie groups

o A family of diffusion equations u: = (K (u)ux)x.
@ Arbitrary element: K(u).
@ Scaling and translation-type equivalence transformations

*

* A2 * * * * *
X* = Asx+A, tT=2trA, ut (X5 tY) = Asu(x, t)+As,  K(u") = AdK(u).

Aq
@ A 6-dimensional Lie group with infinitesimal generators

1o} 1o} 0 0 0 1o}
Xi=—, Xo=—, X3=2t— —, Xu=K— —t—
1S T e BT e e M T ek Tl

0 0

Xs=u-—, Xe=_—.

5= 9w °~ du
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Example — the KdV family

@ The KdV family:
Ut + aux + buuyx 4+ quex = 0,

o three constant parameters a, b,q € R, b,q # 0.

@ A basic set of equivalence transformations of the KdV PDE family is given by
infinitesimal generators

0 0 1o} 0 ad 0
ViZae Y Tae T e P VT et e

0 0 0 0 0 0 0
Y5—X87-‘1-ta-|—2q87q7 YG X87+3ta—2 a 2357

0 0 5’ 3
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Example — the KdV family

@ The KdV family:
Ut + aux + buuyx 4+ quex = 0,

three constant parameters a, b,q € R, b,q # 0.

The corresponding point transformations:

t+ A,

A5
= —A A *
% AA, (x at) + Aq, t

U (", £) = A2 (u(x, ) + As),

_ s
ASAS

a* = AZA3 (a— Asb — As), b* = A2 b, g =Aiq.
o Discrete, u > —u, b— —b: As =Ar =1, As = —1.
@ Another one, b— —b, g = —q: As = A; =i, Ag = —1.
e WLOG b, g > 0.
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Example — the KdV family

@ The KdV family:
Ut + aux + buuyx 4+ quex = 0,

o three constant parameters a, b,q € R, b,q # 0.

@ Choices
/41:/42:/43:07 A4:a, A5:A6:A7:1,
x"=x—at, t'=t, u(x",t")=u(x,t)
and
A1:A2:A4:0, A3:a/b, A5:A6:A7:1,
X" = X, t" = t, U*(X*v t*) = U(X, t) + As
yield

a*xa—Asb—A; =0

and a reduced PDE class
us + buuy + QUxxx = 0.
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Example — the KdV family

@ The KdV family:
Ut + aux + buuyx 4+ quex = 0,

o three constant parameters a, b,q € R, b,q # 0.
@ A further transformation with
A=A =As=A,=0, As=q 2 As=1 A =b1?

maps
Uy + buux + quxx = 0.

into the standard KdV form (no variable coefficients)

ut + Ulx + Uxx = 0.
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Equivalence transformations and symmetries

A given DE family Fk:
R%(x,u,du,...,0"u,K) =0, o=1,...,N
with arbitrary elements K = (K?,..., K).

A Lie group of point equivalence transformations:

() = filgue)=x+ef(xu)+0(), i=1,...,n,
() = gllxue)=u" +ent(xu)+ O(), p=1,....m,
(K) = GYQ%e) =K +er’(QY) +0(¢%), £=1,...,L

@ A point symmetry of a DE system R{x; u} € Fx is an equivalence transformation
of the family Fx if it is point symmetry for all systems in F.
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Equivalence transformations and symmetries

A given DE family Fk:
R%(x,u,du,...,0"u,K) =0, o=1,...,N

with arbitrary elements K = (K?,..., K).

A Lie group of point equivalence transformations:

() = filgue)=x+ef(xu)+0(), i=1,...,n,
() = gllxue)=u" +ent(xu)+ O(), p=1,....m,
(K) = GYQ%e) =K +er’(QY) +0(¢%), £=1,...,L

@ A point symmetry of a DE system R{x; u} € Fx is an equivalence transformation
of the family Fx if it is point symmetry for all systems in F.

@ An equivalence transformation of the DE family Fk is point symmetry of its every
member if and only if it does not involve components corresponding to the arbitrary

elements of the family.

12 /25
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Generalized equivalence transformations

A given DE family Fk:

R%(x,u,0u,...,0"u,K)=0, o=1,...,N
with arbitrary elements K = (K*,..., K*).
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Generalized equivalence transformations

A given DE family Fk:
R%(x,u,0u,...,0"u,K)=0, o=1,...,N
with arbitrary elements K = (K*,..., K*).

Non-Lie-type equivalence transformations:

x*) = flx,uK], i=1...,n,
() = g'lxu K], pw=1,...,m,
(K = G'x,uK], (=1,...,L,
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Generalized equivalence transformations

A given DE family Fk:

R%(x,u,0u,...,0"u,K)=0, o=1,...,N

with arbitrary elements K = (K*,..., K*).

“Generalized equivalence transformations” [S. V. Meleshko (1996)]

Lie groups given by extended generators

X=§i(x7u,K)%+n”(x,u,K) 0 + 0" (x,u, K) =

Out BK"'

o Examples computed, e.g., in Popovych et al (2004) for a class of nonlinear
(141)-dimensional Schrédinger equations with power nonlinearity

id)t + wxx aF W’l’y"/} + V(X7 t)lb =0.

o Generalized equivalence transformations can often be computed as Lie point
symmetries when arbitrary elements are treated as dependent variables.

April 2018 13 /25
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Generalized equivalence transformations

A given DE family Fk:

R%(x,u,0u,...,0"u,K)=0, o=1,...,N

with arbitrary elements K = (K*,..., K*).

@ Further generalizations exist, including discrete and nonlocal equivalence
transformations.

@ For an overview of results and types of extended equivalence transformations the
following sources and references therein.

[@ Lisle, I. (1992).
Equivalence Transformations for Classes of Differential Equations. Ph.D. thesis,
University of British Columbia.

[@ Cheviakov, A. (2017).
Symbolic computation of equivalence transformations and parameter reduction for
nonlinear physical models. Computer Physics Communications, 220, 56-73.
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Computation of equivalence transformations

@ Is it possible to compute all equivalence transformations of a given DE family?
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Computation of equivalence transformations

@ As usual, there is no single recipe... Every example must be understood in detail.

@ Yet it is possible to systematically seek Lie groups of generalized equivalence
transformations.

o Often can use Maple/GeM pair.
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Symbolic computation of equivalence transformations

o A family Fx of DEs/systems R{x; u; K}

R%(x,u,du,...,8"u,K) =0, o=1,...,N.
@ arbitrary elements (constitutive functions and/or parameters):

K= (K'...,K".
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Symbolic computation of equivalence transformations

© Replace the constitutive functions and/or parameters K = (K%, ..., K*) by new
dependent variables (K*(x),..., KY(x)). Thus consider a new DE system
R{x;u, K} with m+ L dependent variables and no arbitrary elements.

@ Seek point symmetries of f{{x ;u, K}, with infinitesimal generators
i g “ 0 A 0
Xf&(X7U7K)8X,'+7] (X’U’K)auﬂ+0 (XvuvK)aK)\'

© Obtain the split system of determining equations for ﬁ{x yu, K}

16 / 25

A. Cheviakov (UofS, Canada) Equivalence & Classification April 2018



Symbolic computation of equivalence transformations

@ If the arbitrary elements K of the original DE family contained arbitrary functions,
introduce restrictions of the form

aﬁi(x, u,K) 0 on*(x,u,K) 0 80’\(X, u,K) 0

oK~ 7 oK? Oxi -
as appropriate, to exclude the dependence of transformation components of the
arbitrary elements on variables they do not depend on. For example, for the DE
family

ur = cz(u)uxx,

the infinitesimal generator of the generalized equivalence transformations has the
form

X = §(xtuc) +T(xtuc) +(Xtuc)8+6(xtuc)£

T] au ) ) ) ac7
and the transformation for c(u) must not explicitly depend on the variables x, t.
Therefore the restrictions on the component 6 are given by
09(x,t,u,c)  90(x,t,u,c)

Ox - ot =0
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Symbolic computation of equivalence transformations

@ In order to simplify computations, additional restrictions may be introduced at this
stage, for example,

' (x, u, K)
oK~

if the transformations for the independent variables are assumed to be independent
of the arbitrary elements.

=0, i=1,...,n, v=1,...,L,

@ Append all restrictions, as linear PDEs, to the split system of determining equations.

@ Simplify and solve the augmented split system of determining equations, to find the
infinitesimal generators of the equivalence transformations.
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Symbolic computation of equivalence transformations

@ Integrate to obtain the global group. For each infinitesimal generator, the
corresponding one-parameter Lie group of equivalence transformations is found

through the solution of the initial-value problem

d(X*)I:é-’(X*7U*7K*)7 i:17"'7n7

de
d *\ yo * * *
E(U) :n(X7u7K)7 /Lil,...,m,
%(K*)A =0 Mx*,u*,K*), A=1,...,L

(<)]e=o = x",  (u")]e=0 = ", (K*)*|e=o = K?,

where ¢ is the group parameter.

April 2018
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Restrictions for generalized equivalence transformations in Maple

o Generate restrictions in Maple/GeM:

restriction_eqs:=gem_generate_EquivTr_dependence ([
[[<variables1>], [<dep1>]],
[[<variables2>], [<dep2>]],

.

D;
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Generalized equivalence transformations: computational examples

@ The KdV family:
ur + auy + buuy + qux = 0.

@ A basic set of equivalence transformations of the KdV PDE family is given by
infinitesimal generators

0 0 19} 0 1%} 0
ViZoe Y Tor YT eu e YT ok T e
0 0 0 1o} 1o} 0 0
YS 8 +ta+2q67q, Y(j 8 +3ta* Ua*2a£,
9 .0 8
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Potential equivalence transformations

@ Nonlinear wave equations ty = (*(u)ux)x:

@ One can show that the infinitesimal generators of the group of point equivalence
transformations of the above family are given by

o 0 0 0
Mo BTae PTaw T aw

0 0 0 0 0
Zs=ug, Le=totxg L=ty —Cho

and the global group has the form
X" =agx+ ay, t'=asart+a, U =asu+ait+a, c(v°)=a; c(u).

where ay, ..., a7 are arbitrary constants with as as a7 # 0.
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Potential equivalence transformations

@ Nonlinear wave equations ty = (c*(u)ux)x.

@ A conservation law

0 9, 2 _
a(tut —u)— g(tc (v)ux) =0,

@ A potential system:

Wy = tuy —u,  we = tc(u)u;  u=u(x,t), w=w(x,t).

o Equivalence transformations:

W, = tg,

W1:7, szé, VV3:Z37Xi
w ou

Ox ow’

April 2018 19 /25
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Potential equivalence transformations

@ A potential system:
Wy = tuy —u,  we =t (u)u;  u=u(x,t), w=w(x,t).
@ Equivalence transformations — global group — part 1:

X = AlAsx + Ay, = A T AcArt, Ut = Asu+ Ast + As,

*

w* = Asw — AsA; M Aex + A1, cf(u”) = Ay te(u)

o Equivalence transformations — global group — part 2:
t u
* _ B t* — *
=X . 1+ Bu’ “ 1+ Bu’
w* = w, c*(u*) = (1 + Bu)?c(u)

@ These are nonlocal “projective-type” transformations of the nonlinear wave equation
family.
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Generalized equivalence transformations: Fiber-reinforced hyperelastic

waves model

@ A family of nonlinear wave equations
G = (oz + Bcos® (3 cos® vy (GX)2 + 65sinycosy Gy + 2sin’ 7)) Gx,

where G(x, t) is the finite displacement amplitude of anti-plane shear motions, in
the material z-direction, of a nonlinear incompressible hyperelasic medium,
reinforced by fibers making a constant angle v with the material direction x. The
model involves three arbitrary elements, the material parameters « > 0, 5 > 0, and
the fiber angle v € [0, 7/2].

@ The equivalence transformations look quite complicated. Denote:

cosy = CG(k) = !

K
k =tanvy, siny=SG(k)= ——, —_—.
v, siny (k) pe T
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Generalized equivalence transformations: Fiber-reinforced hyperelastic

waves model

@ A family of nonlinear wave equations

Gy = (oz + [3cos2 ¥ (3 cos? y (GX)2 + 6sinycosy Gy + 2sin? 7)) Gux.-

@ The equivalence transformation generators:

0 3] 3] 0
Xo=7-, Xz= X4_t87G’

Xi=56 %750 o’
0 0 0 1 0 0 0
X =t P ox T Cag X7 2t 725 TP ap
0 0 4b 0O 0
X = X e T2, T ker1ab ok
) 2bk O 4bk 0 0

Xe =56 T le+1) 02 " K+1 0b

April 2018
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Generalized equivalence transformations: Fiber-reinforced hyperelastic

waves model

@ A family of nonlinear wave equations

Gy = (oz + [3cos2 ¥ (3 cos? y (GX)2 + 6sinycosy Gy + 2sin? 7)) Gux.-

o Equivalence transformation corresponding to Xs:

G* =G — Sx, tany* =tanvy + S,

2
a” =a+26cos47(%+5tanfy),

2
8* :ﬁcos"fy(tan27+25tanfy—|—52+1) .

@ The equations therefore can be mapped into the v = 0 case:

Gl = (@ +387(G+)?) G r.
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Bragg-Hawthorne-Grad-Rubin-Shafranov model

o Equilibrium fluid flow; stationary plasma equilibria in 3D:
divB =0, (curlB)x B =gradP,

B = B'e, + B’e, + B’e,.

o Axially symmetric case: four PDEs — one PDE:

Yr = e+ e + ) () = PP ().

@ The magnetic field and pressure are given by

B = %e, + L;b)% - %ez, P = P(%).

o /(v) and P(v) are arbitrary constitutive functions.

@ To compute in Maple: call I()I'(¥)) = Q(v), P'(v) = f)(w)
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Bragg-Hawthorne-Grad-Rubin-Shafranov model

o Bragg-Hawthorne-Grad-Rubin-Shafranov equation
1
Ure = “thr + Uz + 1) () = =P/ (9).

o Equivalence transformations are given by

=oqglry *=oqg'lzta,
b=y,
P'(d) = GP'(¥),

@)1 () = G1(W)I'(v),

~?

the pressure translation

P(y) = P(¥) + c,

as well as the well-known transformation

I(W) =+VP®) +os

where ci, ..., cs are arbitrary constants, c;cz # 0.
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Classification of symmetries, etc.

o If determining equations (of symmetries, conservation laws, etc.) of a system with
arbitrary elements are known, one can split cases using constructs like

DEtools[rifsimp] (
det_egs,
sym_components, mindim=1, casesplit);

@ Or with additional “hand-made” constraints, like

DEtools[rifsimp] (
det_eqgs union {diff (K(U),U,U)<>0},
sym_components, mindim=1, casesplit);

@ Then plot cases using

DEtools[caseplot] (split_system,pivots);
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Example: classify point symmetries of the nonlinear diffusion equations

o A family of diffusion equations u; = (K(u)ux)x.

Table 4.1 Local (point) symmetries of the nonlinear diffusion equation U{z,t;u}
(4.5)

K(u)

# Point Symmetries
Arbitrary| 3 |X; = %, Xo = %7 X3 = xa% +2t%.

4

4

5

o 2 o
le X27 X37 X4 =T, + 2 U%8a

X1, X2, X3, X5 =x%+2%.
X1, Xa, X3, X4 (V: —g), Xe =222 — 3zul.
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Example: classify point symmetries of the nonlinear diffusion equations

o A family of diffusion equations u; = (K(u)ux)x.
o Compute equivalence transformations (see Maple).

@ Modulo the equivalence transformations, classify symmetries (see Maple).
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